DE GRUYTER

Massimo Fornasier (Ed.)

THEORETICAL
FOUNDATIONS
AND NUMERICAL
METHODS FOR
SPARSE RECOVERY

RICAM

RADON SERIES ON COMPUTATIONAL
AND APPLIED MATHEMATICS ©




Radon Series on Computational and Applied Mathematics 9

Managing Editor
Heinz W. Engl (Linz/Vienna)

Editorial Board

Hansjorg Albrecher (Lausanne)
Ronald H. W. Hoppe (Augsburg/Houston)
Karl Kunisch (Graz)

Ulrich Langer (Linz)

Harald Niederreiter (Linz)
Christian Schmeiser (Vienna)



Radon Series on Computational and Applied Mathematics

Lectures on Advanced Computational Methods in Mechanics
Johannes Kraus and Ulrich Langer (eds.), 2007

Grobner Bases in Symbolic Analysis
Markus Rosenkranz and Dongming Wang (eds.), 2007

Grobner Bases in Control Theory and Signal Processing
Hyungju Park and Georg Regensburger (eds.), 2007

A Posteriori Estimates for Partial Differential Equations
Sergey Repin, 2008

Robust Algebraic Multilevel Methods and Algorithms
Johannes Kraus and Svetozar Margenov, 2009

Iterative Regularization Methods for Nonlinear Ill-Posed Problems
Barbara Kaltenbacher, Andreas Neubauer and Otmar Scherzer, 2008

Robust Static Super-Replication of Barrier Options
Jan H. Maruhn, 2009

Advanced Financial Modelling
Hansjorg Albrecher, Wolfgang J. Runggaldier and Walter Schachermayer
(eds.), 2009

Theoretical Foundations and Numerical Methods for Sparse Recovery
Massimo Fornasier (ed.), 2010



Theoretical Foundations
and Numerical Methods
for Sparse Recovery

Edited by

Massimo Fornasier

De Gruyter



Mathematics Subject Classification 2010
49-01, 65-01, 15B52, 26B30, 42A61, 49M29, 49N45, 65K 10, 65K 15, 90C90, 90C06

ISBN 978-3-11-022614-0
e-ISBN 978-3-11-022615-7
ISSN 1865-3707

Library of Congress Cataloging-in-Publication Data

Theoretical foundations and numerical methods for sparse recovery /
edited by Massimo Fornasier.

p. cm. — (Radon series on computational and applied mathe-
matics ; 9)

Includes bibliographical references and index.

ISBN 978-3-11-022614-0 (alk. paper)

1. Sparse matrices. 2. Equations — Numerical solutions. 3. Dif-
ferential equations, Partial — Numerical solutions. 1. Fornasier,
Massimo.

QA297.T486 2010

512.9'434—dc22

2010018230

Bibliographic information published by the Deutsche Nationalbibliothek

The Deutsche Nationalbibliothek lists this publication in the Deutsche Nationalbibliografie;
detailed bibliographic data are available in the Internet at http://dnb.d-nb.de.

© 2010 Walter de Gruyter GmbH & Co. KG, Berlin/New York

Typesetting: Da-TeX Gerd Blumenstein, Leipzig, www.da-tex.de
Printing: Hubert & Co. GmbH & Co. KG, Gottingen
o Printed on acid-free paper

Printed in Germany

www.degruyter.com



Preface

Sparsity has become an important concept in recent years in applied mathematics,
especially in mathematical signal and image processing, in the numerical treatment
of partial differential equations, and in inverse problems. The key idea is that many
types of functions arising naturally in these contexts can be described by only a small
number of significant degrees of freedom. This feature allows the exact recovery of
solutions from a minimal amount of information. The theory of sparse recovery ex-
hibits fundamental and intriguing connections with several mathematical fields, such
as probability, geometry of Banach spaces, harmonic analysis, calculus of variations
and geometric measure theory, theory of computability, and information-based com-
plexity. The link to convex optimization and the development of efficient and robust
numerical methods make sparsity a concept concretely useful in a broad spectrum of
natural science and engineering applications.

The present collection of four lecture notes is the very first contribution of this
type in the field of sparse recovery and aims at describing the novel ideas that have
emerged in the last few years. Emphasis is put on theoretical foundations and nu-
merical methodologies. The lecture notes have been prepared by the authors on the
occasion of the Summer School “Theoretical Foundations and Numerical Methods for
Sparse Recovery” held at the Johann Radon Institute for Computational and Applied
Mathematics (RICAM) of the Austrian Academy of Sciences on August 31 — Septem-
ber 4, 2009. The aim of organizing the school and editing this book was to provide a
systematic and self-contained presentation of the recent developments. Indeed, there
seemed to be a high demand of a friendly guide to this rapidly emerging field. In
particular, our intention is to provide a useful reference which may serve as a text-
book for graduate courses in applied mathematics and engineering. Differently from a
unique monograph, the chapters of this book are already in the form of self-contained
lecture notes and collect a selection of topics on specific facets of the field. We tried
to keep the presentation simple, and always start from basic facts. However, we did
not neglect to present also more advanced techniques which are at the core of sparse
recovery from probability, nonlinear approximation, and geometric measure theory as
well as tools from nonsmooth convex optimization for the design of efficient recovery
algorithms. Part of the material presented in the book comes from the research work
of the authors. Hence, it might also be of interest for advanced researchers who may
find useful details and use the book as a reference for their work. An outline of the
content of the book is as follows.

The first chapter by Holger Rauhut introduces the theoretical foundations of com-
pressive sensing. It focuses on £;-minimization as a recovery method and on struc-
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tured random measurement matrices, such as the random partial Fourier matrix and
partial random circulant matrices. A detailed presentation of the basic tools of proba-
bility and more advanced techniques, such as scalar and noncommutative Khintchine
inequalities, Dudley’s inequality, and Rudelson’s lemma, is provided. This chapter
contains some improvements and generalizations of existing results, which have not
yet appeared elsewhere in the literature.

The second chapter by Massimo Fornasier starts by addressing numerical methods
for £;-minimization for compressive sensing applications. The analysis of the
homotopy method, the iteratively re-weighted least squares method, and iterative
hard thresholding is carefully outlined. Numerical methods for sparse optimiza-
tion in Hilbert spaces are also provided, starting from the analysis of iterative
soft-thresholding and continuing with a discussion on several improvements and
acceleration methods. Numerical techniques for large scale computing based on
domain decomposition methods are discussed in detail.

The focus of the third chapter by Ronny Ramlau and Gerd Teschke is on the
regularization theory and on numerical methods for inverse and ill-posed problems
with sparse solutions. The emphasis is on regularization properties of iterative
algorithms, in particular convergence rates to exact solutions. Adaptive techniques
in soft-shrinkage and projected gradient methods are carefully analyzed. The chapter
starts with a friendly guide to classical linear inverse problems and then addresses
more advanced techniques for nonlinear inverse problems with sparsity constraints.
The results are illustrated also by numerical examples inspired by single photon
emission computed tomography (SPECT) and in nonlinear sensing.

Besides sparsity with respect to classical bases, e.g., wavelets or curvelets, one may
facilitate the robust reconstruction of images from only partial linear or nonlinear mea-
surements by imposing that the interesting solution is the one which matches the given
data and also has few discontinuities localized on sets of lower dimension, i.e., it is
sparse in terms of its derivatives. As described in the mentioned chapters, the mini-
mization of £;-norms occupies a fundamental role for the promotion of sparsity. This
understanding furnishes an important interpretation of total variation minimization,
i.e., the minimization of the L!-norm of derivatives, as a regularization technique for
image restoration. The fourth and last chapter by Antonin Chambolle, Vicent Caselles,
Daniel Cremers, Matteo Novaga and Thomas Pock, addresses various theoretical and
practical topics related to total variation based image reconstruction. The chapter first
focuses on basic theoretical results on functions of bounded variation, and on more
advanced results on fine properties of minimizers of the total variation. Standard and
more sophisticated minimization algorithms for the total variation in a finite-difference
setting are carefully presented. A series of applications from simple denoising to
stereo, or deconvolution issues are discussed. More exotic applications of total varia-
tion minimization are also considered, like the solution of minimal partition problems.

Linz, April 2010 Massimo Fornasier
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1 Introduction

Compressive sensing is a recent theory that predicts that sparse vectors in high di-
mensions can be recovered from what was previously believed to be incomplete in-
formation. The seminal papers by E. Candés, J. Romberg and T. Tao [19, 23] and
by D. Donoho [38] have caught significant attention and have triggered enormous re-
search activities after their appearance. These notes make an attempt to introduce to
some mathematical aspects of this vastly growing field. In particular, we focus on
{;-minimization as recovery method and on structured random measurement matrices
such as the random partial Fourier matrix and partial random circulant matrices. We
put emphasis on methods for showing probabilistic condition number estimates for
structured random matrices. Among the main tools are scalar and noncommutative
Khintchine inequalities. It should be noted that modified parts of these notes together
with much more material will appear in a monograph on compressive sensing [55] that
is currently under preparation by the author and Simon Foucart.
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The main motivation for compressive sensing is that many real-world signals can be
well-approximated by sparse ones, that is, they can be approximated by an expansion
in terms of a suitable basis, which has only a few non-vanishing terms. This is the
key why many (lossy) compression techniques such as JPEG or MP3 work so well.
To obtain a compressed representation one computes the coefficients in the basis (for
instance a wavelet basis) and then keeps only the largest coefficients. Only these will
be stored while the rest of them will be put to zero when recovering the compressed
signal.

When complete information on the signal or image is available this is certainly a
valid strategy. However, when the signal has to be acquired first with a somewhat
costly, difficult, or time-consuming measurement process, this seems to be a waste of
resources: First one spends huge efforts to collect complete information on the signal
and then one throws away most of the coefficients to obtain its compressed version.
One might ask whether there is a more clever way of obtaining somewhat more di-
rectly the compressed version of the signal. It is not obvious at first sight how to do
this: measuring directly the large coefficients is impossible since one usually does not
know a-priori, which of them are actually the large ones. Nevertheless, compressive
sensing provides a way of obtaining the compressed version of a signal using only
a small number of linear and non-adaptive measurements. Even more surprisingly,
compressive sensing predicts that recovering the signal from its undersampled mea-
surements can be done with computationally efficient methods, for instance convex
optimization, more precisely, /1-minimization.

Of course, arbitrary undersampled linear measurements — described by the so-called
measurement matrix — will not succeed in recovering sparse vectors. By now, neces-
sary and sufficient conditions are known for the matrix to recover sparse vectors using
£;-minimization: the null space property and the restricted isometry property. Basi-
cally, the restricted isometry property requires that all column submatrices of the mea-
surement matrix of a certain size are well-conditioned. It turns out to be quite difficult
to check this condition for deterministic matrices — at least when one aims to work
with the minimal amount of measurements. Indeed, the seminal papers [19, 38] ob-
tained their breakthrough by actually using random matrices. While the use of random
matrices in sparse signal processing was rather uncommon before the advent of com-
pressive sensing, we note that they were used quite successfully already much earlier,
for instance in the very related problem from Banach space geometry of estimating
Gelfand widths of E{V -balls [54, 57, 74].

Introducing randomness allows to show optimal (or at least near-optimal) condi-
tions on the number of measurements in terms of the sparsity that allow recovery of
sparse vectors using ¢;-minimization. To this end, often Gaussian or Bernoulli matri-
ces are used, that is, random matrices with stochastically independent entries having a
standard normal or Bernoulli distribution.

Applications, however, often do not allow the use of “completely” random matri-
ces, but put certain physical constraints on the measurement process and limit the



4 Holger Rauhut

amount of randomness that can be used. For instance, when sampling a trigonomet-
ric polynomial having sparse coefficients one might only have the freedom to choose
the sampling points at random. This leads then to a structured random measurement
matrix, more precisely, a random partial Fourier type matrix. Indeed, such type of ma-
trices were already investigated in the initial papers [19, 23] on compressive sensing.
These notes will give an introduction on recovery results for £;-minimization that can
be obtained using such structured random matrices. A focus is put on methods for
probabilistic estimates of condition numbers such as the noncommutative Khintchine
inequalities and Dudley’s inequality.

Although we will not cover specific applications in these notes, let us mention that
compressive sensing may be applied in imaging [44, 109], A/D conversion [133], radar
[69, 49] and wireless communication [126, 95], to name a few.

These notes contain some improvements and generalizations of existing results, that
have not yet appeared elsewhere in the literature. In particular, we generalize from ran-
dom sampling of sparse trigonometric polynomials to random sampling of functions
having sparse expansions in terms of bounded orthonormal systems. The probability
estimate for the so-called restricted isometry constants for the corresponding matrix is
slightly improved. Further, also the sparse recovery result for partial random circulant
and Toeplitz matrices presented below is an improvement over the one in [105].

These lecture notes only require basic knowledge of analysis, linear algebra and
probability theory, as well as some basic facts about vector and matrix norms.

2 Recovery via £;-minimization

2.1 Preliminaries and Notation

Let us first introduce some notation. For a vector x = (x1,...,zy) € CV, the usual
p-norm is denoted

N 1/p
Il = (z w) l<p<oo,
/=1

[[x[Joo := max |a],
L€[N]

where [N] := {1,2,..., N}. Foramatrix A = (a;z) € C™*" we denote A* = (ay;)
its conjugate transpose. The operator norm of a matrix from £, into £, is defined as

[Allp—p == max [|Ax]]p.
lIx|lp=1
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For the cases p = 1,2, 0o an explicit expression for the operator norm of A is given by

Al = L, 2.1
IA]|11 ;fé?fv‘]jz;l%’“ (2.1)

N
14llocs00 = max >~ lajil.
S

[All—2 = omax(A) = / Amax(4*A),

where omax(A) denotes the largest singular value of A and Apax(A*A) > 0 is the
largest eigenvalue of A*A. Clearly, ||A]|1-1 = || A*||co—o0o- It follows from the Riesz-
Thorin interpolation theorem [118, 7] that

[All2-2 < max{[|Al[1-1, [[Alloo—soo }- (2.2)

The above inequality is sometimes called the Schur test, and it can also be derived
using Holder’s inequality, see for instance [64]; or alternatively using Gershgorin’s
disc theorem [8, 71, 135]. In particular, if A = A* is hermitian, then

[All2-2 < [[A[li1- (2.3)
All eigenvalues of a hermitian matrix A = A* € C™*™ are contained in
{{4Ax,x) :x e C", x| =1} CR.

In particular, for hermitian A = A*,

|Al22 = sup [(Ax,x)|. (2.4)
[Ix[l2=1
For real scalars «q, . .., o, € Rand vectors zy, . .., z, € C™ the matrix Z?:l a]-zjz;f

is hermitian and we have

n n n
I ZOéijZ;Hz_)z = sup <Z ajzjzjx,x> = sup Zozj|<zj,x>|2
j=1

lIxll2=1 lIxll2=1

j=1 j=1
n n
< max o] sup Y |(z5,x)]* = || D 22} ]2 max |oy]. (2.5)
ke(n] =1 5 e ke[n]

Also the Frobenius norm will be of importance. For a matrix A = (aj) it is defined

as
IAllF = [ lajrl> = /Tr(A* A),
7.k
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where Tr denotes the trace. The Frobenius norm is induced by the inner product
(A, B)p = Tr(B*A). The Cauchy Schwarz inequality for the trace states that

(A, B)p| = [Te(B*A)| < [Allr|[ Bl F - (2.6)

The null space of a matrix A € C™*¥ is denoted by ker A = {x € CV, Ax = 0}.
We usually write a; € C™, ¢ = 1,..., N, for the columns of a matrix A € Cm*N,
The column submatrix of A consisting of the columns indexed by S will be written
As = (aj)jes. If S C [N], then for x € C we denote by x5 € C the vector
that coincides with x on S and is set to zero on S¢ = [N]\ S. Similarly, x° € C®
denotes the vector x restricted to the entries in .S. The support of a vector is defined as
suppx = {¢,z; # 0}. We write Id for the identity matrix. The complement of a set
S C [N]is denoted S¢ = [N] \ S, while | S| is its cardinality.
If A € C™*", m > n,is of full rank (i.e. injective), then its Moore-Penrose pseudo-
inverse is given by
Al = (4¥A)71A" 2.7)

In this case, it satisfies ATA = Id € C"*". We refer to [8, 71, 59] for more information
on the pseudo inverse.

All the constants appearing in this note — usually denoted by C or D — are universal,
which means that they do not depend on any of the involved quantities.

2.2 Sparse Recovery

Let x € CV be a (high-dimensional) vector that we will sometimes call signal. It is
called s-sparse if
IIx|lo := [supp x| < s. (2.8)

The quantity || - ||o is often called ¢yp-norm although it is actually not a norm, not even
a quasi-norm.

In practice it is generally not realistic that a signal x is exactly s-sparse, but rather
that its error of best s-term approximation o(x),, is small,

05(x)p 1= inf{||x — 2|, z is s-sparse}. 2.9

(This is the standard notation in the literature, and we hope that no confusion with the
singular values of a matrix will arise.)
Taking linear measurements of x is modeled as the application of a measurement
matrix A € C™*N,
y = Ax. (2.10)

The vector y € C™ is called the measurement vector. We are interested in the case of
undersampled measurements, that is, m < N. Reconstructing x amounts to solving
(2.10). By basic linear algebra, this system of equations has infinitely many solutions
(at least if A has full rank). Hence, it seems impossible at first sight to guess the
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correct x among these solutions. If, however, we impose the additional requirement
(2.8) that x is s-sparse, the situation changes, as we will see. Intuitively, it is natural to
search then for the solution with smallest support, that is, to solve the £y-minimization
problem
min ||z]lo subjectto Az =y. (2.11)
zeCN

The hope is that the solution x* of this optimization problem coincides with x. Indeed,
rather easy recovery conditions on A € C™*¥ and on the sparsity s can be shown,
see for instance [28]. There exist matrices A € C™*N such that 2s < m suffices to
always ensure recovery; choose the columns of A in general position.

Unfortunately, the combinatorial optimization problem (2.11) is NP hard in general
[35, 88]. In other words, an algorithm that solves (2.11) for any matrix A and any
vector y must be intractable (unless maybe the famous Millenium problem P = NP
is solved in the affirmative, on which we will not rely here). Therefore, (2.11) is
completely impractical for applications and tractable alternatives have to be found.
Essentially two approaches have mainly been pursued: greedy algorithms and convex
relaxation. We will concentrate here on the latter and refer the reader to the literature
[40, 58,78, 90, 91, 103, 131, 127] for further information concerning greedy methods.

The ¢;-minimization problem

min ||z||; subjectto Az =y (2.12)
zeCN

can be understood as convex relaxation of (2.11). Sometimes (2.12) is also referred to
as basis pursuit [25]. In contrast to (2.11), the £;-minimization problem can be solved
with efficient convex optimization methods. In the real-valued case (2.12) can be
rewritten as a linear program and can be solved with linear programming techniques,
while in the complex-valued case (2.12) is equivalent to a second order cone program
(SOCP), for which also efficient solvers exist [15]. We refer the interested reader to
[32, 33, 34, 43, 47, 76] for further efficient algorithms for ¢;-minimization.

Of course, our hope is that the solution of (2.12) coincides with the one of (2.11).
One purpose of these notes is to provide an understanding under which conditions this
is actually guaranteed.

2.3 Null Space Property and Restricted Isometry Property

In this section we present conditions on the matrix A that ensure exact reconstruction
of all s-sparse vectors using ¢;-minimization. Our first notion is the so-called null
space property.

Definition 2.1. A matrix A € C™* satisfies the null space property of order s if for
all subsets S C [N] with |S| = s it holds

lvslli < [[vse|ly forallv € ker A\ {0}. (2.13)
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Remark 2.2. We deal here with the complex case. For real-valued matrices one might
restrict the kernel to the real-valued vectors and define an obvious real-valued analogue
of the null space property above. However, it is not obvious that the real and the
complex null space property are the same for real-valued matrices. Nevertheless this
fact can be shown [52].

Based on this notion we have the following recovery result concerning ¢;-mini-
mization.

Theorem 2.3. Let A € C™*N. Then every s-sparse vector x € CV is the unique
solution of the £\-minimization problem (2.12) with y = Ax if and only if A satisfies
the null space property of order s.

Proof. Assume first that every s-sparse vector x € C¥ is the unique minimizer of ||z|
subject to Az = Ax. Then, in particular, for any v € ker A\ {0} and any S C [N] with
|S| = s, the s-sparse vector v is the unique minimizer of ||z||; subject to Az = Avg.
Observe that A(—vge) = Avg and —vge # vg, because A(vge + vg) = Av =0
and because v # 0. Therefore we must have ||vs|[; < |[vse||1. This establishes the
null space property.

For the converse, let us assume that the null space property of order s holds. Then,
given an s-sparse vector x € CV and a vector z € CV, z # x, satisfying Az = Ax,
we consider v := x —z € ker A\ {0} and S := supp(x). In view of the null space
property we obtain

%[l < lIx = zsl[i + [lzs]li = [xs = zs| + [|lzslli = [[vs]li + [|lzs]]:

<lvselli + llzsll = | = zsells + [[zs ]l = |[=]1-
This establishes the required minimality of ||x||;. ]

This theorem seems to have first appeared explicitly in [60], although it was used
implicitly already in [41, 48, 97]. The term null space property was coined by A.
Cohen, W. Dahmen, and R. DeVore in [28]. One may obtain also a stable version
of the above theorem by passing from sparse vectors to compressible ones, for which
0s(x) is small. Then the condition (2.13) has to be strengthened to ||vg|[1 < v||[vse||:
for some y € (0, 1).

The null space property is usually somewhat difficult to show directly. Instead, the
so called restricted isometry property [22], which was introduced by E. Candes and
T. Tao in [23] under the term uniform uncertainty principle (UUP), has become very
popular in compressive sensing.

Definition 2.4. The restricted isometry constant §, of a matrix A € C™*¥ is defined
as the smallest d, such that

(1= 60 lIx[13 < [1Ax]3 < (1 + 6)lI13 (2.14)
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for all s-sparse x € CV.

We say that a matrix A satisfies the restricted isometry property (RIP) if 5 is small
for reasonably large s (whatever "small" and "reasonably large" might mean in a con-
crete situation).

Before relating the restricted isometry property with the null space property let us
first provide some simple properties of the restricted isometry constants.

Proposition 2.5. Let A € C™*N with isometry constants J..
(a) The restricted isometry constants are ordered, §| < 0y < 93 < -+,
(b) It holds

ds = max |AAs —Id|2—2
SC[NJ,|S|<s
— sup [{(A"A —1d)x, %)],
x€Ts

where Ty = {x € CV,||x[]» = 1, |x/lo < s}.

(c) Letu,v C CN with disjoint supports, suppu N suppv = (. Let s = |[suppu| +
|supp v|. Then
[(Au, Av)| < ds[[ull2[v]2-

Proof. Since an s-sparse vector is also s + 1-sparse the statement (a) is immediate.
The definition (2.14) is equivalent to

[|Ax|3 — ||x|]3] < &|[x[|3 forall S C [N],|S| <s, forallx € C,suppx C S.

The term on the left hand side can be rewritten as |((A*A — Id)x, x)|. Taking the
supremum over all x € CV with suppx C S and unit norm ||x|| = 1 yields the
operator norm || A Ag — Id||2—2 by (2.4). Taking also the maximum over all subsets
S of cardinality at most s completes the proof of (b).

For (c) we denote S = suppu,E = suppv and let u,v denote the vectors u,v
restricted to their supports. Then we write

(Au, Av) = @ AZA=V = (0", 05) A%z Asuz (05, V)
= (0", 0%)(A5uzAsuz — 1d) (05, v7)",

where Og is the zero-vector on the indices in S. Therefore, one may estimate
[(Au, Av)| < [[A5uzAsuz — 1d|2—2lull2][ V]2

Applying part (b) completes the proof. a
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Part (b) shows that the restricted isometry property requires in particular that all
column submatrices of A of size s are well-conditioned. Indeed, all eigenvalues of
A% Ag should be contained in the interval [1 — d;, 1 4 d,], which bounds the condition

number of A% Ag by 1*‘5* and therefore the one of Ag by ”55

The restricted isometry property implies the null space property as stated in the next
theorem.

Theorem 2.6. Suppose the restricted isometry constants 05 of a matrix A € CmxN
satisfies
1
02s < 3 (2.15)

then the null space property of order s is satisfied. In particular, every s-sparse vector
x € CV is recovered by {\-minimization.

Proof. Let v € ker A be given. It is enough to consider an index set Sy of s largest
modulus entries of the vector v. We partition the complement of Sy as S5 = S1 US> U

., where S} is an index set of s largest absolute entries of v in [N] \ Sy, S, is an
index set of s largest absolute entries of v in [N]\ (Sp U S}) etc. In view of v € ker A,
we have A(vg,) = —A(vs, + Vg, +---), so that

1 1
IVl < T IAVs)IB = 75— (A(Vs)), A(=vs)) + A(=vs) +-+)
1 625 1 525
1
= =& D (A(vs,), A(=vs,))- (2.16)
k>1
Proposition 2.5(c) yields then
(A(vs, ), A(=vsy)) < daslvs, 2]l vy - (2.17)

Substituting (2.17) into (2.16) and dividing by ||vg, |2 gives

625
syl < 1= Z Vsl
k:>1

Since the s entries of vg, do not exceed the s entries of vg, | for k > 1, we have
||<IZ||f njes
vl < = v ora
= ¢ J k
LESK_1

and therefore
1/2

1
vsillz=| DIl | < EIIVSMIIL

JESk
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We obtain by the Cauchy—Schwarz inequality

Vsl < Vsllvsyll2 <

5 D lvs < . (”VSOHI + [lvsell) (2.18)
S k>1

as announced. Since 1 - < 1/2 by assumption, the null space property follows. O

The restricted isometry property also implies stable recovery by ¢;-minimization for
vectors that can be well-approximated by sparse ones, and it further implies robustness
under noise on the measurements. This fact was first noted in [23, 21]. The sufficient
condition on the restricted isometry constants was successively improved in [18, 28,
53, 51]. We present without proof the so far best known result [51, 55] concerning
recovery using a noise aware variant of £-minimization.

Theorem 2.7. Assume that the restricted isometry constant 0,5 of the matrix A €
C™*N satisfies

Sas < ~ 0.465. (2.19)

3
446
Then the following holds for all x € CN. Let noisy measurements y = Ax + e be
given with ||e||y < n. Let x* be a solution of

min ||z]|; subjectto || Az — yl||» < 7. (2.20)
zeCN

Then
Og (X)l
NG

Jor some constants c,d > 0 that depend only on 0,s.

|Ix — x

Note that the previous theorem ensures exact recovery of s-sparse signals using
{;-minimization (2.12) under condition (2.19) in the noise-free case n = 0.

In contrast to the null space property, the restricted isometry property is not neces-
sary for sparse recovery by ¢;-minimization. Indeed, the null space property of A is
invariant under multiplication from the left with an invertible matrix U € C™*™ as
this does not change the null space, while the restricted isometry property is certainly
not invariant (simply take a matrix U with large condition number).

We will soon see examples of measurement matrices with small restricted isometry
constants.

2.4 Recovery of Individual Vectors

We will later need also a condition ensuring sparse recovery which not only depends
on the matrix A but also on the sparse vector x € C" to be recovered. The follow-
ing theorem is due to J.J. Fuchs [56] in the real-valued case and was extended to the
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complex-valued case by J. Tropp [128]. Its statement requires introducing the sign
vector sgn(x) € C” having entries

ifz; £0,
sgn(x); =< |zl ’ Jj € [N].
0 ifa; =0,

Theorem 2.8. Let A € C™*N and x € CVN with S := supp(x). Assume that Ag is
injective and that there exists a vector h € C™ such that
Ah = sgn(z®),

|(A*h),| <1, £€[N]\S. (2.21)
Then x is the unique solution to the £\-minimization problem (2.12) with y = Ax.
Proof. Leth € C™ be the vector with the described property. We have

IIx|li = (A"h,x) = (h, Ax).
Thus, forz € CN, z # x, such that Az = y, we derive

Ix[i = <(h,Az) = (A*h,z) = (A*h,zg) + (A*h, zgc)

[(A™h)s]loollzs 1 + [1(A™h)se [loo[[z5e [t < [lZ5]l1 + (252 [l = [12]]1-

IN

The strict inequality follows from ||zgc||; > 0, which holds because otherwise the
vector z would be supported on S and the equality Az = Ax would then be in con-
tradiction with the injectivity of Ag. We have therefore shown that the vector x is the
unique minimizer of ||z||; subject to Az =y, as desired. ]

The above result makes clear that the success of sparse recovery by ¢;-minimization
only depends on the support set .S and on the sign pattern of the non-zero coefficients
of x. .

Choosing the vector h = (Ag) sgn(xs ) leads to the following corollary, which

will become a key tool later on.

Corollary 2.9. Let A € C™*N and x € CN with S := supp(x). If the matrix Ag is
injective and if
[(ALay,sgn(x%))| < 1 forall ¢ € [N]\ S, (2.22)

then the vector X is the unique solution to the {|-mininimization problem (2.12) with
y = Ax.
Proof. The vector h = (ATS) sgn(x®) satisfies ALh = A Ag(A%As) 'sgn(x¥) =

sgn(x®), and the condition (2.22) translates into (2.21). Hence, the statement follows
from Theorem 2.8. a
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2.5 Coherence

A classical way to measure the quality of a measurement matrix A with normalized
columns, ||aj|[> = 1,7 € [N], is the coherence [39, 40, 60, 61, 127], defined by

= max [(a;, ag)|.
p = max|(ay. a0)|

If the coherence is small than the columns of A are almost mutually orthogonal. A
small coherence is desired in order to have good sparse recovery properties.
A refinement of the coherence is the 1-coherence function or Babel function, defined
by
§) i= max max a;,ap)| < sp.
p1(s) Ze[N]Sc[N]\{Z}ZK j ol < sp
|s|<s  I€8
The following proposition lists simple properties of 1 and ) and relates the coherence
to the restricted isometry constants.

Proposition 2.10. Ler A € C™ N with unit norm columns, coherence i, 1-coherence
function p(s) and restricted isometry constants ds. Then

(a) p= o,
(b) p1(s) = maxge(ny,s|<s+1 [[A5As — Id[[1-1,
(c) 6s <pi(s—1)<(s—1)pu.

Proof. (a)If S = {j, £} has cardinality two then

0 .
tAg—1d = (a0}
(ag,a;) 0

by the normalization ||a;||» = |las/l2 = 1. The operator norm of this matrix equals
|(a;,ay)|. Taking the maximum over all two element subsets S shows that 6, = x by
Proposition 2.5(b).

(b) Again by normalization, the matrix AgAg — Id has zeros on the diagonal. The
explicit expression (2.1) for the operator norm on ¢; then yields

145 As —1d||1-1 = max > ay,ap)l.
777 kes\(j}

Taking also the maximum over all S C [N] with |S| < s + 1 gives

max |AcAs —1d||151 = max  max l(aj,a)|
SC[N],|S|<s+1 SC[N],|S|<s+1 j€S ,
keS\{j}

= max max ,ap)| =
jelN) scin \{]}|s<s,;| 2kl = (),
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which establishes (b).
For (c) observe that by Proposition 2.5(b) and inequality (2.3) for hermitian matrices

0s = max ASAq —1d <  max ALAq —1d = (s —1
= gepmax |A5As 252 < semax [AsAs i1 = g ( )

< (s =D (2.23)
by part (b). o

In combination with Theorem 2.6 (or Theorem 2.7) we see that s — 1 < 1/(3u)
or p1(s — 1) < 1/3 implies exact recovery (and also stable recovery) of all s-sparse
vectors by /;-minimization. We note that the slightly weaker sufficient conditions

pi(s — 1)+ pi(s) < 1 (2.24)

or (2s — 1)u < 1 ensuring recovery by ¢;-minimization can be shown by working
directly with the coherence or the 1-coherence function [39, 60, 127, 129] instead of
the restricted isometry constants. It is worth noting that (2.24) also implies recovery
by the greedy algorithm (orthogonal) matching pursuit [127, 62].

A simple example of a matrix A € C™*?™ with small coherence is a concatenation
of the identity with a Fourier matrix F' € C™*™, i.e., A = (Id|F'), where the entries
of F' are given by

|
Fia = b,
It is well known that F' is unitary and it is easy to see that y = Lm and p(s) = \/%
fors=1,...,m — 1. It follows that
s—1
0s < . 2.25
s = \/m ( )
Hence, if
s < @ 1 (2.26)

6

then recovery by /;-minimization is ensured. There exist also matrices with many
more columns still having coherence on the order 1/1/m. Indeed, [2, 121] give exam-

ples of matrices A € Ccmxm? satisfying
1
n= \/m
(and one can also check that p1(s) = == for s = 1,..., m — 1 for those matrices).

=+
The drawback of these results is that the sparsity s is required to be tiny compared
to the number m of measurements in (2.26). Or in other words, the number m of

samples (measurements) required to recover an s-sparse vector scales quadratically in
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s. As we will see, there exists (random) matrices for which the quadratic scaling can
be improved to a much better linear scaling (up to log-factors). However, such results
cannot be obtained by analyzing the coherence or the 1-coherence function as follows
from the lower bounds in the next theorem.

Theorem 2.11. Let A € C™*N with normalized columns, coherence 1 and 1-coherence
Sunction p1(s). Then

(@) p =\ /o™y

(b) ui(s) > s m%;:”l) whenever s < /N — 1.

The inequality in part (a) is also called Welch bound and can be found in [121, 111].
The proof of Part (b) is contained in [119]. Note that the case s > /N — 1 is of minor

importance to us, since then p;(s) > VN — 1, /% = \/% — 1 which will be
larger than 1 provided N > 2m. The latter will be the case in all situations where
compressive sensing is interesting. Then Proposition 2.10 implies only that 65 < 1,
which does not allow any conclusion concerning ¢;-minimization.

For large enough N — say N > 2m — the above lower bound for the coherence
scales like ﬁ while the one for y(s) scales like ﬁ Hence, those bounds explain
to some extent why it is difficult to obtain significantly better recovery bounds than
(2.26) for deterministic matrices. Indeed, the estimate (2.3) — or Gershgorin’s theorem
[8, 71, 135] that is often applied in the sparse approximation literature [127, 37] —
which is used to establish Propostion 2.10(c), seems to be the optimal estimate one may
obtain by taking into account only the absolute values of the Gramian matrix A*A. In
particular, it is not possible to improve on (2.25) by using Gershgorin’s disc theorem,
or by using Riesz-Thorin interpolation between || - ||1—1 and || - ||co—oco (Schur’s test).

Hence, to overcome the ’quadratic bottleneck’ (2.25) or (2.26), that is, m > Cs?,
one should take into account cancellations that result from the signs of the entries of
the Gramian A*A. This task seems to be rather difficult, however, for deterministic
matrices. The major breakthrough for beating the “quadratic bottleneck” was obtained
using random matrices [19, 23, 38]. The problem of exploiting cancellations in the
Gramian matrix is handled much easier with probabilistic methods than with deter-
ministic techniques. And indeed, it is presently still an open problem to come up with
deterministic matrices offering the same performance guarantees for sparse recovery
as the ones for random matrices we will see below.

2.6 Restricted Isometry Property of Gaussian and Bernoulli Random
Matrices

By now, many papers deal with Gaussian or Bernoulli random matrices in connection
with sparse recovery, or more generally, subgaussian random matrices, [5, 23, 38,
42, 87, 114, 116]. The entries of a random Bernoulli matrix take the value + \/IE or
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——L with equal probability, while the entries of a Gaussian matrix are independent

vm
and follow a normal distribution with expectation 0 and variance 1/m. With high
probability such random matrices satisfy the restricted isometry property with a (near)

optimal order in s, and therefore allow sparse recovery using ¢;-minimization.

Theorem 2.12. Let A € R™*N be a Gaussian or Bernoulli random matrix. Let €,6 €
(0,1) and assume

m > C6 (sIn(N/s) 4+ In(e™ ")) (2.27)

for a universal constant C' > 0. Then with probability at least 1 — ¢ the restricted
isometry constant of A satisfies 55 < 6.

There are by now several proofs of this result. In [5] a particularly nice and sim-
ple proof is given, which, however, yields an additional log(6~')-term. It shows in
connection with Theorem 2.6 that with probability at least 1 — € all s-sparse vectors
x € C can be recovered from y = Ax using ¢;-minimization (2.12) provided

m > C'(sIn(N/s) + In(7")). (2.28)

Moreover, Theorem 2.7 predicts also stable and robust recovery under this condition.
Note that choosing ¢ = exp (—em) with ¢ = 1/(2C"), we obtain that recovery by
£1-minimization is successful with probability at least 1 — e~“" provided

m > 2C"sIn(N/s). (2.29)

This is the statement usually found in the literature.

The important point in the bound (2.29) is that the number of required samples only
scales linearly in s up to the logarithmic factor In(/N/s) — in contrast to the quadratic
scaling in the relation m > 36(s — 1)? deduced from (2.26). Moreover, the ambient
dimension N enters only very mildly into (2.29), and if [V is large and s is rather
small then m can be chosen significantly smaller than N and still allow for recovery
by /;-minimization. In particular, an s-sparse x can be reconstructed exactly although
at first sight the available information seems highly incomplete.

Let us note that (2.29) is optimal as can be shown by using lower bounds for Gelfand
widths of the ¢} ball [54, 57]. In particular, the factor In(/N/s) cannot be improved.

3 Structured Random Matrices

While Gaussian and Bernoulli matrices ensure sparse recovery via ¢;-minimization
with the optimal bound (2.28) on the number of measurements, they are of somewhat
limited use in applications for several reasons. Often the design of the measurement
matrix is subject to physical or other constraints of the application, or it is actually
given to us without having the freedom to design anything, and therefore it is often
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not justifiable that the matrix follows a Gaussian or Bernoulli distribution. Moreover,
Gaussian or other unstructured matrices have the disadvantage that no fast matrix mul-
tiplication is available, which may speed up recovery algorithms significantly, so that
large scale problems are not practicable with Gaussian or Bernoulli matrices. Even
storing an unstructured matrix may be difficult.

From a computational and an application oriented view point it is desirable to have
measurement matrices with structure. Since it is hard to rigorously prove good recov-
ery conditions for deterministic matrices as outlined above, we will nevertheless allow
randomness to come into play. This leads to the study of structured random matrices.

We will consider basically two types of structured random matrices. The larger
part of these notes will be devoted to the recovery of randomly sampled functions that
have a sparse expansion in terms of an orthonormal system {¢;,j = 1,..., N} with
uniformly bounded L>°-norm, sup;cy [[¥jlloc = sup;cinjsup, |¢;(z)| < K. The
corresponding measurement matrix has entries (v;(t¢))e ;, where the ¢, are random
sampling points. So the structure is determined by the function system 1);, while the
randomness comes from the sampling locations.

The random partial Fourier matrix, which consists of randomly chosen rows of the
discrete Fourier matrix can be seen as a special case of this setup and was studied
already in the very first papers on compressive sensing [19, 23]. It is important to note
that in this case the fast Fourier transform (FFT) algorithm can be used to compute a
fast application of a partial Fourier matrix in O(N log(/N)) operations [30, 59, 137] —
to be compared with the usual O(mN) operations for a matrix vector multiply with
an m x N matrix. Commonly, m > Cslog(N) in compressive sensing, so that an
O(N log(N)) matrix multiply implies a substantial complexity gain.

The second type of structured random matrices we will study are partial random
circulant and Toeplitz matrices. They arise in applications where convolutions are
involved. Since circulant and Toeplitz matrices can be applied efficiently using again
the FFT, they are also of interest for computationally efficient sparse recovery.

Other types of structured random matrices, that will not be discussed here in detail,
are the following.

+ Random Gabor System. On C™ a time-shift or translation is the circular shift
operator (1;.9); = gj—k mod m» While a frequency shift is the modulation opera-
tor (Myg); = > / "g;. Now fix a vector g and construct a matrix A = A, €
Ccmxm? by selecting its columns as the time-frequency shifts M,Tpg € C™,
L,k € [m]. Here the entries of g are chosen independently and uniformly at
random from the torus {z € C,|z| = 1}. Then A = A, is a structured random
matrix called a random Gabor system. Corresponding sparse recovery results can
be found in [95, 96].

« Random Demodulator. This type of random matrix is motivated by analog to
digital conversion. We refer to [133] for details.
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3.1 Nonuniform versus Uniform Recovery

Showing recovery results for ¢;-minimization in connection with structured random
matrices is more delicate than for unstructured Gaussian matrices. Nevertheless, we
will try to get as close to the recovery condition (2.28) as possible. We will not be
able to obtain precisely this condition, but we will only suffer from a slightly larger
log-term. Our recovery bounds will have the form

m > Cslog*(N/e)

(or similar) for some o > 1, where € € (0, 1) corresponds to the probability of failure.
In particular, the important linear scaling of m in s up to log-factors is retained.

We will pursue different strategies in order to come up with rigorous recovery re-
sults. In particular, we distinguish between uniform and nonuniform recovery guar-
antees. A uniform recovery guaranty means that once the random matrix is chosen,
then with high probability all sparse signals can be recovered. A nonuniform recovery
result states only that each fixed sparse signal can be recovered with high probability
using a random draw of the matrix. In particular, such weaker results allow in princi-
ple that the small exceptional set of matrices for which recovery may fail is dependent
on the signal, in contrast to a uniform statement. Clearly, uniform recovery implies
nonuniform recovery, but the converse is not true.

It is usually easier to obtain nonuniform recovery results for structured random ma-
trices, and the provable bounds on the maximal allowed sparsity (or on the minimal
number of measurements) are usually slightly worse for uniform recovery.

Uniform recovery is clearly guaranteed once we prove that the restricted isometry
property of a random matrix holds with high probability. Indeed, the corresponding
Theorems 2.6 or 2.7 are purely deterministic and guarantee recovery of all s-sparse
signals once the restricted isometry constant 5 of the measurement matrix is small
enough.

In order to obtain nonuniform recovery results we will use the recovery condition
for individual vectors, Corollary 2.9. If the signal is fixed then also its support is
fixed, and hence, applying Corollary 2.9 means in the end that only a weaker property
than the restricted isometry property has to be checked for the random matrix. In
order to simplify arguments even further we can also choose the signs of the non-zero
coefficients of the sparse vector at random.

4 Random Sampling in Bounded Orthonormal Systems

An important class of structured random matrices is connected with random sampling
of functions in certain finite dimensional function spaces. We require an orthonormal
basis of functions which are uniformly bounded in the L°°-norm. The most prominent
example consists of the trigonometric system [19, 102, 104, 78]. In a discrete setup,
the resulting matrix is a random partial Fourier matrix, which actually was the first
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structured random matrix investigated in connection with compressive sensing [19,
23,116].

4.1 Bounded Orthonormal Systems

Let D C R? be endowed with a probability measure v. Further, let ¢/, ..., 1y be an
orthonormal system of complex-valued functions on D, that is, for j, k € [IV],
— 0 ifj#Ek,
[ oon@ane =5 =1 | @)
D 1 ifj=k.

The orthonormal system will be assumed to be uniformly bounded in L*°,
[$lloo = sup [¢5(t)] < K forall j € [N]. (4.2)
teD
The smallest value that the constant X can take is K = 1. Indeed,
1= [ us(oPdvta) < suplus o) [ avle) = K
D teD D
In the extreme case X' = 1 we necessarily have |¢;(¢)| = 1 for v-almost all ¢ € D.

Remark 4.1. (a) Note that some bound K can be found for most reasonable sets of
functions v, j € [N]. The crucial point of the boundedness condition (4.2) is
that K = sup ;¢ 14|l o should ideally be independent of N, or at least depend
only mildly on N, such as K < C'In®(N) for some o > 0. Such a condition
excludes for instance that the functions ); are very localized in small regions of
D.

Expressed differently, the quotients ||t} ||oc/||¢;]|2 should be uniformly bounded
in j (in case that the functions ), are not yet normalized); or at least grow only
very slowly.

(b) It is not essential that D is a (measurable) subset of R?. This assumption was
only made for convenience. In fact, D can be any measure space endowed with a
probability measure v.

We consider functions of the form

N
F&) = appp(t), teD (4.3)
k=1
with coefficients z1,...,zy € C.
Letty,...,t»n € D be some points and suppose we are given the sample values

N
ye=f(te) =Y axr(te), L=1,...,m.
k=1
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Introducing the sampling matrix A € C™* with entries

A&k:’(/}k(tg), (=1,....m, k=1,...,N, “4.4)
the vectory = (y1, - . - ,ym)T of sample values (measurements) can be written in the
form

y = Ax, 4.5)

where x is the vector of coefficients in (4.3).

Our task is to reconstruct the polynomial f — or equivalently its vector x of coef-
ficients — from the vector of samples y. We wish to perform this task with as few
samples as possible. Without further knowledge this is clearly impossible if m < V.
As common in compressive sensing we therefore assume sparsity.

A polynomial f of the form (4.3) is called s-sparse if its coefficient vector x is
s-sparse. The problem of recovering an s-sparse polynomial from m sample values
reduces then to solving (4.5) with a sparsity constraint, where A is the matrix in (4.4).
We consider ¢;-minimization for this task.

Now we introduce randomness. We assume to this end that the sampling points
ty,...,tn are selected independently at random according to the probability measure
v. This means in particular that P(¢t, € B) = v(B), £ = 1,...,m, for a measurable
subset B C D. The matrix A in (4.4) becomes then a structured random matrix.

Let us give examples of bounded orthonormal systems.

(i) Trigonometric Polynomials. Let D = [0, 1] and for k € Z set
Ur(t) =, teo,1).

The probability measure v is taken to be the Lebesgue measure on [0, 1]. Then
forall j, k € Z,

1 [
/O’L/}k(t)lbj(t)dt: .k 4.6)

The constant in (4.2) is clearly K = 1. For a subset I’ C Z of size N we then
consider the trigonometric polynomials of the form

F@) = min(t) = D ape™*.

kel kel’

A common choice is " = {—q,—q + 1,...,q — 1, ¢} resulting in trigonometric
polynomials of degree at most ¢ (then N = 2q-+ 1). We emphasize, however, that
an arbitrary choice of I' C Z of size |I'| = N is possible. Introducing sparsity on
the coefficient vector x € CV then leads to the notion of s-sparse trigonometric

polynomials.

The sampling points ¢1,. .., ¢, will be chosen independently and uniformly at
random from [0, 1]. The entries of the associated structured random matrix A are
given by

App=€eTke —p—1,....m, keT, 4.7

)
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(i)

(iii)

Such A is a Fourier type matrix, sometimes also called a nonequispaced Fourier
matrix.

This example extends to multivariate trigonometric polynomials on [0, 1]¢, d €
N. Indeed, the monomials 1y (t) = >0 k e 79 t e [0,1]¢, form an
orthonormal system. For readers familiar with abstract harmonic analysis we
mention that this example can be further generalized to characters of a compact
commutative group. The corresponding measure will be the Haar measure of the
group [50, 117].

The matrix A in (4.7) has a fast (approximate) matrix multiplication algorithm,
called the non-equispaced fast Fourier transform (NFFT) [46, 101]. Similarly to
the FFT, it has complexity O(N log(NV)).

Real Trigonometric Polynomials. Instead of the complex exponentials above
we may also take the real functions

Yor(t) = V2cos(2mkt), ke Ny, wo(t) =1,
Yore1 (t) = V2sin(2wkt), ke N. (4.8)

They also form an orthonormal system on [0, 1] with respect to the Lebesgue
measure and the constant in (4.2) is K = /2. The samples ¢1, ..., t,, are chosen
again according to the uniform distribution on [0, 1].

Discrete Orthonormal Systems. Let U = (Uy;) € CV*¥ be a unitary matrix.
The normalized columns v/Nu; € CV, k € [N], then form an orthonormal
system with respect to the discrete uniform probability measure on [N], v(B) =
|B|/N for B C [N]; written out, this means

N
& VN (VN (0) = (wy ) =G, k€ N,
t=1

Here, ui(t) = Uy denotes the tth entry of the kth column of U. The bounded-
ness condition (4.2) requires that the normalized entries of U are bounded, i.e.,

VN max |Uy| = max |VNug(t)| < K. (4.9)
k,te[N] k,te[N]
Choosing the points ¢y, . . . , t,, independently and uniformly at random from [V]

corresponds then to creating the random matrix A by selecting its rows indepen-
dently and uniformly at random from the rows of v NU, that is,

A=+NR;U ,
where Ry : CN — C™ denotes the random subsampling operator

(Rrz) =2z¢,, 0 =1,...,m. (4.10)
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(iv)

v)

Compressive sensing in this context yields the situation that only a small portion
of the entries of § = v/ NUx € CV are observed of a sparse vector x € CV. In
other words, y = Rry € C™, and we wish to recover x from the undersampled
y.

Note that it may happen with non-zero probability that a row of v/ NU is se-
lected more than once because the probability measure is discrete in this example.
Hence, A is allowed to have repeated rows. One can avoid this effect by passing
to a different probability model where the subset {t,...,t,} C [IV] is selected
uniformly at random among all subsets of [N] of cardinality m. This probability
model requires a slightly different analysis than the model described above, and
we refer to [19, 23, 20, 55, 116, 130] for more information. The difference be-
tween the two models, however, is very slight in practice and the corresponding
recovery results are almost the same.

Partial Discrete Fourier Transform. Our next example uses the discrete Fourier
matrix F € CN*N with entries

— L 2milk /N —
Fyy, \/Ne , lk=1,... N. (4.11)
It is well-known (and easy to see) that F' is unitary. The constant in (4.2) or
(4.9) is clearly K = 1. The result X = F'x of a applying F' to a vector is
called the Fourier transform of x. Applying the setup of the previous example
to this sitatuation results in the problem of reconstructing a sparse vector x from
m random entries of its Fourier transform %, that are independent and uniformly
distributed on Zy := {%, k = 1,...,N}. The resulting matrix A is called
random partial Fourier matrix. Such a matrix can also be seen as a special case of
the non-equispaced Fourier type matrix in (4.7) with the points ¢, being chosen
from the grid Zy instead of from the whole interval [0, 1]. Note that the discrete
Fourier matrix in (4.11) can also be extended to higher dimensions, i.e., to grids
74 ford € N.

A crucial point for applications is that the Fourier transform has a fast algorithm
for matrix-vector multiplication, the so called fast Fourier transform (FFT) [30,
137]. Tt computes the Fourier transform of a vector x € C~ in complexity
O(N log(N)).

Incoherent Bases. Let V, 1V € CY*V be two unitary matrices. Their columns
(ve)i, and (wg)), form two orthonormal bases of C". Assume that a vector
z € CV is sparse with respect to the basis (v¢) rather than the canonical basis,
that is, z = Vx for a sparse vector x. Further, assume that z is sampled with
respect to the basis (wy), i.e., we obtain measurements

k= (2, wy,), k=1,...,m
with T := {t1,...,ty} C [IV]. In matrix vector form this can be written as

y = RpW¥*z = RyW*Vx,
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(vi)

where R is again the random sampling operator (4.10). Defining the unitary
matrix U = W*V € CV*N we are back to the situation of the third example.
The condition (4.9) now reads

\/N max

[(ve, wi)| < K. (4.12)
£,kE[N]

The quantity on the left hand side (without the v/N) is known as the mutual
coherence of the bases (vy), (wy), and they are called incoherent if K can be
chosen small. The two previous examples also fall into this setting by choosing
one of the bases as the canonical basis, W = Id € C¥. The Fourier basis and the
canonical basis are actually maximally incoherent, since then K = 1.

Haar-Wavelets and Noiselets. This example is a special case of the previous
one, which is potentially useful for image processing applications. It is conve-
nient to start with a continuous description of Haar-wavelets and noiselets [29],
and then pass to the discrete setup via sampling. The Haar scaling function on R
is defined as the characteristic function of the interval [0, 1),

1 ifzeo,1),

) (4.13)
0 otherwise.

d(z) = xp,1)(x) = {

The Haar wavelet is then defined as

1 ifzel0,1/2),
Y(x) = ¢(2z) —pRx — 1) = —1 ifze[1/2,1), (4.14)
0  otherwise.

Further, denote
in(x) =292 x—k), o) = dlz—k), x€R,jEL ke L (4.15)

It is well-known [138] (and can easily be seen) that, for n € N, the Haar-wavelet
system

¥, = {bp,k € Z}U{jp, k=0,...,2 —1,j=0,...,n— 1}  (4.16)
forms an orthonormal basis of
Vo= {f € L*([0,1]) : fis constanton [k2™", (k+1)27"),k=0,...,2" —1}.

Now let N = 2" for some n € N. Since the functions v;, j < n — 1, are
constant on intervals of the form [27"k, 27" (k+-1)) we conclude that the vectors
o, pUF) e CN, j=0,...,n—1,k=0,...,27 — 1, with entries

o =2"""9(t/N), t=0,... . N-1
G =27 P (/N), =0, N~ 1
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(vii)

form an orthonormal basis of C. We collect these vectors as the columns of a
unitary matrix ¥ € CV*V,

Next we introduce the noiselet system on [0, 1]. Let g1 = ¢ = X|o,1) be the Haar
scaling function and define, for > 1, recursively the complex-valued functions

gor(z) = (1 = i)gr(22) + (1 + i)g, (22 — 1),

grr1(x) = (1 4+9)g-2x) + (1 —i)g, (22 — 1).
It is shown in [29] that the functions {2~"/2¢g,,r = 2", ..., 2"*! — 1} form an
orthonormal basis of V,,. The key property for us consists in the fact that they are

maximally incoherent with respect to the Haar basis. Indeed, Lemma 10 in [29]
states that

1
’/ gr (@) p(x)dz| =1 providedr >2/ — 1, 0<k<2/ —1. (4.17)
0

For the discrete noiselet basis on CV, N = 2", we take the vectors
3" =2"gn i (t/N), 7=0,...,N—1, t=0,...,N—1.

Again, since the functions gy, = 0,..., N — 1, are constant on intervals of
the form [2~"k, 27" (k + 1)) it follows that the vectors g"), 7 = 0,..., N — 1,
form an orthonormal basis of C. We collect these as columns into a unitary
matrix G € CN*N. Due to (4.17) the unitary matrix U = G*¥ € CNV*NV
satisfies (4.9) with K = 1 — or in other words, the incoherence condition (4.12)
for the Haar basis and the noiselet basis holds with the minimal constant K = 1.
Due to the their recursive definition, both the Haar wavelet transform and the
noiselet transform, that is, the application of W and G and their adjoints, come
with a fast algorithm that computes a matrix vector multiply in O(N log(N))
time.

As a simple signal model, images or other types of signals are sparse in the Haar
wavelet basis. The described setup corresponds to randomly sampling such func-

tions with respect to noiselets. For more information on wavelets we refer to
[27, 31, 83, 138].

Legendre polynomials. The Legendre polynomials P; are a system of orthogo-
nal polynomials, where P; is a polynomial of precise degree j, and orthonormal-
ity is with respect to the normalized Lebesgue measure dz/2 on [—1, 1]. Their
supremum norm is given by || Pj|lcc = v/2j + I, so considering the polynomi-
als P;,j7 = 0,..., N — 1, yields the constant K’ = /2N — 1. Unfortunately,
K grows therefore rather quickly with V. This problem can be avoided with
a trick. One takes sampling points with respect to the “Chebyshev" measure
dv(z) = 7 '(1 — 22)~"/2dz and uses a preconditioned measurement matrix.
We refer to [106] for details.
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Figure 1 shows an example of exact recovery of a 10-sparse vector in dimension 300
from 30 Fourier samples (example (iv) above) using ¢-minimization. For comparison
the reconstruction via £,-minimization is also shown.

1t
1. W >5w J 1 “
%. oy — ;@: 0’“ m | J~ W d ‘\ P‘
< o5 ! J l E 1 M V w H“MJ wf \W u‘
0 100 200 300 0 1 60 200 300
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3 g 05 {
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—1r
° 1 60Ffequen'3560 %0 0 ! 6?:requenc$60 %00

© (d)

Figure 1. (a) 10-sparse Fourier spectrum, (b) time domain signal of length 300 with
30 samples, (c) reconstruction via ¢;-minimization, (d) exact reconstruction via £;-
minimization

4.2 Nonuniform Recovery

We start with a nonuniform recovery result that additionally assumes that the signs of
the non-zero entries of the signal x are chosen at random.

Theorem 4.2. Let S C [N] be of cardinality |S| = s and let € = (€g)ses € C° be a
sequence of independent random variables that take the values +1 with equal proba-
bility. Alternatively, the e; may be uniformly distributed on the torus {z € C, |z| = 1}.
Let x be an s-sparse vector with support S and sgn(xS ) =€

Let A € C™*N be the sampling matrix (4.4) associated to an orthonormal system
that satisfies the boundedness condition (4.2) for some constant K > 1. Assume
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that the random sampling points ty, . . ., t,, are chosen independently and distributed
according to the orthogonalization measure v. Assume that

m > CK?*sIn®(6N/¢), (4.18)

where C =~ 26.25. Set’y = Ax. Then with probability at least 1 — ¢ the vector x is
the unique solution to the £|-minimization problem (2.12).

The proof will be contained in Chapter 7. With more effort (which we will not do
here), the exponent 2 at the log-term in (4.18) can be replaced by 1. More precisely,
one may obtain also the following sufficient recovery condition [55]

m > C1 K> max {s,CyIn(6N/e)} In(6N/e) (4.19)

with (reasonable) constants C, C, > 0. In the special case of a discrete orthonormal
system (see example (3) in the previous section), a version of Theorem 4.2 with recov-
ery condition (4.19) was shown in [20] under a slightly different probability model.

The constants provided in (4.18) and (4.19) are likely not optimal. Numerical ex-
periments suggest much better values. In the special case of the Fourier matrix (exam-
ples (1) and (4) in the previous section) indeed slightly better constants are available
[65, 102, 55]. However, we note that condition (4.19) gives an estimate that is valid
for any possible support set S of size |S| < s. Clearly, it is impossible to test all such
subsets numerically. So only limited conclusions on the constants in (4.19) and (4.18)
can be drawn from numerical experiments.

In case of random sampling in the Fourier system (examples (1) and (4) in the
previous section) the assumption of randomness in the sign pattern of the non-zero
entries of x can be removed [19, 102].

Theorem 4.3. Let x € CN be s-sparse. Assume A is the random Fourier type matrix
(4.7) or the random partial Fourier matrix of example (4) above. If

m > Cslog(N/e)

then x is the unique solution of the ¢-minimization problem (2.12) with probability at
least 1 — ¢.

The techniques of the proof of this theorem [19, 102] heavily use the algebraic struc-
ture of the Fourier system and do not easily extend to general bounded orthonormal
systems. In fact, the general case is still open.

4.3 Uniform Recovery

Our main theorem concerning the recovery of sparse polynomials in bounded or-
thonormal systems from random samples reads as follows.
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Theorem 4.4. Let A € C™*N be the sampling matrix (4.4) associated to an orthonor-
mal system that satisfies the boundedness condition (4.2) for some constant K > 1.
Assume that the random sampling points t1, . . ., t,, are chosen independently at ran-
dom according to the orthogonalization measure v. Suppose

m
In(m)
m > DK?sln(e™), 4.21)

> CK?s1n*(s) In(N), (4.20)

where C, D > 0 are some universal constants. Then with probability at least 1 — ¢
every s-sparse vector x € CV is recovered from the samples

m
N
y=Ax = ij¢j(tg)
=1 =1

by {1-minimization (2.12).
Moreover, with probability at least 1 — ¢ the following holds for every x € CN. Let
noisy samples y = Ax + e with

m
lell2 = | > lec? < nv/m
=1

be given and let X* be the solution of the {-minimization problem (2.20), where 1 is
replaced by n\/m. Then

O'S(X)l
s

[x=x*[2<¢ +dn

for suitable constants c,d > 0.

This result is proven in Chapter 8 by estimating the restricted isometry constants J;
of A. Thereby, also explicit constants are provided, see Theorem 8.4. The reader will
notice that its proof is considerably more involved than the one of Theorem 4.2.

Remark 4.5. We may choose ¢ such that there is equality in (4.21). Then condition
(4.20) implies recovery with probability at least

1— Nf'yln(m) In%(s)
where v = C/D. A condition that is easier to remember is derived by noting that
s < N and m < N (otherwise, we are not in the range of interest for compressive

sensing). Indeed,
m > CK%sIn*(N) (4.22)

implies recovery by /;-minimization with probability at least 1 — N7 In*(N)
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E. Candes and T. Tao [23] obtained the sufficient condition (4.22) in case of the
random partial Fourier matrix with an exponent 6 instead of 4 at the In(/N) term. M.
Rudelson and R. Vershynin [116] improved this to an exponent 5 at the In(N)-term;
or alternatively to an exponent 4 for constant probability €, see also Theorem 8.1 be-
low. The condition (4.22) with exponent 4 and super-polynomially decreasing failure
probability N 7N s presently the best known result. (In the Fourier case this is
already contained in the proof of the main result in [104], but the author did not realize
at that time that this was actually a slight improvement over the estimate of Rudelson
and Vershynin in [116].) Our proof in Chapter § follows the ideas of Rudelson and
Vershynin in [116] with some modifications and the mentioned improvements.

5 Partial Random Circulant Matrices

This section will be devoted to a different type of structured random matrices, which
are important in applications such as wireless communications and radar, see [4, 68,
110]. We will study partial random circulant matrices and partial random Toeplitz ma-
trices. Presently, there are less recovery results available than for the structured ran-
dom matrices in the preceding section. In particular, a good estimate for the restricted
isometry constants is still under investigation at the time of writing. (The estimates in
[4, 68] only provide a quadratic scaling of the number of measurements in terms of the
sparsity, similar to (2.26).) Therefore, we will only be able to present a nonuniform
recovery result in the spirit of Theorem 4.2, which is a slight improvement of the main
result in [105]. We believe that the mathematical approach to its proof should be of
interest on its own.

We consider the following measurement matrices. For b = (bg, by,...,bn—1) €
CN we define its associated circulant matrix ® = ®(b) € CV*¥ by setting

q)k,j:bj_k mod N5 k,jzl,...,N.

Note that the application of @ to a vector is the convolution,

N
(@x); = (x#b); =Y x¢bj ¢ moa N
(=1
where Zj = by—;. Similarly, for a vector ¢ = (c_n41,C—N+2,---,CN—1) its associ-
ated Toeplitz matrix ¥ = ¥(c) € CV*V has entries W j = ¢j_g, k,j = 1,..., N.

Now we choose an arbitrary subset ® C [N] of cardinality m < N and let the
partial circulant matrix ®® = ®®(b) € C™*¥ be the submatrix of & consisting
of the rows indexed by ®. The partial Toeplitz matrix ¥© = ¥®(c) € C™*V is
defined similarly. For the purpose of this exposition we will choose the vectors b and
c as Rademacher sequences, that is, the entries of b and c are independent random
variables that take the value &1 with equal probability. Standard Gaussian vectors or
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Steinhaus sequences (independent random variables that are uniformly distributed on
the complex torus) are possible as well.

It is important from a computational viewpoint that circulant matrices can be diago-
nalized using the discrete Fourier transform [59]. Therefore, there is a fast matrix vec-
tor multiplication algorithm for partial circulant matrices of complexity O(N log(N))
that uses the FFT. Since Toeplitz matrices can be seen as submatrices of circulant ma-
trices [59], this remark applies to partial Toeplitz matrices as well.

Of particular interest is the case N = mL with L € Nand ® = {L,2L,... ,mL}.
Then the application of ®®(b) and ¥®(c) corresponds to (periodic or non-periodic)
convolution with the sequence b (or c, respectively) followed by a downsampling by
a factor of L. This setting was studied numerically in [132] by J. Tropp et al. (using
orthogonal matching pursuit instead of ¢;-minimization). Also of interest is the case
® = [m] which was investigated in [4, 68].

Since Toeplitz matrices can be embedded into circulant matrices as just mentioned,
we will deal only with the latter in the following. The result below (including its proof)
holds without a difference (and even with the same constants) for Toeplitz matrices as
well. Similarly to Theorem 4.2 we deal with nonuniform recovery, where additionally
the signs x;/|z ;| of the non-zero coefficients of the vector z to be recovered are chosen
at random.

Theorem 5.1. Let ® C [N] be an arbitrary (deterministic) set of cardinality m. Let
x € CN be s-sparse such that the signs of its non-zero entries form a Rademacher
or Steinhaus sequence. Choose b = € € R to be a Rademacher sequence. Let
y = ®°(e)x € C™. Then

m > 57sIn*(17N? /) (5.1

implies that with probability at least 1 — ¢ the vector X is the unique solution to the
£1-minimization problem (2.12).

The proof of Theorem 5.1 will be presented in Chapter 9. We note that the exponent
2 of the log-term in (5.1) is a slight improvement over an exponent 3 present in the
main result of [105]. The constant 57 is very likely not optimal. With the much more
technical (and combinatorial) approach of [19, 102, 95] we expect that the randomness
in the signs can be removed and the exponent 2 at the log-factor can be improved to 1.

6 Tools from Probability Theory

The proofs of the results presented in the two previous chapters will require tools
from probability theory that might not be part of an introductory course on probability.
This chapter collects the necessary background. We will only assume familiarity of
the reader with basic probability theory that can be found in most textbooks on the
subject, see for instance [63, 112].
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In the following we discuss the relation of moments and tail estimates, symmetriza-
tion, decoupling, and scalar and noncommutative Khintchine inequalities. The latter
represent actually a very powerful tool that presently does not seem to be widely ac-
knowledged. Furthermore, we present Dudley’s inequality on the expectation of the
supremum of a subgaussian process. Much more material of a similar flavor can be
found in the monographs [36, 73, 79, 80, 125, 134].

6.1 Basics on Probability

In this section we recall some important facts from basic probability theory. Let
(Q,X,P) be a probability space, where X denotes a o-algebra on the sample space Q
and P a probability measure on (Q,X). The probability of an event B € ¥ is denoted
by

M&—AWM—A@MWM,

where the characteristic function I5(w) takes the value 1 if w € B and 0 otherwise.
The union bound (or Bonferroni’s inequality, or Boole’s inequality) states that for a
collection of events By € £,/ = 1,...,n, we have

P (U Bg) <> P(By). 6.1)
(=1 =1

We assume knowledge of basic facts on random variables. The expectation or mean
of a random variable X is denoted by

EX:AX@MM@

The quantities E|X|P, 0 < p < oo, are called (absolute) moments. For 1 < p < oo,
(E|X|P) /P defines a norm on the LP(Q,P)-space of all p-integrable random variables,
in particular, the triangle inequality

(E|X +Y[P)1/? < (E|X|P)'/? + (E|Y|P)!/P (6.2)

holds for X,Y € LP(Q,P) = {X measurable , E| X|P < co}.

Let p,g > 1 with 1/p + 1/q = 1, Holder’s inequality states that [EXY| <
(E|X[?)"/P (E|Y'|9)"/9 for random variables X,Y. The special case p = ¢ = 2
is the Cauchy-Schwarz inequality. It follows from Holder’s inequality that for all
0<p<g<oo,

(EIXP)? < (BIX|9)V1. (6.3)

Absolute moments can be computed by means of the following formula.
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Proposition 6.1. The absolute moments of a random variable X can be expressed as
oo
BXP=p [ B(X|Z00 d p>0
0

Proof. Recall that I{|x|»>;) is the random variable that takes the value 1 on the event
|X|P > 2 and 0 otherwise. Using Fubini’s theorem we derive

| X|P 00
]EX|p:/ |X|pd]P’:// da:d]P’:// I xpsa)dzdP
Q QJOo QJo

—/ /I{|xpzx}dﬂj’d$—/ P(X|P > z)dx
0 Q 0

o0 oo
—p/ P(|X [P > tP)tP~ 't —p/ P(|X| > t)tP~dt,
0 0
where we also applied a change of variables. a

The function ¢ — P(|X| > t) is called the tail of X. The Markov inequality is a
simple way of estimating a tail.

Theorem 6.2. (Markov inequality) Let X be a random variable. Then

E|X
P(|X]| >1) < % forallt > 0.
Proof. Note that P(|X| > t) = Elj x>y and tIjx|> < |X|. Hence, tP(|X| >
t) = Etl{x|>4 < E|X]| and the proof is complete. ]

A random vector X = (X1,..., X,,)T € R" is a collection of n random variables
X, on a common probability space. Its expectation is the vector

EX = (EXy,...,EX,)T e R™.

A complex random vector Z = X + 7Y € C" is a special case of a 2n-dimensional
real random vector (X,Y) € R>,

A collection of random vectors Xy, ..., Xy € C™ is called (stochastically) inde-
pendent if for all measurable subsets By, ..., By C C",

P(X, € B, X, € B,,..., Xy € By) =P(X, € B))P(X; € By) ---P(Xy € By).

Functions of independent random vectors are again independent. A random vector X’
in C™ will be called an independent copy of X if X and X' are independent and have
the same distribution, that is, P(X € B) = P(X’ € B) for all measurable B C C™.

Jensen’s inequality reads as follows.
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Theorem 6.3. (Jensen’s inequality) Let f : C* — R be a convex function, and let
X € C" be a random vector. Then

F(EX) <Ef(X) . (6.4)
Finally, we state the Borel-Cantelli lemma.

Lemma 6.4. (Borel-Cantelli) Let Ay, Ay, ... € X be events and let

A* =1lim sup A, =N, UX°_ Ap,.

n—oo
IfY " P(A,) < oo then P(A*) = 0.
Proof. Since A* C |J;._, Ap, for all n, it holds P(A*) < > P(A,,) — 0as

n — oo whenever ) > | P(4,) < oco. o

6.2 Moments and Tails

It will be very crucial for us that tails of random variables can be estimated by means of
their moments. The next statement is rather simple but very effective, see also [130].

Proposition 6.5. Suppose Z is a random variable satisfying
(E|ZI")'7? < a/Pp!"7 forall p > po
for some constants «, 3,7, pg > 0. Then
P(1Z| > e/ Vau) < Be /7

forallu > p(l)/v.

Proof. By Markov’s inequality, Theorem 6.2, we obtain for an arbitrary x > 0

P 17\ P
P(|Z| > e"ou) < ElZP 4 (Om) .

~ (efau)P ~ erau
Choose p = u” and the optimal value k = 1/~ to obtain the claim. O

Also a converse of the above proposition can be shown [55, 80]. Important special
cases are v = 1,2. In particular, if (E|Z|P)!/P < aﬁl/p\/ﬁ for all p > 2 then Z
satisfies the subgaussian tail estimate.

P(|Z| > e'au) < Be /2 forallu > V2. (6.5)

For random variables satisfying a subgaussian tail estimate, the following useful
estimate of the expectation of their maximum can be shown [80].
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Lemma 6.6. Let X, ..., X be random variables satisfying
P(| Xy > u) < 56_“2/2 foru>~2, (=1,..., M,
for some 3 > 1. Then

EZ_I}laXM | X¢| < Cgy/In(45M)

Proof. According to Proposition 6.1 we have, for some o > V2,

o0
E max |X/] :/ IP’( max | X,| > u) du
0=1,...M 0 =1,...M

M

g/o 1du+/a P(Z_rlr}.z.l.)fM|Xg|>u> duga—i-/a Z]P’(|Xg|>u)du

=1

§a+M6/ e 2.

In the second line we have applied the union bound. Using Proposition 10.2 in the

Appendix we obtain
M
E max |X/| §a+—66_a2/2.
o=1,...M e

Now we choose a = /2In(43M) > \/21In(4) > /2. This yields

1
E max |Xy| <+2W(4pM)+ ——
e=1,...M 4,/2In(48M)
1
= \f2—|—>\/1n4 M) < Cg+\/In(48M
( 4v/2In(45M) (45M) < CpvIn(45M)
by our choice of Cg. The proof is completed. O

6.3 Rademacher Sums and Symmetrization

A Rademacher variable is presumably the simplest random variable. It takes the val-
ues +1 or —1, each with probability 1/2. A sequence € of independent Rademacher
variables €;,j = 1,..., M, is called a Rademacher sequence. The technique of sym-
metrization leads to so called Rademacher sums Z;vi | €j; where the x; are scalars,
vectors or matrices. Although quite simple, symmetrization is very powerful because
there are nice estimates for Rademacher sums available — the so called Khintchine
inequalities to be treated later on.
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A random vector X is called symmetric, if X and —X have the same distribution.
In this case X and eX, where ¢ is a Rademacher variable independent of X, have the
same distribution as well.

The following lemma, see also [80, 36], is the key to symmetrization.

Lemma 6.7. (Symmetrization) Assume that § = (@-);‘i | is a sequence of independent

random vectors in C" i = E¢;.
Then for 1 < p < o0
1/p M 1/p
EHZ )] <2 EIYeglr | (6.6)
j=1

where € = (ej)é»v: | is a Rademacher sequence independent of €.
Proof. Let¢ = (&}, ...,&},) denote an independent copy of the sequence of random
vectors (&1, .. .,&p). Since ]E{; = x; an application of Jensen’s inequality (6.4) yields

M M

E:=E|) (& -x) I”—EIZ — Egj) |”<EIIZ ENIP.
j=1 7=1 7=1

Now observe that (£; — &} ) ”  is a vector of independent symmetric random variables;
hence, it has the same distribution as (e;(&; fg)) patp The triangle inequality gives

M M M
EVP < (B Y ej(& = E)IMYP < EIY D e&lIP) P + (E] Y e 1M)'”

j=1 j=1 j=1
M

=2E[ ) _€&lP)"P.
j=1

The last equality is due to the fact that £ is an independent copy of &. O

Note that this lemma holds also in infinite-dimensional spaces [80]. Since it is rather
technical to introduce random vectors in infinite dimensions we stated the lemma only
for the finite-dimensional case. Further, also a converse inequality to (6.6) can be
shown [36, 80].

6.4 Scalar Khintchine Inequalities

Khintchine inequalities provide estimates of the moments of Rademacher and related
sums. In this section we present the scalar Khintchine inequalities, while in the next
section we concentrate on the noncommutative (matrix-valued) Khintchine inequali-
ties.
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Theorem 6.8. (Khintchine’s inequality) Let b € CM and € = (ey,...,en) be a
Rademacher sequence. Then, for all n € N,

M
E[Y ebil™ <
j=1

@)l on
S pIPI3" (6.7)

Proof. First assume that the b; are real-valued. Expanding the expectation on the left
hand side of (6.7) with the multinomial theorem, which states that

n

M
n! ki ks
X = —_—T <. N (68)
jzl ’ k:1+~~~+ZkM=n kil ! : M
k;€{0,1,..n}
yields
M
E:=E]) eb;"
=1
(Zn)! 251 2R 201 2im
= Z Sy b [TV EE - By
Jit+ivm=n (2]1)‘ U (ZJJV[)-
ji€{0,1,...,n}
(Zn)! 251 2jm
= > m|bl| s bag [P
Jitt+im=n ’ ’
j7i€{0,1,...,n}

Hereby we used the independence of the €; and the fact that Ee;? = 0 if k£ is an odd
integer. For integers satisfying j; + - - - + 537 = n it holds

27 Gi gt = 270 29 gt < (250) - (24a)

This implies
(2n)! n! 2 2
E< ot Z 7.!._.jn!|b1\ Lo b [P
Jitetim=n
7i€{0,1,...,n}
n
M
(2n)! )\ @,
o~ DOIUG IS~ T
j=1

The general complex case is derived by splitting into real and imaginary parts as fol-
lows

1/2n

M
E|Y " ej(Re(b;) + i Im(b;)) "
=1
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n\ 1/2n
M M
= Ze]Re )|2+\Zejlm(bj)2
j=1 j=1
1/n 1/n 1/2
< E|Ze]Re )" + ]E\ZejIm )*"

)\ /" 12 A1 /20
g((fnrff) <|Re<b>|%+|1m<b>||%>> - (22 b

This concludes the proof. O

Except that we allowed the coefficient vector b to be complex valued, the above
formulation and the proof is due to Khintchine [75]. Using the central limit theorem,
one can show that the constants in (6.7) are optimal. Based on Theorem 6.8 we can
also estimate the general absolute pth moment of a Rademacher sum.

Corollary 6.9. (Khintchine’s inequality) Let b € CM and € = (ey,...,en) be a
Rademacher sequence. Then, for all p > 2,
1/p

M
E| Zejbﬂp < 23/ =172 /5B, (6.9)

Proof. Without loss of generality we assume that ||b||, = 1. Stirling’s formula for the
factorial,
n! = V2rnn"e e, (6.10)

where 12 r < An < 12”, gives
(2n)!  V2m2n(2n/e)*mern
2nnl 2n27n(n/e)netn

An application of Holder’s inequality yields for § € [0, 1] and an arbitrary random
variable Z,

E|Z‘2n+29 “Z'(l 9)2n|Z|9(2n+2)] (E|Z|2n)l 9(E‘Z|2n+2) 6.12)

<V2(2/e)"n™. (6.11)

Combine the two estimates above and the Khintchine inequality (6.7) to get

M M M
E| quj|2n+29 < (E| Zejbj|2n)179(E| Zejbj|2n+2)9
J=1 Jj=1 j=1

< (V2(2/e)"n™) ' (V2(2/e)" (n+ 1)
= V2(2/e)" (=0 (n 4 )00 HD)
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n—+1 6(1-6)
n

=v2(2/e)" 0 (n' =0 (n 4 1)%)n+0 (

6(1-0)
< V2(2/e)" 0 (n + )"0 (”“)

n

< 23/4(2/e)"*0 (n 4 )"+, (6.13)

In the second line from below the inequality of the geometric and arithmetic mean was
applied. The last step used that (n + 1)/n < 2 and (1 — 0) < 1/4. Replacing n + 0
by p/2 completes the proof. a

- 1/p
The optimal constants C,, = 2%115213”?;; , p > 2, instead of 23/(4p) 1/ 2\/13

for Khintchine’s inequality (6.9) are actually slightly better than the ones computed
above, but deriving these requires much more effort [67, 89].

Combining Corollary 6.9 with Proposition 6.5 yields the following special case of
Hoeffding’s inequality [70], also known as Chernoff’s bound [26].

Corollary 6.10. (Hoeffding’s inequality for Rademacher sums) Letb = (by, ... ,bys) €
CM gnd e = (e1y.--, eM) be a Rademacher sequence. Then, for u > \@,

M
P> eibjl > |bllu | <2¥*exp(—u?/2). (6.14)
j=1

For completeness we also give the standard version and proof of Hoeffding’s in-
equality for Rademacher sums.

Proposition 6.11. (Hoeffding s inequality for Rademacher sums) Letb = (by,...,by) €
CM ande = (€1,--.,€n) be a Rademacher sequence. Then, for u > 0,
M
P (> b > |bllau | < exp(—u?/2) (6.15)
j=1

and consequently,

M
P | 1> ebjl > |bllu | <2exp(—u?/2). (6.16)
j=1

Proof. Without loss of generality we may assume ||b||, = 1. By Markov’s inequality
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(Theorem 6.2) and independence we have, for A > 0,

M M M
P Z €jbj >u | =P exp()\z €jb;) > e | < e ME[exp(A Z €jbj)]
j=1 j=1 j=1
M

=M H Elexp(ejAbj)].
j=1

Note that, for s € R,

Blrp(o)] = 3o+ = 3 (S0 =5 o
€;S = —(€e (& = — R —
PLsl =3 2 ! ! (2k)!
k=0 k=0 k=0
o 2k
s 2
_ . s*/2
< Z 2k €
k=0
This yields
M M
P Zejbj >u | <e M H /2 = Mt NbI3/2
j=1 Jj=1
Choosing A = u and recalling that ||b|| = 1 yields (6.15). Finally,
M M M
P> €bil = Ibllau | =P (> b > [blau | +P | Y e;by < —|[b]2u
j=1 j=1 j=1
<2e7
since —¢; has the same distribution as ¢;. O

As mentioned earlier, a complex random variable which is uniformly distributed
on the torus T = {z € C,|z| = 1} is called a Steinhaus variable. A sequence € =
(€1,...,€en) of independent Steinhaus variables is called a Steinhaus sequence. There
is also a version of Khintchine’s inequality for Steinhaus sequences.

Theorem 6.12. (Khintchine’s inequality for Steinhaus sequences) Let € = (€1, ..., €p)
be a Steinhaus sequence and b = (by,...,byr) € CM. Then

M
E[Y €™ < nl||b|3" foralln € N.
j=1
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Proof. Expand the moment of the Steinhaus sum using the multinomial theorem (6.8),

M M "M "
E[> eb” =E > eb; <Z Ckbk>
=1

J=1 k=1
E n! J1 JM _J1 ]M
:E j ]M'b ...bMel...M
Jittim=n
Je=0
|
x § n bkl . bkM kl R4
kil k! ‘M
ki+--ky=n
k¢>0
! | L —
= E n n bﬂlbkl .. -b]MbkME[ 1 kl 6]M€kIVI]
il ke kgt P M M I
Jitetim=n
ki+--ky=n
Jeske>0

Since the ¢; are independent and uniformly distributed on the torus it holds

E[ jllelfl 6?&4 IJCV][W] = E[ezlikl] o 'E[eg\%ikM] 6]17 o 5J'MJCM'

This yields

M 2
n! ,
ED e = D, <M) D11 [y [P
j=1

ki+--ky=n
k¢>0

n!
LD D s nwr| CUMEEE Y e
ki+--ky=n I M=

ke>0

M 2n
2
> 1l ,
j=1
where the multinomial theorem (6.8) was applied once more in the last step. a
The above moment estimate leads to a Hoeffding type inequality for Steinhaus sums.

Corollary 6.13. (Hoeffding’s inequality for Steinhaus sequences) Lete = (€1, ..., €p)
be a Steinhaus sequence, b = (by, ..., byr) € CM and 0 < X\ < 1. Then

M
1
P(| Y e;b;] > ullbll2) < — Ae*W for all u > 0. (6.17)
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In particular, using the optimal choice A\ = 1 — u™2,
M
P(|> " €jbj| > ul|bll2) < exp(—u?® + log(u?) + 1) forallu > 1. (6.18)
j=1

Note that the argument of the exponential in (6.18) is always negative for u > 1.

Proof. Without loss of generality assume ||b|, = 1. Markov’s inequality gives

M M
P> ejbjl > u) =Plexp(A| > €;b|*) > exp(Au?))
j=1

j=1
M o y\n M 2n
AE[TM bl
< Elexp(A| Y ebj%)] exp(— M) = exp(—Au?) R
j=1 n=0 )

o
1 2
2 n __ —Au
Sexp(—)\u)Z)\ =T3¢ -
n=0
In the second line the Taylor expansion of the exponential function was used together
with Fubini’s theorem in order to interchange the expectation and the series. In the
third line Theorem 6.12 was applied. O

For more information and extensions of scalar Khintchine inequalities we refer the
interested reader to [94, 93].

6.5 Noncommutative Khintchine Inequalities

The scalar Khintchine inequalities above can be generalized to the case where the co-
efficients are matrices. Combined with symmetrization the resulting noncommutative
Khintchine inequalities are a very powerful tool in the theory of random matrices.
Schatten class norms have to be introduced to formulate them.

For a matrix A we let 0(A) = (01(A),...,0n,(A4)) be its sequence of singular
values. Then the Schatten p-norm is defined as

[Alls, :== lo(A)]lp, 1<p<oo. (6.19)

It is actually nontrivial to show the triangle inequality for Schatten p-norms. We refer
the interested reader to [8, 72, 120].
The hermitian matrix AA* can be diagonalized using a unitary matrix U,

AA* = U*D*U
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where D = diag(oi(A),...,on(A)) (possibly filled up with zeros). As the trace is
cyclic, that is Tr(AB) = Tr(BA), and since UU* = 1d, we get forn € N

1AIE;, = llo(A) |3 = Te(D*") = Te(D*"UU*) = Te(U*D*"U)
= Tr((U*D*U)") = Tr((AA*)"). (6.20)

As a special case, the Frobenius norm is the Schatten 2-norm,
operator norm is also a Schatten norm,

[All2-2 = 1(A) = [|o(A)lo = | A5 -

[Allr = [|Alls,. The

By the analogous property of the vector p-norm we have || Al|s, < [|Al|s, for g > p.
In particular, the following estimate will be very useful,

[All22 < ||Alls, foralll <p<oo. 6.21)
If A has rank r then it follows from the corresponding property of £,-norms that
1Alls, <777l All22. (6.22)

Let us now state the noncommutative Khintchine inequality for matrix-valued Rade-
macher sums, which was first formulated by F. Lust-Piquard [82] with unspecified
constants. The optimal constants were provided by A. Buchholz in [16, 17], although
it is not obvious at first sight that the results of his paper [16] allow to deduce our next
theorem, see also [130]. The proof follows the ideas of Buchholz [16].

Theorem 6.14. Let € = (€1, ..., €en) be a Rademacher sequence, and let By, j =
1,..., M, be complex matrices of the same dimension. Choose n € N. Then

M
EllY B3,
j=1

2n 2n
an)! M 1/2 M 1/2

< max < ||| Y B;B; A B;B; . (6.23)

j=1 j=1

2nn!
Szn SZn

Note that the matrices Bij’f and B;Bj in (6.23) are self-adjoint and positive, so
that the square-roots in (6.23) are well-defined.

In order to prove the noncommutative Khintchine inequalities we need to introduce
the notion of pairings.

Definition 6.15.

(a) A pairing is a partition of the set [2n] into two-element subsets, called blocks. The
set P,,, denotes the set of all pairings of [2n].
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(b) The canonical pairing 1 = {D;, ..., D, } has blocks D; = {25 — 1,2;}.

(c) Let m = {Dy,..., Dy} be a pairing. Then its cyclic shift T'r is the pairing with
blocks T'Dy, where T{j, k} = {j + 1, k + 1} with addition understood modulo 2n.
(d) The "symmetrized" pairing T contains all blocks {Jj, k} of a pairing 7 satisfying
J, k < nand in addition the "reflected" blocks {2n + 1 — j,2n+ 1 — k}. The blocks of
7 with both elements being larger than n are omitted in T and the blocks {j, k} with

j < mnandk > n are replaced by the "symmetric" block {j,2n + 1 — j}.

(e) Similarly, the pairing 7 contains all blocks {4, k} of the pairing 7 satisfying j, k >
n and in addition the "reflected” blocks {2n+ 1 — j,2n+ 1 — k}. The blocks of 7 with
both elements smaller than n + 1 are omitted in 7 and the blocks {j, k} with j < n
and k > n are replaced by the "symmetric" block {2n + 1 — k, k}.

Let B = (By,...,By) be a sequence of matrices of the same dimension and 7 =
{Dy,..., Dy} € Py,. We define the mapping a = o : [2n] — [n] such that a(j) = ¢
iff 7 € D,. Using this notation we introduce

M

T(B) =" Y By Biow Bras Brow ** Browny Bivuon- (6.24)
kiyekn=1

Note that 7(B) is independent of the chosen numbering of Dy, ..., D,,. The following
lemma will be the key to the proof of the noncommutative Khintchine inequalities.

Lemma 6.16. Let m € Py, and B = (By, ..., By) a sequence of complex matrices
of the same dimension. Then there is v > 1/(4n) and non-negative numbers p, =

pp(m), p € Pap, satisfying v + 3 ,cp, Pp = 1, such that

| Trw(B)| (6.25)
o 1/2]2n o 12120 )7
< max (ZBkB,:> , <ZB;Bk> I1 |TcoB) .
k=1 Sy k=1 s, | PP
Proof. First observe that
N n M n
o= 3 Tlom, - (o)
R k=1

Since the matrix inside the bracket is self-adjoint and positive semi-definite we can
take its square root and (6.20) yields

M 1/2 2n
Tr1(B) = (Z BkB,’;> . (6.26)
k=1

Son
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Since the trace is cyclic we similarly obtain

1/2 2n
TrT1(B) = ‘ ZBZBk> . (6.27)
- SZn

The idea of the proof is to successively provide estimates of | Trm(B)| in terms of
traces of operators p(13) which become more and more ’similar’ to 1(5) or T1(5).

Lett € {0,1,...,n} be the maximal number such that, for some p, {p,p+1}, {p+
2,p+3},...,{p+ 2t —2,p+ 2t — 1} are blocks of the partition 7. If £ = n then
m = 1 orm = T'1 and we are done. We postpone the case ¢ = 0 to later and assume
ten—1].

By cyclicity of the trace, it holds Tr(B) = Tr(T™ P~2*17)(B) if n — p is odd and
Trm(B) = Te(T" P~ 2+17)(B*) if n — p is even, where B* = (B}, ..., B%,). Note
that the blocks {n —2t+1,n—2t+2},{n—2t+3,n—2t+4},...,{n—1,n} (with
addition modulo 2n) are part of the partition 7" "P~2*!7 Assume n even and p odd
for the moment. Denote the blocks of 77 P2+l by Dy,...,D, and let « = o :
[2n] — [n] be the mapping defined by «(j) = ¢ iff j € D,. Divide [n] into three sets
L, R,U. The subset L (resp. R) contains the indices ¢, for which both elements of D,
arein {1,...,n} (resp. {n + 1,...,2n}), while U contains the remaining indices for
which the blocks have elements in both {1,...,n}and {n +1,...,2n}.

The Cauchy Schwarz inequality for the trace (2.6) and for the usual Euclidean inner
product yields

| Ten(B)] = | Te(T" 7P~ 7)(B))

f— . DY *
- Z Tr Z Bka(l ka(nﬂ) Bka(Zn)

ki€[M]icU ki€[M]ieLl ke M] i€ER

PEEEY *

=< Z Tr Bka(U Bka(n) Z k (1)

ki ieU ki €L J€eL

*
X Tr Bka(n+l a(m Bka(nH)
\ ki i€eR I,ZER
* *

= Z Tr Bka“) Bku(n) ka(n) Bku(l)

“ e * “ .. *
Bka(nﬂ) Bka(2n> Z Bka(Zn) Bka(n+1)

kijieU (k‘i,iGL kiji€L
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<—
= | Tr (TP~ 21 0) (B) V2| Tr p(B)| /2 (6.28)

% %
with p = T P2+ € Py, If t > n/2 then T" P2+ 17 equals 1 or T'1 and we

are done. If t < n/2 then T""P~2**l7 contains the blocks {n — 2t + 1,n — 2t +
2}, {n—1Ln}, {n+1,n+2},...,{n+2t—1,n+2t}. Apply the same estimates
<—

with ¢ = 2t as above to T2 (T™~P~2!*17) to obtain

| Ten(B)| < | Te(T (T2 1m) (B)| V4| Te p(B) V4] Te p(B)]'/2
S
for suitable 5, p € Pa,. Similarly, as above if t > n/4 then T2 (T" P! equals
1 or T1 and we are done. If t < n/4 then we continue in this way, and after at
most [log,(n)] estimation steps of the form (6.28) inequality (6.25) is obtained with
v > 1/2Mln)] > 1/(20).

If initially ¢ = O, then we apply the above method to 797 where ¢ was chosen
such that {n,p} for some p > n is a block of T97r. Using the same estimates as
in (6.28) yields | Trw(B)| < | Tr#(B)|"/?| Tr p(B)|'/? for some partition p, where 7
contains the block {n,n + 1}. Then invoke the above method to obtain (6.25) with
7 > 1/(4n).

If n is odd and p even, then an obvious modification of the chain of inequalities
(6.28) applies. If n — p is even then B* instead of B appears after the first equality
in (6.28). Noting that Tr 1(B*) = TrT'1(B) and TrT'1(B*) = Tr1(B) by cyclicity
concludes the proof. O

Corollary 6.17. Under the same assumptions as in Lemma 6.16, for all m € P,

2n

M 1/2
, (Z BZBk> . (629)
k=1

SZn

2n

M 1/2
| Tr7(B)| < max H (Z BkB,’;>
k=1

SZn

Proof. Denote the right hand side of (6.29) by D. The constant v in Lemma 6.16 may
be chosen the same for all partitions 7w € P, for instance v = 7 = 1/(4n). Indeed,
if 7 is initially larger, then by (6.26) and (6.27) simply move some weight from D7 to
| Tr 1(B)[P*(™) or to | Tr T'1(B)|Pr (™), whichever term is larger.

Apply Lemma 6.16 to itself to obtain

| Tra(B)] < D" ] |Trs(B)P=™

KEP,,
< DM H DYpx(T) H | Tr p(BB)|P=(™Po(¥)
K/EPZTL PEPZn

— pntnl-—m) H ‘Trp(B)|Z”EP2n Po(R)pr(m)
pEPZn
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This yields (6.25) with new constants

n=n+nl=m), pP ) =Y pyr)pxlr).
KEP,,

Since v; = 1/(4n), in particular, 0 < 7 < 1, the new constant -y, is larger than ~;.
Iterating this process yields increasingly larger constants 7y, defined recursively by

Yer1 = Yo + 7e(1 = 7).

Elementary calculus shows that limy_,,y, = 1. Since the corresponding constants

p(pé) () satisfy ve + 3 cp, p%)(w) = 1 for all ¢ one concludes limg_, o, pg)(w) =0

for all p € Py,,. This completes the proof. a

Now we are in the position to complete the proof of the noncommutative Khintchine
inequalities.

Proof of Theorem 6.14. By (6.20)

n

M M M
E:=E|Y aBl, =ETr | (Y eBe Y €B;
k=1 k=1 j=1
M
= Z E[ekl T 6k2n] Tr(Blezszs T BZZn)-
k17'--7k2n:1

Observe that Efey, - - - €x,,] = 1 if and only if each j € [2n] can be paired with an
¢ € [2n] such that k; = k; and E[ey, - - - €x,,] = 0 otherwise. Therefore, denoting
B = (By,...,By), Corollary 6.17 yields (recall also the definition in (6.24))

E= Y Tra(B)

TEP,,

M 1/2
< | P,y | max (Z BkB;;>
k=1

2n 2n

M 1/2
k=1

Elementary considerations show that the number |P,,,| of pairings of a set with 2n
(2n)!

|
A

Szn SQn

elements equals

The noncommutative Khintchine inequalities may be extended to general p > 2,
similarly to Corollary 6.9 in the scalar case, see also [130]. For our purposes the
present version will be sufficient.
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6.6 Rudelson’s Lemma

Rudelson’s lemma [113] is a very useful estimate for the operator norm of a Rademacher
sum of rank one matrices. The statement below is slightly different from the formula-
tion in [113], but allows to draw the same conclusions, and makes constants explicit.
Its proof is a nice application of the noncommutative Khintchine inequality.

Lemma 6.18. Let A € C™*M of rank r with columns ay, . .. ,ayr. Lete = (ey, ..., en)
be a Rademacher sequence. Then, for2 < p < oo,

1/p

M
B> caaill, | <2/On e Al max gl (6.30)
J:l EARAS

1 1/(2n)
Proof. Write p = 2n + 20 withn € N and @ € [0, 1). Denote C,, = ((2271”72,) .

Note that (a;a})*(aja}) = (a;a})(a;aj)" = ||aj\|%aja;?. Therefore, the noncommu-

tative Khintchine inequality (6.23) yields
1/(2n) 1/(2n)
E:=|E|D ¢azall3, < | EIID qajallfz,
J J
1/2
< Co|[| D llayli3aja;
! SZn

The operator ), [|a; ||%aja;f has rank at most . The estimate (6.22) of the Schatten
norm by the operator norm together with (2.5) gives therefore

1/2
E < Gt/ {37 Jla;13aja;
/ 2—2

1/2
< Cor/@ )3 aga|)2) Jmax a2,
j =Ly

Observing that [| 3 ajat|ly/%, = [ AA* [y, = || Al yields

E < Cpr/®| Al max |aj]a.
=1, M

With the estimate (6.21) of the operator norm by the Schatten norm together with
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(6.12) we obtain
M

2n+20 2n 9 2 2
B> eazal]32 < (B ejajalld )~ EnZegaJ aj||32)?
j=1 J

)N\ 1 @n+2) \’ 20420
= (2”n! P (n £ 1)! [All2>2 jmax, a2

2n+20
< Py 4 0 <||A|H s asl)
3=l

Hereby, we applied (6.11) and the same chain of inequalities as in (6.13). Substituting
p/2 = n + 0 completes the proof. O

Proposition 6.5 leads to the following statement.

Corollary 6.19. Let A € C"™*M of rank r with columns ay, ..., ay. Lete € RM be
a Rademacher sequence. Then for all u > \/2

M
.2
P eaailasn > ullAlass jmax lajll2 | <23/4re=v/2. (6.31)
j=1
The formulation of Rudelson’s lemma which is most commonly used follows then

from an application of Lemma 6.6 (where the “maximum” is taken only over one
random variable) after estimating 2%/% < 2.

Corollary 6.20. Let A € C™*M of rank r with columns ay, . ..,ay. Lete € RM be
a Rademacher sequence. Then

BIS s < OV Al maxlay|l

J=1

with C < V2 + m

~1.499 < 1.5.

6.7 Decoupling

Decoupling is a technique that reduces stochastic dependencies in certain sums of
random variables, called chaos variables. A typical example is a sum of the form

Z €j€0X ¢

J#L
where xj, are some vectors and € = (¢;) is a Rademacher series. Such a sum is called
Rademacher chaos of order 2. The following statement, taken from [13], provides a
way of "decoupling" the sum. Many more results concerning decoupling can be found
in the monograph [36].
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Lemma 6.21. Let £ = (&1, ...,&n) be a sequence of independent random variables
with E§; = 0 forall j =1,...,M. Let Bjy, j,k = 1,..., M, be a double sequence
of elements in a vector space with norm || - ||, where Bj; = 0 forall j = 1,..., M.
Then for 1 < p < o0

p p

M M
E| > geBi|| <4E|D B (6.32)

Jk=1 Jk=1
where &' denotes an independent copy of €.

Proof. Introduce a sequence § = (5J)§Vi 1> of independent random variables §; taking

only the values 0 and 1 with probability 1/2. Then for j # k
Ed;(1 —d;) = 1/4.

Since B; ; = 0 this gives

M b M ?
E=E|Y &&Bjx| = 4 Ee|| > Esld;(1 — 0)&;6 Bk
Gk=1 Jk=1
M p
S AE| D 60— 6% Bk
=

where Jensen’s inequality was applied in the last step. Now let
o(0) ={j=1,...,M :6; =1}.

Then, by Fubini’s theorem,

p

E<4EE|| Y > &&Bjx

j€a () k¢a(d)
For a fixed ¢ the sequences (;) jer(5) and (§k)k¢o(5) are independent, and hence,

P
E<4EEEe || Y > &&.Bjx
J€a(8) k¢a(d)
This implies the existence of a dy, and hence a 0 = o(dy) such that

p

E <4 EEe > > & Bjn

JE€o kéo



Compressive Sensing and Structured Random Matrices 49

Since E¢; = Ef; = 0, an application of Jensen’s inequality yields

p

M
E<#4E|)_ (Z &G.Bik+ Y ij[ffc]Bj,k> + Y B &Bjk

j€o \k¢o keo jdo k=1

M M p

<AE|DN D &84Bk

j=1 k=1

and the proof is completed. a

We note that the mean-zero assumption [E§; = 0 may be removed by introducing
a larger constant 8 instead of 4, see Theorem 3.1.1 in [36] and its proof. The sum
ijk &;€,.Bj 1 on the right hand side of (6.32) is called a decoupled chaos.

6.8 Noncommutative Khintchine Inequalities for Decoupled
Rademacher Chaos

The previous section showed the usefulness of studying decoupled chaoses. Next
we state the noncommutative Khintchine inequality for decoupled Rademacher chaos
[105], see also [100, p. 111] for a slightly more general inequality (without explicit
constants). A scalar version can be found, for instance, in [86].

Theorem 6.22. Let B, € Cr™t j k =1,..., M, be complex matrices of the same
dimension. Let €, € be independent Rademacher sequences. Then, for n € N,

om 7 1/2n
M 1/n
/ 1/n) ((2n)!
E| > e Bk <2 S (6.33)
‘Lk:l SZn .
M 1/2 M 1/2 N
xmax 4 ||| > BB, A DS BBk N E sy | Fllsy, ¢ -
J.k=1 j,k=1
SZn SZn

where F, F are the block matrices F = (Bj)k)%g:l and F = (B;(,k:)%{::l‘

We note that the factor 2!/(27) may be removed with a more technical proof that uses
the same strategy as the proof of the (ordinary) noncommutative Khintchine inequal-
ity (6.25) above. Our proof below rather proceeds by applying (6.25) twice. Taking
scalars instead of matrices Bj ;. results in a scalar Khintchine inequality for decoupled
Rademacher chaos. In the scalar case the first two terms in the maximum in (6.33)
coincide and the third one is always dominated by the first.
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Proof of Theorem 6.22. Denote C,, = % Fubini’s theorem and an application of

the noncommutative Khintchine inequality (6.23) yields

2n

M
E:=E| Y ¢cBjx (6.34)
j7k:] SZn
M /2|2 M 1/2])2"
< C,E, max (zy@@vmé> ,(zqum@ﬁ
k=1 S, k=1 S,

where Hy,(¢) :== SN

j=1€jBj. We define

By‘,k = (0]...[0|B;j£|0]...|0) € C"*tM
and similarly

Bjx = (0]...|0|B}4[0]...|0)" € C™M>*,
where in both cases the non-zero block B; j, is the kth one. Then

0 itk 4K,

PRk { BB, ifk=FK, (635)

J
_ 0 ifh £k,
ijkBj/7kl = * . /
{ Bj,kBj’,k if k =k

Since the singular values obey oy, (A) = oy, ((AA*)!/?), the Schatten class norm satis-
fies || Al|s,, = ||(AA*)'/?||s,, . This allows us to verify that

1/2

M
~ ~ s
€5 E Bj,k = E €5€5 E Bj,kBj/,k/
k=1 3,3 kK’
SZn SZn

e

J

J

12 12
= Zﬁjﬁj/ ZkaB;/,k? = (Z Hk(f)Hk(E)*>
33’ k s k
2n

SZ'rL

Similarly, we also get

1/2 M Mo
H (Z Hk<e>*Hk<e>> =D "> Bix
k =1 k=1

SZn 7= S2n
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Plugging the above expressions into (6.34) we can further estimate
2n

2n

M M
E<C,|E ZEJZBM +EY ¢ B
P - j=1 k=1 S

SZn

Using Khintchine’s inequality (6.23) once more we obtain

M M 2n
=E|> &) B
j:1 k=1 SZn
1/2 2n 1/2 2n
< (), max ZFNIJFIJ* , Zﬁ;ﬁj ,
J J
SZn SZn
where HJ = Zk 1 Bj - Using (6.35) we see that
> HH; =3 BjiBj;.
J k.j
Furthermore, noting that
By Bip ... Biu H,
By By ... By H,
F = . . . = . ;
By Bup By Hy
we have
ZH* D2E = I(F P2 = 1P
Hence,

M
Ey < Comax{ [[(Y BjBj) ' PIE, . I1FIE,
jok=1

As B i differs from B; % only by interchanging B ; with B;  We obtain similarly

) I NI,

M M
B, = EIIZ Z ]kHSzn < Cpmax q || Z
J.k=1

j=1 k=1
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Finally,

E< Cn(El + Ez)

2n 2n

1/2 1/2

M / M /

<2-C?max > BBk A D BB ,
Gok=1 Gok=1
SZn SZ'n,
2n 12n
1P PR,
This concludes the proof. O

6.9 Dudley’s Inequality

A stochastic process is a collection Xy, t € T, of complex-valued random variables
indexed by some set T'. We are interested in bounding the moments of its supremum.
In order to avoid measurability issues (in general, the supremum of an uncountable
number of random variables might not be measurable any more) we define, for a subset
T C T, the so called lattice supremum as

E sup | X¢| := sup{Esup | X¢|, F' C T, F finite}. (6.36)
teT teF

Note that for a countable set I, where no measurability problems can arise,
E(sup,cr | X:|) equals the right hand side above. Dudley’s inequality, which was
originally formulated and shown in [45] for the expectation, bounds the moments
E sup,cr | X¢|? from above by a geometric quantity involving the covering numbers
of T'.

We endow 7" with the pseudometric

1/2

d(s,t) = (E[X; — X,|?) (6.37)

Recall that in contrast to a metric a pseudometric does not need to separate points, i.e.,
d(s,t) = 0 does not necessarily imply s = ¢. We assume that the increments of the
process satisfy,

P(|X: — Xo| > ud(t,s)) < 2exp (—u?/2), t,se€T, u>0. (6.38)

We will later apply Dudley’s inequality for the special case of Rademacher processes
of the form

N

M
Xy =Y eu(t), teT, (6.39)
j=1



Compressive Sensing and Structured Random Matrices 53

where € = (€1,...,€pr) is a Rademacher sequence and the z; : T — C are some
deterministic functions. Observe that

M
d(t,s)? = E[X; — X, =B > e(a;(t) — z;(s))
j=1

= (@j(t) — ()% = |x(t) — x(s)3,

Jj=

M

where x(¢) denotes the vector with components x;(t),j = 1,..., M. Therefore, we
define the (pseudo-)metric

d(s,t) = (B|X; — X)) = |x(t) — x(5)||2- (6.40)

Hoeffding’s inequality (Proposition 6.11) shows that the Rademacher process (6.39)
satisfies (6.38). Although we will need Dudley’s inequality only for Rademacher pro-
cesses here, we note that the original formulation was for Gaussian processes, see also
[3, 79, 80, 99, 125].

For a subset 7' C T, the covering number N(T',d,¢) is defined as the smallest
integer N such that there exists a subset £ C 7" with cardinality |E| = N satisfying

T c | Balt,o),
teE

where By(t,e) = {s € T',d(t,s) < e}. In words, T can be covered with N balls of
radius ¢ in the metric d. Note that some authors additionally require that £ C 1. For
us E C 1" will be sufficient. Denote the diameter of 7" in the metric d by

A(T) := sup d(s,t).
s,teT

With these concepts at hand our version of Dudley’s inequality reads as follows.
Theorem 6.23. Let X;,t € T', be a complex-valued process indexed by a pseudometric

space (T, d) with pseudometric defined by (6.37) which satisfies (6.38). Then, for a
subset T C T and any point ty € T it holds

A(T)
Esup | X; — Xy, < O, / /(N (T, d, u))du + DiA(T) (6.41)
0

teT

with constants C} = 16.51 and D = 4.424. Furthermore, for p > 2,

1/ A(T)
<E sup | X; — Xt0|”) ’ < g7 /p (c/ VIn(N(T, d, u))du + DA(T))
0

teT
(6.42)
with constants C' = 14.372, D = 5.818 and 3 = 6.028.
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We note that the estimate (6.42) also holds for 1 < p < 2 with possibly slightly
different constants (this can be seen, for instance, via interpolation between p = 1
and p = 2). Further, the theorem and its proof easily extend to Banach space valued
processes satisfying P(|| Xy — Xs|| > ud(t,s)) < 2¢7%"/2. Inequality (6.42) for the
increments of the process can be used in the following way to bound the supremum,

1/p 1/p
<Esup|Xt|p> < inf (]Esup|Xt—Xt0|p> + (B| Xy, |P) /P

teT toeT teT
1 A(T) 1
<B'"/p / log(N (T’ d, u))du+ DA(T) | + inf (E|X;|") .
0 0

The second term is usually easy to estimate. Further, note that for a centered real-
valued process, that is, EX; = 0 for all t € T', we have

Esup X; = Esup(X; — Xy,) < Esup|X; — Xy, |. (6.43)
teT teT teT

For completeness we also state the usual version of Dudley’s inequality.

Corollary 6.24. Let X;,t € T, be a real-valued centered process indexed by a pseu-
dometric space (T, d) such that (6.38) holds. Then

A(T)
E sup X; < 30 / VIn(N(T, d, u))du. (6.44)
0

teT

Proof. As in the proof of Theorem 6.23 below, we may assume without loss of gener-
ality that A(T') = 1. Then it follows that N (7', d,u) > 2 for all u < 1/2. Indeed, if
N(T,d,u) = 1 for some u < 1/2 then, for any € > 0, there would be two points of
distance at least 1 — € that are covered by one ball of radius u, a contradiction to the
triangle inequality. Therefore,

/ o VIn(N(T, d, u))du > . VIn(2)du = \/lerzA(T).
0 0

Therefore, (6.44) follows from (6.41) and (6.43) and the estimate

2D,

< 30.
VIn?2

C)+

O

Generalizations of Dudley’s inequality are contained in [80, 125]; in particular, ex-
tensions to generic chaining inequalities, or bounds of suprema of random processes
by means of majorizing measure conditions.



Compressive Sensing and Structured Random Matrices 55

Proof of Theorem 6.23. Without loss of generality we may assume that the right hand
sides of (6.41) and (6.42) are finite and non-vanishing. Otherwise, the statement be-
comes trivial. In particular, 0 < A(T") < oo and N(T',d,u) < oo for all u > 0. By
eventually passing to a rescaled process X = X;/A(T) we may assume A(T) = 1.

Now let b > 1 to be specified later. According to the definition of the covering num-
bers, there exist finite subsets £; C T, j € N\ {0}, of cardinality |E;| = N (T, d,b7)
such that

T C U By(t, bij).
teE;

Foreacht € T'and j € N\ {0} we can therefore define 7;(¢) € Ej; such that
d(t, m(t) < b
Further set 7o (t) = to. Then by the triangle inequality
d(mj(t), mj—1(t)) < d(m;(t),t) + d(mj—1(t),t) < (1+Db)-b7 forallj>2
and d(m (¢), mo(t)) < A(T) = 1. Therefore,
d(mj(t), mj—1(t)) < (1 +b)-b7J, forallj > 1. (6.45)

Now we claim the chaining identity

X — Xy = Z(Xﬂj () — Xx, (1)) almostsurely. (6.46)
j=1

Indeed, by (6.38) we have

P(| X,y — Xy 1)) = b77/%)

pi/2 1 ,
<P (Xﬂj(t) - Xr w2 l_i_bd(ﬂj(t)aﬁj—l(t))> < 2exp <2(1+b)2b7> :

This implies that Z;’il P(1 X, (0= Xoj i) = b=1/2) < . It follows from the Borel
Cantelli lemma (Lemma 6.4) that the event that there exists an increasing sequence
je, £ = 1,2, ... of integers with j, — oo as £ — oo such that |X7Tfe(t) — Xﬂjrl(tﬂ >
b=9/2 has zero probability. In conclusion, [ Xty — X,y < b=3/2 for all j > jo
and some jo holds almost surely. Consequently, the series on the right hand side of
(6.46) converges almost surely. Furthermore,

2
J

E X — Xty = > (Xoy) = Xy )| = EIXe = Xy
j=1

—d(t, Ty (1) =0 (J— o)
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by definition (6.37) of the metric d and construction of the 7;(¢). The chaining identity
(6.46) follows.

Now let F' be a finite subset of T'. Let a; > 0, j > 0, be numbers to be determined
later. For brevity of notation we write N(T',d,b=7) = N(b=7). Then

oo

P max|Xt—Xt0|>u§ a;
teF —
=

<P ftrgg(zl ‘Xﬂ'j(t) o Xﬁj—l(t)| > Uzlaj
j= =

<

hE

P (ftfgi‘ [ Xay0) = Xyl > Wj)
1

<.
Il

o,

<
Il
—_

e
N@®)N@®Y ))%%P<|Xm<t>—XwH<t>| 21%’)

o

NN (b~UD) max P (lXﬂju) —Xnwl 2

ua;d(m;(t), T (U))
(1+0b)-b=7

.

N I

2(17 .~ .\2
<2Y NOHNOBU)exp (—“(b]“])) . (6.47)

2(1+ b2

7=1

Hereby we used that the number of possible increments |X7rj (t)— XﬁF1 (t) | is bounded
by the product N (b=7) N (b= ~1)) of the cardinalities of the sets £; and F;_. Further,
we have applied (6.45) and (6.38). Now for a number o > 0 to be determined later,
we choose

a; =V2a Y (1 +b)- b7 \/ln(ij(b*J')N(b*U*l))), j>1.

Continuing the chain of inequalities (6.47) yields, for u > «,

oo

P max|Xt—Xt0\>u§ a;
tel 1
=

_u2/a2

< 2iN(b’j)N(b*(j*1)) <b7N(b*j)N(b*(j*1)))
j=1

<5 e b_juz/a2 < 2b_”2/a2 > b — 2b b_u2/a2
<2 - D b= b—1 ‘
j=1 j=0
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Using N (b~U=1) < N(b~7) we further obtain

0= i a; < V2al(b+1) i b=J \/j In(b) 4 2In(N(b=7))
j=1 j=1

<V2a7'(b+1 ijx/jln )+2a7 (b4 1)) b7\ /In(N (b)), (6.48)
j=1

By comparing sums and integrals, the second sum in (6.48) is upperbounded by
b7y /In(N N(b9) /
2 YN = 7 Z Vind
Jj=1
b
Sﬁ \/ Tdu du< \/ Tdu du

where we additionally used that N (T’ d, b*j) < N(T, d,u) for all u € [b=U+1 p=7].
Plugging into (6.48) shows that

® < C(b, a)A(T) + %((bl’*f)) / M R NT d a)du (6.49)
a0 — 0

with
C(b,a) :=v2a~! Zb I3, (6.50)

while 2%
P(Iglez% | Xt — Xy | > u®) < ﬁbfuz/o‘z, u > a.

Using that any probability is bounded by 1, Proposition 6.1 yields for the moments

Bsup [X; ~ Xy =p [ Plsup [X; ~ Xy = 0)or o
tel 0 tel

= p@p/o P(sup | X; — Xy| > u®@)uP ! du

teF
« 2b e 2 2
< p®P (/ wPldu + —— puw/e up_ldu>
0 b—1
p o) o0
= p@P (a + % b”z/azupldu> .

Taking the supremum over all finite subsets ' C T yields

1/p A(T)
<]E sup | Xy — Xt0|p> < Ki(p,b, a)/ VIn(N(T,d,u))du
0

teT
+ KZ(p7 b7 a)A(T),
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where
2b(b+ 1 p 2b S 1/p
Kl(pv b,Oé) :pl/p(i—i_) Oli + — biuz/azupfldu )
p b—-1]/,
and

aoP 2 oo 1/p
K>(p,b, o) = p'/PC (b, @) < + % b“Q/azupldu> :

(Readers who do not care about the values of the constants may be satisfied at this
point.) We choose av = /2 1n(b). Consider first p = 1. Lemma 10.2 in the Appendix

yields
o0 2 2 o0 1
/ b—u/oc dU:/ —u/2d <7
@ 21n(b) b/21n(b)

Hence,

_BO+1), 20+ )
Ri(b) = Ki(1.b. /2 b=1 ()b 17

In order to estimate /&, we note that, for x < 1,

oo

Zx]\[ Za:j]—m—z ) .

J=1 J=1

Therefore,
_1b(b+1)
(b—1)%

C(b,a) < /2In(b) (6.51)

and

Ry(b) := K(1,b,1/21n(b)) < ’()ébflg 2In(b) + m

The choice b = 3.8 yields K(3.8) < 16.51 = C; and K»(3.8) < 4.424 = D). This
yields the claim for p = 1.
Now assume p > 2 We use the Gamma function I'(x fooo e~ 1dt and the

inequality I'(z) < ﬁ for x > 1, see [81], to estimate (recall a = +/21n(b))

o0 2 2 o0 2 e 2
/ b/ yp=l gy = / e W 2y 1y < / e~ 2y 1y
a 2In(b) 0

_ 2p/2—1 /OO e_ttp/z_ldt _ 2p/2—ll—~(p/2) < (2/€)p/2—l(p/2)p/2—1/2
0

— % (p/ey/2.
VAR
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This yields, recalling that p > 2 and using that pl/ (2p) < el/ (26),
Ki(p) :== Ki(p,b, V2Inb)

1/p
< 2b(b+ 1) (21nb)p/2+ 2b e (n/e)?"
V2Inb(b—1) p b—142p

2b(b+ 1 2b(b+ 1 Vaeb) "
< (b+ )+pl/(2p) (b+1) e V2 /b
b—1 V2Inb(b—1) \b—1

1 1
_ Vbt (Vi) L 260N b 4 1) (Ve & 7
- b-1 b—1 V2Inb(b— 1) b—1 P

: o1/ (2e)-1/2 V2eb v
:ﬁb(b“)(b_l*m(b—l)) (”‘1> v

Using (6.51) we estimate similarly

K (p) := Ka(p, b, V21Inb)

1/p
b(b+1) [ 2Inb)P2 26 e
< pl/p p/2
-7 <b—1>2< PR Wi

1/p
b(b+1)vV2Inb | /oy _i1pbb+1) [V2eb

< AT VAT p) ,—1/2

ST oo P T \vor ) VP

b(b+ 1)vVInb  e/9=1/2p(b 4+ 1)\ [ v2eb e
S( G- T o1 )(b—l) P

In conclusion, inequality (6.42) holds with
\/E@b 1 el/(Ze)—l/Z
== C=V2(b+1 + :
=3 N e R AT

b(b+1)vInb N e/ 2e=1/2p(b 4 1)
(b—1)? (b—1)? '

Now we choose b = 2.76 to obtain 5 = 6.028, C' = 14.372 and D = 5.818. This
completes the proof. a

D:

6.10 Deviation Inequalities for Suprema of Empirical Processes

The strong probability estimate of Theorem 4.4 depends on a deviation inequality for
suprema of empirical processes that we present in this section. Let Yq,...,Y s be
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independent random vectors in C™ and let F be a countable collection of functions
from C" into R. We are interested in the random variable

M
Z =sup > f(Yy), (6.52)

fer =

that is, the supremum of an empirical process. The next theorem estimates the proba-
bility that Z deviates much from its mean.

Theorem 6.25. Let F be a countable set of functions f : C* — R. Let Y1,..., Y
be independent copies of a random vector Y on C™ such that Ef(Y) = 0 for all
f € F, and assume f(Y) < 1 almost surely. Let Z be the random variable defined in
(6.52) and EZ its expectation. Let 0> > 0 such that E [f(Y)?] < o2 forall f € F.
Setvyy = Mo? +2EZ. Then, forall t > 0,

2
P(Z > EZ +1t) < exp(—vmh(t/vm)) < exp <—W) ; (6.53)

where h(t) = (1 +t)In(1 +t) —t.

This theorem, in particular, the left-hand inequality (6.53), is taken from [14]. The
second inequality in (6.53) follows from h(t) > ﬁ forall ¢ > 0. If F consists only
of a single function f, then Theorem 6.25 reduces to the ordinary Bernstein or Bennett
inequality [6, 134]. Hence, (6.53) can be viewed as a far reaching generalization of
these inequalities.

The proof of (6.53), which uses the concept of entropy, is beyond the scope of
these notes. We refer the interested reader to [14]. Deviation inequalities for suprema
of empirical processes were already investigated in the 1980ies by P. Massart and
others, see e.g. [84, 1]. M. Talagrand obtained major breakthroughs in [122, 123],
in particular, he obtained also a concentration inequality of the following type: Let
Y1,..., Y be independent random vectors and |f(Y,)| < 1 almost surely for all
fe€Fandalll=1,..., M. Then

P(|Z —EZ| > t) < 3exp <—élog <1 + ]\j,ﬂ)) ; (6.54)

where C' > 0 is a universal constant. The constants in the deviation and concentra-
tion inequalities were successfully improved in [85, 107, 108, 14, 77]. Extensions of
deviation and concentration inequalities can be found in [10, 9, 79].

7 Proof of Nonuniform Recovery Result for Bounded
Orthonormal Systems

In this section we prove Theorem 4.2.
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7.1 Nonuniform Recovery with Coefficients of Random Signs

In order to obtain nonuniform recovery results we use the recovery condition for indi-
vidual vectors, Corollary 2.9. In order to simplify arguments we also choose the signs
of the non-zero coefficients of the sparse vector at random. A general recovery result
reads as follows.

Proposition 7.1. Let A = (ay,...,ay) € C™V and let S C [N] of size |S| = s.
Assume Ag is injective and

||ATSagH2 <a<1/V2 foralll ¢S, (7.1)

where Al is the Moore-Penrose pseudo-inverse of Ag. Let € = (€j)jes € C* be a
(random) Rademacher or Steinhaus sequence. Then with probability at least

1—23/%(N — s)exp(—a2/2)

every vector x € CN with support S and sgn(xs ) = € is the unique solution to the
£1-minimization problem (2.12).

Proof. In the Rademacher case the union bound and Hoeffding’s inequality, Corollary
6.10, yield

P(max |(Afar, sgn(xs))| > 1) <> P (!<A2ae,sgn(><s)>| > IIATgaeHza‘l)
£¢8 g5
< (N = 5)2*exp(—a2/2).

In the Steinhaus case we even obtain a better estimate from Corollary 6.13. An appli-
cation of Corollary 2.9 finishes the proof. a

In view of the previous proposition it is enough to show that HAgagHg is small. The
next statement indicates a way how to pursue this task.

Proposition 7.2. Let A € C"™*N with coherence ji and let S C [N] of size s. Assume
that
[A5As —Id[l22 <0 (7.2)

for some 6 € (0,1). Then

1AL ay|l> < % forallt ¢ S.

Proof. By definition of the operator norm

1Akacll2 = (A5As) " Agalla < 1(A5As) ™ 22l Aac] 2. (7.3)
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The Neumann series yields

(A5A8) ™ 22 = IIZ (Id — A5As)* |22 <z:IIId A5As5 5,

k=0
o0
<y ob=—

k=0

by the geometric series formula. The second term in (7.3) can be estimated using the

coherence,
|A5acll, = > [{ae,a) > < v/sp.
jeS
Combining the two estimates completes the proof. O

We note that in contrast to the usual definition of coherence, we do not require the
columns of A to be normalized in the previous statement. Condition (7.2) is a different
way of saying that the eigenvalues of A§Ag are contained in [1 — d, 1 + ], or that the
singular values of Ag are contained in [v/1 — 40, +/1 + 4.

7.2 Condition Number Estimate for Column Submatrices

Let us return now to the situation of Theorem 4.4. Proposition 7.2 requires to provide
an estimate on the coherence of A and on ||A§Ag — Id|[>—». The latter corresponds
to a probabilistic condition number estimate of a column submatrix of the structured
random matrix A of the form (4.4). The estimate of the coherence will follow as a
corollary. (Note, however, that the coherence alone might be estimated with simpler
tools, see for instance [78].) The main theorem of this section reads as follows.

Theorem 7.3. Let A € C"™*N be the sampling matrix (4.4) associated to an orthonor-
mal system that satisfies the boundedness condition (4.2) for some constant K > 1.
Let S C [N] be of cardinality |S| = s > 2. Assume that the random sampling points

ti,...,tm are chosen independently according to the orthogonalization measure v.
Let 0 € (0,1/2]. Then with probability at least
52
1 —23/4 exp <— In ) , (7.4)
CK?s

where C =9 + V17 = 13.12, the normalized matrix A= ﬁA satisfies

| A% As —1d||r-s < 6.

__ We note that the theorem also holds for 1 /2 < 6 < 1 with a slightly larger constant
C.
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Proof. Denote by X; = (¥;(t¢))jes € C* a column vector of A%. By independence
of the ¢ these are i.i.d. random vectors. Their 2-norm is bounded by

IXella = [> h(te)]> < K/s. (7.5)
JES

E (XX{); = E [0r(t0)¥5(00)| = | 5(@)0u0dv(t) = 8.,k € S,

Furthermore,

or in other words, EX,X7 = Id. Using symmetrization, Lemma 6.7, we estimate, for
p=>2,

m

e 1
By :=E|AgAs —1d|5_, = E[|— > (XX} - EX,X])[l5_,
(=1
2\? &
< <m> Bl eXe XI5,
=1
where € = (€1, ..., €,) is a Rademacher sequence, independent of X, . .., X,,. Now,

we are in the position to apply Rudelson’s lemma 6.18. To this end we note that Ag has
rank at most s. Using Fubini’s theorem and applying Rudelson’s lemma conditional
on (Xy,...,X,,) yields

2
E, < ( ) 23/4 pp/Z -p/2R {”AS| P m[ax |X2||p}
m

2
< (= 2/4spr/PeP2, ||| A5A X5 7.6
< (%) 2w A5 Asll B | max X[ 70

m

In the last step we applied the Cauchy Schwarz inequality. Using the bound (7.5),
which holds for all realizations of X, ..., X,,, inserting the identity Id into the oper-
ator norm and applying the triangle inequality yields

2 \? _ ~ =
E, < <\/ﬁ> 23/4Spp/26 p/28p/2Kp\/E [(HASAS —1d|jp2 + 1)p]

’ A* A 2
S <2K\/?> 23/436_P/2pp/2 ((EHAE'AS . Id||12)_)2)]/p + 1)1)/ .
m
Dym,;s = ZK\/?23/(417)31/106—1/2@
m

ENP < Dy EY + 1.

Denoting

we have deduced
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Squaring this inequality and completing the squares yields

(Eglj/p - D;,m,s/z)z < D2 + D?),m,s/“'v

p,m,s

which gives

EY? < \[D3 s+ D/ + D2 )2 (1.7)
Assuming D), n, s < 1/2 this yields

1 1
E;/p S 1 + T6Dp7mas + ZD 51,8 = /{Dp,m,s (78)

with Kk = @. Hence,
. e 1/p . oy
(Emin{1/2, | A5As ~1d[5_,}) " < min{1/2, (| A5As ~ 1d5_,,)"/")}
< HDp,]V[,&

It follows from Proposition 6.5 that for u > V2,
P (min{l /2,||A5As —Id|r0)} > 26K /Su) < 2345 exp(—u?/2),
m
2
hence, for 26K (/22 < § < 1/2

2
* 3/4 md
P(|AgAs —1d[|22 > 6) <2 / Sexp <_8/£2K23) . (7.9)
The right hand side in (7.9) is less than ¢ provided

CK2s
52

m > In(2%/4s /) (7.10)
with C = 8x2 = (V17 4 1)2/2 = 9 + v/17 ~ 13.12. In order to have a non-trivial
statement we must have ¢ < 1. In fact, for s > 2 condition (7.10) then implies that 6 >
2kK+/2s/m. We conclude that (7.9) holds trivially also for 0 < § < 2kK+/2s/m,
which finishes the proof. O

The above proof followed ideas contained in [115, 136]. Similar techniques were
used in [92]. We remark that in the special case of the trigonometric system (examples
(1) and (4) in Section (4.1)), the constant 13.12 in (7.4) can be essentially improved
to 3e ~ 8.15 (see [65] for the precise statement) by exploiting the algebraic structure
of the Fourier system [102, 65]. Indeed, one may estimate IEI||# cAs — Id||§7;n =

ETr ((%ASAS — Id)”) directly in this case, i.e., without Rudelson’s lemma or the
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Khintchine inequality. This approach, however, is more technical and uses elements
from combinatorics.

Note furthermore that the conclusion of the theorem can be reformulated as follows:
Iffore € (0,1),6 € (0, 1/2] condition (7.10) holds, then with probability at least 1 —¢

the normalized matrix A = —— A satisfies
Jm

| A5 Ag — Id|r—y < 6.

The above proof also indicates how the boundedness condition (4.2) may be weak-
ened. Indeed, the term [E max ¢, ||Xz||§p in (7.6) was estimated by K?Ps” using the
boundedness condition (4.2). Instead, we might actually impose also finite moment
conditions of the form

sup / |V (t)|Pdr(t) < Kp, 2 <p<oo.
JE[N] /D

A suitable growth condition on the constants kK, should then still allow a probabilistic
estimate of ||Z§AS — 1d||2—2 — possibly with a worse probability decay than in (7.4).
Details remain to be worked out.

Let us now turn to the probabilistic estimate of the coherence of the matrix A in
4.4)

Corollary 7.4. Let A € C"™*N be the sampling matrix (4.4) associated to an orthonor-
mal system that satisfies the boundedness condition (4.2) for some constant K > 1.
Then the coherence of the renormalized matrix A = ﬁA satisfies

m

A2 3/4 N2
NS\/ZOK In(23/4N2 /e)

with probability at least 1 — ¢ — provided the right hand side is at most 1 /2. The
constant is the same as in the previous statement, C = 9 + /17 ~ 13.12.

Proof. Let S = {j,k} be a two element set. Then the matrix ﬁgﬁs — 1Id contains
(a;,ay) as a matrix entry. Since the absolute value of any entry of a matrix is bounded
by the operator norm of the matrix on ¢,, we have

(&), 8)| < [|A5As — 1d]22.
By Theorem 7.3 the probability that the operator norm on the right is not bounded by

d € (0,1/2] is at most
2
23/4~Zexp(~m5 )
CK?-2
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Taking the union bound over all N(N — 1)/2 < N?/2 two element sets S C [N]
shows that

52
P(u > 6) < 23/*N?ex (— m )
(n=>96) < LAy

Requiring that the right hand side is at most € leads to the desired conclusion. O

7.3 Finishing the proof

Now we complete the proof of Theorem 4.2. Set a = g for some ¢,6 € (0,1/2]
to be chosen later. Let i be the coherence of A= %A. By Proposition 7.1 and
m

Proposition 7.2 the probability that recovery by ¢;-minimization fails is bounded from
above by

VAN —s)e @ 24P ( max [ ALz, > oz)
Le[N\S

<N —5)e 2 4 P(||ALAg — 1d|n > 8) + P > ). (7.11)

By Theorem 7.3 we have ]P’(HETSZS — Id||r2 > §) < e provided

CK?
m > Tsln(23/4s/5), (7.12)
while Corollary 7.4 asserts that P(u > ¢) < ¢ provided

20K?
m> = In(23/4N?/e). (7.13)

Sett = 5\/% Then (7.13) implies (7.12), and o = f—g. The first term in (7.11) is
then bounded by ¢ if
672 =4m(2%4N/e).

Plugging this into the definition of ¢ and then into (7.13) we find that recovery by
£1-minimization fails with probability at most 3¢ provided

m > CK?sIn(2*N/e) In(2/*N? Je)

= CK2s1n(2%*N/e) (m(N) + 1n(23/4N/5)> .

Replacing ¢ by £/3, this is satisfied if (4.18) holds with C' = 2C. O
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8 Proof of Uniform Recovery Result for Bounded
Orthonormal Systems

In this chapter we first prove the theorem below concerning the restricted isometry
constants J; of A = ﬁA, associated to random sampling in bounded orthogonal
system, see (4.4). Rudelson and Vershynin have shown an analog result for discrete
orthonormal systems in [116]. Later in Section 8.6 we strengthen Theorem 8.1 to
Theorem 8.4, which ultimately shows Theorem 4.4.

Theorem 8.1. Let A € C™*N be the sampling matrix (4.4) associated to an or-
thonormal system that satisfies the boundedness condition (4.2) for some constant
K > 1. Assume that the random sampling points ty, ..., t,, are chosen indepen-
dently at random according to the orthogonalization measure v. Suppose, for some
e€(0,1),0 € (0,1/2], that

% > DK% 2s1n%(100s) In(4N) In(7e ") (8.1)

where the constant D < 163932, then with probability at least 1 — € the restricted
isometry constant of the renormalized matrix ﬁA satisfies §s < 9.

8.1 Start of Proof

We use the characterization of the restricted isometry constants in Proposition 2.5(b),

6= max | A5Ag —Id|s.
SCN,|S|<s
Let us introduce the set
Din={zeCN |zlb=1llzlo<s}= |J &5
SC[N],|S|=s

where S% = {z € C",||z|» = 1,suppz C S}. The quantity

IBlls :== sup [(Bz,z)
zeD;N

defines a norm on self-adjoint matrices B = B* € CV*V (a semi-norm on all of
CN*Ny and o
ds = |A"A —1d||,.
N
Let X[ = (ﬂlj(tg))]_
pling point ¢, ¢ € [m]. Then X7 is a row of A. Observe that EX,X} = Id by the
orthogonality relation 4.1. We can express the restricted isometry constant of A as

€ C¥ be the random column vector associated to the sam-
1

1 “ * 1 “ * *
0s = ME ZXng —1d|, = EMZ(XtZXé - EX X)) (8.2)
=1 =1
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Let us first consider the moments of ;. Using symmetrization (Lemma 6.7) we esti-
mate, for p > 1,

m 1/17 m l/p
<E|||Z(XZXZ - EX/Xj )lll?) <2 (EHZ XX} |||§> . (83

=1 =1

where € = (€y,. .., €y) is a Rademacher sequence, which is independent of the ran-
dom sampling points t;, £ € [m].
8.2 The Crucial Lemma

The following lemma, which heavily relies on Dudley’s inequality, is key to the esti-
mate of the moments in (8.3).

Lemma 8.2. Let Xy, ...,X,, be vectors in CN with ||x¢||cc < K for { € [m] and

assume s < m. Then,

m m
B> emxex;ll, < C1Kv21In(100s)y/In(4N) In(10m) | 1> xexjll,  (8.4)
=1 =1

where C = 78.04. Furthermore, for p > 2,
m 1/p
(E”Z €rXeX] |||§>
=1

< 8'/7Cy\/pK/51n(100s)/In(4N) In(10mm)

m
1> xexill, (8.5
/=1

where Cy =~ 67.97 and 8 = 6.028 is the constant in Dudley’s inequality (6.42).

PROOF. We introduce the norm
N
Iz[l := > (IRe(z)| + [Im(z;)]), zeC,

j=1
which is the usual ¢;-norm after identification of C with R>Y. By the Cauchy-

Schwarz inequality we have ||z||} < v2s||z|, = V2s forz € D;N.
Now we write out the norm on the left hand side of (8.4)

> elixez)l

m
I eexexill, = sup
=1 =1

2
ZEDS,N

) ‘

3 edl(xe,z/y/l1zl5) P (8.6)

=1

< V2s sup
zeDﬁN
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Introduce

X. = ellxe,z/\/|z|})2 zeCV\ {0}
/=1

Then (8.6) is actually the supremum of this Rademacher process over Di - For tech-

nical reasons we introduce X, := 0, so that then X is defined on all of CN. Addi-
tionally, we enlarge our original set of interest, D*? SN = = D? sN U {0}. Then Dudley’s
inequality, Theorem 6.23, yields

1/p 1/p

m l/p
= (EillZeeXexzfn|5> = [E swp 1X.7| =[E sup [X.— X
- zeD? 2eD>Y

< BY?\/p (C’ /OOO \/In(N(Di’?V,d, u))du + DA(D?:%)) )

where N (D§ ?\77 d,t) denotes the covering numbers and A(D; N) the diameter of DS N C
CN with respect to the (pseudo-)metric d defined in (6.37), that is,

m 2
d(uv) Z('W"?z—“"g”ﬁ'z), wv e {o),

=1

[l Il

and

Let u,v € D? ; and assume without loss of generality that |[u||} < ||v||{. Then we
can estimate

ot = (3o (el e v
A v) (Z( )

=1

< ()] + e vl e ) e )1/l = 1/v1)?)

m
< ‘|<Xﬁal:>| _ |<Xb\>:>| sup Z(|<X87u>| + |<XZ,V>|)2
cefm] | ully Ik uveD? o\ =
u A"
< 2R max <xe, _— >‘ .
(€fm] [alli (VI

where

m m
R= sup |> [(xew)2= | I> xexil.
=1 (=1

ueD?
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It is even simpler to deduce d(u,0) < R max ¢y ’<X[, WM . We further introduce
1
the auxiliary pseudo-metric

~ u Vv
d(u,v) := max <Xg, - *>
(%) eem‘ Tul; ~ VI

Using basic monotonicity and rescaling properties of the covering numbers and the
diameter we obtain

,u,v e CV\ {0}

E, <2V2sB'PR (C/ \/ln(N(Di’?\,, d,t))du + DA(Di’%,&)) . 87
0 b 9

where A(D??\/a d) denotes the diameter with respect to the pseudo-metric d.

The mapping u — h(u) = ﬁ is a bijection between D? ,; and
1 b

Dyy={z€C": |z =1, zllo < s},
which transforms the pseudo-metric d into the pseudo-metric induced by the semi-
norm
[l x = max [(x¢,u)], (8.8)
Le[m)
ie., |h(u) — h(v)|x = d(u,v). Distances to 0 are also left invariant under this
transformation. This implies

N(DZ,d,t) = N(D, ||+ |lx,)  forallt >0,

where D; ’?v = D! ;U{0}. Our task consists in estimating the latter covering numbers.
To this end we distinguish between small and large values of ¢. For small values, we
use the embedding D! , ¢ SV = {x € CV, ||x||} = 1}.

8.3 Covering Number Estimate

The next lemma provides an estimate of the covering numbers of an arbitrary subset
of SN.

Lemma 8.3. Let U be a subset of S} U {0} and 0 < t < v/2K. Then

VIn(N(U, || - [|x,t)) < 3K+/In(10m) In(4N)t~".

Proof. Fix x € U\ {0}. The idea is to approximate x by a finite set of very sparse vec-
tors. In order to find a vector z from this finite set that is close to x we use the so called
empirical method of Maurey [24, 98]. To this end we define a random vector Z that
takes the value sgn(Re(x;))e; with probability | Re(z;)| and the value ¢ sgn(Im(z;))e;
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with probability |Im(x;)| for j = 1,..., N. Here, e; denotes the jth canonical unit
vector, (e;), = 0 1. Since ||x||7 = 1 this is a valid probability distribution. Note that

N N
EZ = Z sgn(Re(z;))|Re(z;)|e; + i Z sgn(Im(z;))|Im(z;)[e; = x.

j=1 J=1
Let Zy,...,Z)s be independent copies of Z, where M is a number to be determined
later. We attempt to approximate x with the M -sparse vector
| M
=27 2k
k=1
We estimate the expected distance of z to x in || - || x by first using symmetrization
(Lemma 6.7),
| M ) M
Ellz — x| x =E[|— Z (Zi — EZy)|x < 3;E| > enZillx
k 1 k=1
M
7E max Z €k Xg, Zk
k=1
where € is a Rademacher sequence, which is independent of (Z;, ..., Zys). Now we
fix a realization of (Zi,...,Z)) and consider only expectation and probability with
respect to € for the moment (that is, condiitional on (Z1, . .., Zy;)). Since ||x¢]|co < K

and Zj, has only a single non-zero component of magnitude 1, we have |(x;, Z;)| < K.
It follows that

I((xes ZENAL ]2 < VME, (€ [m].

Using Hoeffding’s inequality (Proposition 6.11) we obtain

M M
P, (|Z€k<X£,Zk>| > KWu) <P <| > enixe, Zi)| > |(<X£7Zk>)kM1|2u>

k=1 k=1
—u?/2
< 2e , forallu>0,¢¢c [m].

Lemma 6.6 yields
Emax | Zek (x¢,Z1,)| < CKVM/In( (8.9)

with C' = V2 + f ~ 1.499 < 1.5. By Fubini’s theorem we finally obtain

In(8)

In(8m) .

M
2
Ellz — x||x < - EzlEe max ;ek<x£,zk> <

Le(m)]

=k
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This implies that there exists a vector of the form

1 M
Z:M;Zk, (8.10)

where each zj, is one of the vectors in {+e;, +ie; : j € [N]}, such that

K
lz —x||x < LS In(8m). (8.11)

VM

(Note that z has sparsity at most M.) In particular,

|z —x|[x <t (8.12)
provided
3K

Each zj, takes 4N values, so that z can take at most (4N )M values. (Actually, it takes
strictly less than (4N)M values, since if some e; appears more than once in the sum,
then it always appears with the same sign.) For each x € U we can therefore find a
vector z of the form (8.10) such that ||x — z||x < ¢. Further, the vector 0 is covered
as well, when simply adding it to the covering. (This enlarges the size of the covering
only by one, and therefore it still has cardinality at most (4N)* ) Hence, we provided
a covering of U, also when 0 € U. The choice

M = ngz ln(IOm)J

satisfies (8.13). Indeed, then

9K? 9K? 9K?%1In(10/8)
9K? 91n(10/8 9K?

since t < \/EK and w > 1. Therefore, (8.13) is satisfied. We deduce that the

covering numbers can be estimated by

VIn(N(U, || - ||Ix,t)) < +/In((4N)M) < \/{ifgzln(IOm)J In(4N)
< 3K+/In(10m) In(4N)t !,

This completes the proof of the lemma. O
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8.4 Finishing the Proof of the Crucial Lemma

The estimate of the covering number in the lemma of the previous section will be good
for larger values of ¢. For small values of £ we use a volumetric argument. First note
that by duality of ¢; and ¢, we have

x| x = max |(x¢,x)| < ||xl; max [|x¢[|loc < V2|x[[]K = V2K
£€[m] Le[m]

for all x € CV with ||x||} = 1. Hence, S} = {x € CV,||x||; = 1,suppx C S} is
contained in 2K By where Bx = {x € CV ||x||x < 1}. Using Proposition 10.1
on covering numbers of subsets of unit spheres we obtain (identifying S é with a subset
of R2I5T)

28]
N(S§U{0}, ] - Ix.t) < <1+ 2‘/?{) .

Our set of interest can be written as

There are

s*NS _ _N*

eN\°
—<e N
s! s s s

subsets of [N] of cardinality s. Hence, by subadditivity of the covering numbers we
obtain

2\/§K 2s
N(D |- Ix.t) < (eN/s)* <1 += ) . (8.14)
Next we note that D;’?\, C \@K Bx, so that

AD - x) < V2K (8.15)
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We obtain, for & € (0, v2K),

/SNW“ Dy / VD et

< \/5/0 \/1n(eN/s) +21In (1 +2\f2Kt*1)dt

V2K
+ 3K +/In(10m) In(4N) / t~Ldt

/(2V2K)
< 1r/5y/I(eN/3) +4K\f/ Jin(1+ £yt

+ 3K +/In(10m) In(4N) ln(\[K//i)
< Kkys ( n(eN/s) + \/ln 1+ 2\6[(&1)))

+3K+/In(10m) In(4N) In \[K/n . (8.16)

In the last step we have applied Lemma 10.3. The choice x = %K /+/s yields
2V2K
20

I<

In(eN/s) + g\/ln (e (1420v/5))

+ 3K /In(10m) In(4N) In <\/ 1005)

< CoK+/In(10m) In(4N) In (100s) .

where Cy = ‘[ + + 3/2 = 1.67. Hereby, we applied the inequality

sfln(loo

In(e(1 +204/5)) < 4/In(100s)/2 + In(21¢/10)
o
~ /21n(100)
1
~ /21n(100)

In(100s)/In(21¢/10)

In(100s)+/In(10m) In(4N).
Plugging the above estimate and (8.15) into (8.7) yields
E, < \/P\/s2v2 <COCK In(10m) In(4N) In (100s) + ﬁDK) R

< 8'/7Cy+/54/In(10m) In(4N) In (100s) R,
where, for p > 2, (and N, m > 2),

L 2D
C=0C=22|CyC+ V2 ~ 67.97.
CoC+/1n(20) In(8) In(100)
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For the case p = 1 we can use the slight better constants C'} and D; in Dudley’s
inequality (6.41) to obtain

o 2D
C=0C =22 (0001 + V2D ) ~ 78.04.

C1C/In(20) In(8) In(100)

The proof of Lemma 8.2 is completed.

8.5 Completing the Proof of Theorem 8.1
We proceed similarly as in Section 7.2. Denote, for p > 2,

m 1/p
1 *
%f@@w—@mikmww@ .
(=1

Then (8.3) together with Lemma (8.2) yields

2DN¢m7'S¢p P 1 S * p/2
mps (PP5mer) i LS XX -
m p/2
2DNmsp \¥ 1
<|————=) El|— X, X7 —1Id 1 8.17
< (e ) (XX ) s

where
DNm.sp = BPCo/pK+/51n(100s)1/In(4N) In(10m)

Using the triangle inequality we conclude that

2D
N
Proceeding in the same way as in Section 7.2, see (7.8), and setting x = @ yields
26D N m.s
(Emin{1/2,8,}")'/P < %
= 51/1?2%6’2\/13\/?\/Eln(1005) In(4N)In(10m), p>2.
m

(8.18)
Proposition (6.5) shows that for all u > 2,

P (min{l/z, 5k > 2ke'/2C5, /2 1n(100s)/In(4N) In(10m) u) <Te /2,
m
where we used that 5 < 7. Expressed differently, §; < § < 1/2 with probability at
least 1 — € provided
m > D6 2s1n?(100s) In(4N) In(10m) In(7e ")
with D = 2(2ke'/2C,)? ~ 163 931.48 < 163 932.
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8.6 Strengthening the Probability Estimate

In this section we slightly improve on Theorem 8.1. The next theorem immediately
implies Theorem 4.4 by noting Theorems 2.6 and 2.7. Its proof uses the deviation
inequality of Section 6.10.

Theorem 8.4. Let A be the random sampling matrix (4.4) associated to random sam-
pling in a bounded orthonormal system obeying (4.2) with some constant K > 1. Let
€€ (0,1),6 € (0,1/2]. If

m
In(10m)

m > DS ?K?sIn(e™!),

> 06 2K?s1In* (100s) In(4N), (8.19)

then with probability at least 1 — € the restricted isometry constant ds of \/—%A satisfies
0s < 0. The constants satisfy C < 17190 and D < 456.

Proof. Set E = EJ,. Using Lemma 8.2 for p = 1 and proceeding similarly as in the
preceding section we obtain

2D m,s
E< ZZNmsl BT — GymsVE + 1
\/m B )

with
Grms = C'y /= In(100s)\/In(10m) In(4N)
m
and C’ = 2C,. It follows from (7.7) that, if
GNm,s < 06, with o := 0.84 (8.20)
for & < 1/2, then
E <Eé, < 85/9.

It remains to show that d, does not deviate much from its expectation with high prob-
ability. To this end we use the deviation inequality of Theorem 6.25. By definition of
the norm ||-||, we can write

m

més = Y (XX ~1d)[, = sup | D (XF(XP)* ~1ds)[22

= sup Re ( i (XX, —1d)z, w))

(zw)€Q3 y (=1

m m
~ wp 3R <<Z XX: — 1)z w>>
(2w)EQY N (=1 =1
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where Xf denotes the vector X restricted to the entries in .S, and

Ayv= U @sw

SC[N],IS|<s

where Qs n = {(z,w) : z,w € CV |z|>, = |w|2 = 1,suppz,suppw C S}.
Further, let Qi}k\, denote a dense countable subset of Qﬁ, ~- Introducing f, w(X) =
Re(((XX* — Id)z, w)) we therefore have

m~0, = sup Z fa.w(Xy).

(2,W)EQy =1

Since EXX* = Id it follows that f; w(X) = 0. Let us check the boundedness of f; w
for (z,w) € Qg n with |S| < s,
| faw (X)] < [((XX* —1d)z, w)| < [|z]2][ w2 X5 (X5)* — g2

< IR — 11 = max > 1 (1(E) = &
kes

§5K2

by the boundedness condition (4.2). Hereby, we used that the operator norm on #; is
bounded by the one on ¢; for self-adjoint matrices, see (2.3) as well as the explicit
expression (2.1) for || - |1 . For the variance term o we estimate

E|fow(Xe)* < E[{((XX* - Id)z, w)|* = Ew* (XX — Id)z((XX* — Id)z)*w

< IWlZE[[(XX ~ 1d)z((XX* — 1d)2)"||2-2 = E[(XX" — Id)z||3

= E [|IX[31{X,2)*] - 2E[(X,2)|* + 1.

Hereby we used that |uu*||,—,» = ||u||3. Observe that || X ||, < v/sK by the Cauchy
Schwarz inequality and the boundedness condition (4.2). Furthermore,

E|(X,2) = > 2B [wn(t)d;(0)] = ||zll3 = 1

j.kesS
by orthogonality (4.1). Hence,

El fomw(Xe)? < E [ X|51(X, 2)]?] = 2E[(X,2)* + 1 < (sK* = 2)E[(X,2z)]* + 1
=sK?—1<sK>.



78 Holger Rauhut

Now we are prepared to apply Theorem 6.25. Under condition (8.20) it gives

P(ds > ) < P(d5 > Eds +5/9)

=P(I)_(XeX; — 1), > EI Y (XeX] ~1d)|l, + 6m/9)

— =1
(6m/9)?
< exp <— 2msK? + 4(85/9)m + 2(5m/9)/3>

9sK? 3.9sK?2

B mé?
~ P\ 4565k )
In the third line, it was used a second time that E[|Y"," | (X, X} — Id||, = mEd, <

m85/9. Also, note that §/(sK?) < 1. It follows that §s < § with probability at least
1 — ¢ provided

mo? 1 < mé> 1
= eX — €X —
PlTsk a8, 1 2 | =P\ sk 1621932+ 6

m > 45602 K?sIn(e ).

Taking also (8.20) into account, we proved that §; < § with probability at least 1 — ¢
provided that m satisfies the two conditions

m
In(10m)

m > 45602 K?sIn(e ).

> 06 2K?%s1In* (100s) In(4N),

with C' = 072(C")? = 4072C? ~ 17189.09 < 17 190. O

8.7 Notes

The estimates of the restricted isometry constants are somewhat related to the Ai-
set problem [11, 12], where one aims at selecting a subset of characters (or bounded
orthonormal functions), such that all their linear combinations have comparable L
and Lp-norms, up to a logarithmic factor, see [124, 66]. The paper [66] considers
also the more involved problem of providing a Kashin splitting of a set of bounded
orthonormal functions. It is interesting to note that the analysis in [66] also uses the
norm || - || x introduced in (8.8).

9 Proof of Recovery Theorem for Partial Circulant Matrices

The proof of Theorem 5.1 is based on Proposition 7.2, which requires to estimate the
coherence of A = \/]—md)(a(b) and to provide a probabilistic estimate of ||A§Ags —

Id||>—», where S = supp(x). We start with the coherence estimate.
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9.1 Coherence

The proof of the following coherence bound uses similar ideas as the one of Theorem
5.11in [96].

Proposition 9.1. Let 1 be the coherence of the partial random circulant matrix A =
ﬁdﬁ(e) € R™N where € is a Rademacher sequence and ® C [N| has cardinality
m. For convenience assume that m is divisible by three. Then with probability at least

1 — € the coherence satisfies
1 N2
p< 81BN 9.1)
m

Proof. The inner product between two different columns ay, ag, ¢ # k, of A can be

written |

<ag, ak> - E KZ@ €0—5€k—7,
where here and in the following £ — j and k — j is understood modulo N. The random
variables €; = €y_je,_;, j € O, are again Rademacher variables by independence of
the €; and since ¢ # k. We would like to apply Hoeffding’s inequality, but unfortu-
nately the €;, j € O, are not independent in general. Nevertheless, we claim that we
can always partition the €;, j € O into three sets @, ®,, @3 of cardinality m /3, such
that for each ®; the corresponding family {¢;, 7 € ©;} forms a sequence of indepen-
dent Rademacher variables. To this end consider the sets G; = {{ — j, k — j}, j € O,
and let
H={je®:35' €@®suchthat G; N Gj # 0}.

The random variables €;, 7 € H, are not independent. In order to construct the desired
splitting into three sets, consider the graph with vertices j € ©®. The graph contains an
edge between j and j' if and only if G; N G # 0. Since any r € @ can be contained
in at most two sets G; (once as £ — j and once as k— j), this graph has degree at most 2.
The independence problems are caused by the connected components of the graph. In
order to start with the construction of the three sets ®, ®,, ®3 we choose a connected
component of the graph, and then one of its endpoints (that is, a vertex that is only
connected to one other vertex). If the connected component is a cycle then we choose
an arbitrary vertex as starting point. We then move along the connected component,
and add the starting vertex j to ®, the second vertex to ®,, the third to @3, the fourth
to O etc. If the connected component is actually a cycle, and if the last vertex was
to be added to @y, then we add it to ®; instead. It is easily seen that after dealing
with the first connected component of the graph by this process, the random variables
{&;,7 € ©;}, are independent for each i = 1,2,3. All random variables &; with j
not being a member of the first connected component are independent of the already
treated ones. So we may repeat this process with the next connected component in the
same way, starting now with a ©; satisfying |®;| < |0;|, j € {1,2,3} \ {i}. After
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going through all connected components in this way, we add each element of ® \ H
arbitrarily to one of the ®;, such that at the end |®;] = m/3 for i = 1,2,3. By
construction, the random variables €;, j € ©;, are independent for each 7 = 1,2, 3. By
the triangle inequality, the union bound, and Hoeffding’s inequality (6.16) we obtain

3
P(l(aa] > w) < 3P [ 136> u/3

i=1 J€O;
3 3 m2
=3P (1612 Vel s | <23 e (g )
- -y 3 18]0;]
=1 JEB; =1
2
< 6exp <—“6m> . (9.2)

Taking the union bound over all N(N — 1)/2 possible pairs {¢, k} C [N] we get the
coherence bound .
P > u) < 3N(N — 1)e” ™6,

This implies that the coherence satisfies < u with probability at least 1 — € provided
6 2
m > el In(3N*/e).
Yet another reformulation is the statement of the proposition. O

Note that (9.1) is a slight improvement with respect to Proposition III.2 in [105]. It
implies a non-optimal estimate for the restricted isometry constants of A.

Corollary 9.2. The restricted isometry constant of the renormalized partial random
circulant matrix A € R™N (with m divisible by three) satisfies 6, < & with proba-
bility exceeding 1 — ¢ provided

m > 65 2s*In(3N?/¢).

Proof. Combine Proposition 9.1 with Proposition 2.10(c). O

9.2 Conditioning of Submatrices

Our key estimate, which will be presented next, is mainly based on the noncommuta-
tive Khintchine inequality for Rademacher chaos, Theorem 6.22.

Theorem 9.3. Let ®,S C [N] with |®| = m and |S| = s € N. Lete € RY be

a Rademacher sequence. Denote A = ﬁd)@(e) and assume, for ¢ € (0,1/2],9 €
(0,1),

m > 16525 In?(2°/2s% /¢), (9.3)
Then with probability at least 1 — € it holds |AgAg — Id||—, < 4.
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Proof. Letus denote Hg = A5 Ag —Idg. We introduce the elementary shift operators
N
on R*,
(Tjx)e =x0—j moa N, J=1,....,N.
Further, denote by Rg : CV — C® the operator that restricts a vector to the indices in
®. Then we can write

N
®°(e) = Ro Y _ €T 9.4)
j=1

We introduce R : C% — CN to be the extension operator that fills up a vector in C®
with zeros outside S. Observe that

N N
1
*A _ . * % *
L Ag mZEJRS@ Ry exRoT: R}
7=1 k=1
. 1 N
= — Z EjekRsT;P@TkRZ + ERS ZT;P@)J} Rg,
7,k=1 j=1
itk

where Pg = RgRe denotes the projection operator which cancels all components of
a vector outside @. It is straightforward to check that

N
> T} PoT; = mldy, (9.5)
j=1

where Idyy is the identity on CV. Since RsR% = 1dg we obtain
1 1
Hq = — , * A . B;
s=— Z ejexRsTy PoTi i = — Z ejerBjk
Jj#k j#k

with B, = RST]-* PoT}. Rg. Our goal is to apply the noncommutative Khintchine in-
equality for decoupled Rademacher chaos, Theorem 6.22. To this end we first observe
that by (9.5)

N N
> BuBji=RsTiPo | Y _T;PsT; | PoT;Rs = sRsTj; PoT, R
j=1 i=1

Using (9.5) once more this yields

N N
> BixBjxr = sRs <Z T§P®Tk> R = smRgR§ = smldg.
Jk=1 k=1
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Since the entries of all matrices B; j, are non-negative we get

IO B;Bix) I3, =T [ > B
j#k J#k

n

ZB;,kBj,k = Tr (smldg)" = sy

Furthermore, since B}, = Bk7j~we have Z#,EB;,CBM = > ik BjxBjy. Let I
denote the block matrix F' = (Bj1);, where B, = Bj if j # k and B i = 0.

Expressing the product (F™* F')™ as multiple sums over the block-components Bj,  and
applying the trace yields

1FIIS;, = Te [(F*F)"]

N
— * >3 ... B* >3
=Tr > BBk BhwBik Bk Bk

J1:J25Jn=1
ki,koy. k=1
N
=Tr Z Z Jlkl Bji ks - Z e B
ki,..okn=1 | j1=1 Jn=1
N
=s"Tr Y [RsTy PoTi,R5RsT}, PoTr, Rs - - - RsTy, PoTr, R ,
ki, kn=1

where we applied also (9.5) once more. In the inequality step we used again that the

entries of all matrices are non-negative. Using the cyclicity of the trace and applying
(9.5) another time, together with the fact that Ty, =T, y» gives

N N N
IFIE, < s"Tr | > To PsTiPo Y TiyPsTi,Po--- Y Ti, PsT;, Po
k=1 ko=1 kn=1

= s*" Tr[Po] = ms™".
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Next, let F' denote the block matrix F' = (Bj* )i k- Similarly as above we get

N
m2n D % D % 3 %
HF”Szn =Tr Z B,]lvlejhsz]kaszz,k} T B]n,knBjn1kl
j]aj27---7jn:1
k1Ko kn=1
N
<Tr| Y RsI}PolyPsTy,PoT) Ps- - PsT; PoTh, PsTy PoT), R
J15J25e s Jn=1
1,k2, 0 kn=1

Using that T} Pg = Pe_T}, and T, = T, T; we further obtain

N
=12
IFls,, <Tr > RsTy,T};Po_k PsPoi,T; T}, Ps
PIN

kl,kz,...,anI
- PsTy, T}, Po-k, PsTo-k,Tj, T}, RS
N
=Tr | > (@ k)N SN (O ky)|T}; PsTy,
k=1
N
<Y (@ = k)N SN (® = ky)|Ty:, PsTh,

kn=1

In the last step we have used that Po—, PsPo—k, = Plo—k)nsn@©—k,) together with
(9.5), and in addition the cyclicity of the trace. Clearly,

(@ —k)NSN(O—k)| <[(O®—Fk)NS|<I[S]|=s,

and furthermore, |(® — k1) N S| is non-zero if and only if k; € ® — S. This implies
that

N N
D> 1@ = ki) N SN (O — k) |T7 PsTi, < Y |(® — ki) N S|Ps_p, < *Psig-e,
ki=1 k1=1

where the inequalities are understood entrywise. Combining the previous estimates
yields
—12n 2n _ 2n 2n 2
|F||g;, < s Tt[Psis-e] = s"|S+ S5 — O] < s™s*m.
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Since by assumption (9.3) s < m it follows that

max { (|} BBy I O BB IR IIFIE, I3,
J#k Jj#k
< Tnn8n+2‘

Using ||Hs|l2—2 = ||Hslls. < ||Hslls, and applying the decoupling Lemma 6.21
and the Khintchine inequality in Theorem 6.22 we obtain for an integer n

E||Hs3%, = E[ A5As — ds|3%, < El|A5As — 1ds]|E,

n ! 2n 2n <2n)! 2 Sn+2
2nE|| ZGJGkBJ k”Szn > ZnE” Zeﬂ'ekijk”SZn =2-4 2nn) mn
j#k i7#k

Here €’ denotes a Rademacher sequence, inpendent of €. Let p = 2n + 260 = (1 —
0)2n + 0(2n + 2) with § € [0, 1]. Applying Holder’s inequality, see also (6.12), and
the series of inequalities in (6.13) yields

E||Hs|3"5 < (E|Hs|3",)" (Bl Hs|352)?

n N/ 2m+ 1))\ sntor2
<247 +20<<2nn!> <2n+1(n+1)v)> ey

n+6+2

~3/242n+20 2n+20 2n420 8
<2.2744 (2/e) (n+0) ey

In other words, for p > 2,

_ S
(EHH ”2_)2) 1/p < de 1 /E(25/252)1/Pp‘

An application of Proposition 6.5 yields

P (||Hs||2_>2 > 4, /Su> < 232g2e7u (9.6)
m

for all w > 2. Note that s > 1 implies 25/2g20~u > 1/2 for w < 2. Therefore,
setting the right hand side equal ¢ < 1/2 yields u > 2. In particular, ||Hg|| < ¢ with
probability at least 1 — € provided (9.3) holds true. O

9.3 Completing the Proof

Let us now complete the proof of Theorem 5.1. Set

G
=1_s 9.7)
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for some ¢, 6 € (0, 1) to be chosen later such that a < 1/+/2. According to Proposi-
tions 7.1 and 7.2, the probability that recovery fails is bounded from above by

VAN = 5)e™® 2 4 P(||ALAg — d|an > 8) + P > t). (9.8)
By Theorem 9.3 we have P(||A5As —Id|[>—2 > 6) < &/3 provided
m > 166" 2sIn?(3 - 25252 Je), (9.9)
and Proposition 9.1 yields P(u > t) < ¢/3 if
m > 6t~ 2 In(9N?/e). (9.10)
The first term of (9.8) equals /3 for

I 1
T AR 3N —s)je) V2

Solving for ¢ in (9.7) gives

,_ 1-6
 V/25n(23/4 3(N — 5)/e)’

and plugging into (9.10) yields the condition

m > (112";)2 In(9N?/e) In(23/4 - 3(N — s)/e). 9.11)

Choose § = 8/15. Then (5.1) implies both (9.9) and (9.11). a

10 Appendix

Here we show some lemmas that are needed in some of the proofs.

10.1 Covering Numbers for the Unit Ball

Proposition 10.1. Let || - || be some semi-norm on R™ and let U be a subset of the unit
ball B = {x € R", ||x|| < 1}. Then the covering numbers satisfy, for t > 0,

2 n
vo o< (143) 101
Proof. If || - || fails to be a norm, we consider the quotient space X = R"/N where
N = {x € R™,||x|| = 0} is the kernel of || - ||. Then || - || is a norm on X, and the

latter is isomorphic to R”~%, where d is the dimension of A/. Hence, we may assume
without loss of generality that || - || is actually a norm.
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Let {x1,...,xy} C U be a maximal ¢ packing of U, that is, a maximal set satisfy-
ing d(x;,x;) > tforalli # j. Then the balls B(x,,t/2) = {x € R", ||x—x,|| < t/2}
do not intersect and they are contained in the scaled unit ball (1+¢/2) B. By comparing
volumes (that is, Lebesgue measures) of the involved balls we get

N
vol (U B(Xg,t/2)> = Nvol ((t/2)B) < vol (1 +t/2)B) .

=1

(Note that vol (B) < oo since || - || is a norm.) On R"™ the volume satisfies vol (¢B) =
t" vol (B), hence, N(t/2)" vol (B) < (1 +t/2)"vol(B) or N < (1 4 2/t)". To
conclude the proof, observe that the balls B(xy,t), { = 1,..., N form a covering of
U. Indeed, if there were an x € U that is not covered, then d(xy,x) > t, so that x
could be added to the packing. But this is a contradiction to the maximality of the
packing. O

10.2 Integral Estimates

This section contains estimates for two integrals.

Lemma 10.2. For u > 0 it holds

) < mi 1 2
/u e dt_mln{\/;,u exp(—u-/2).

Proof. A change of variables yields

* e ® _rw? 2 [ e
/ e dt = / e” 2 dt=e" / e e /24,
U 0 0

On the one hand, using that e~ % < 1 for ¢,u > 0, we get

/00 e~/ 24t < w2 /Oo e t2at = \/Zeqﬂ/z_
u 0

On the other hand, using that e*t2 < 1fort > 0 yields

* _ep —u?/2 * 1—2/2
/ eV 2qt < e / e tMdt = —e7V /7, (10.2)

0 u

This shows the desired estimate. O

Lemma 10.3. For o > 0 it holds

/a VIn(1 + t=1)dt < ay/In(e(1 + a1)). (10.3)
0
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Proof. First apply the Cauchy-Schwarz inequality to obtain

/Oa\/ln(l—l-t—l)dtg \//Oa ldt/oaln(1+t—1)dt.

A change of variables and integration by parts yields

/ In(1 +t1)dt—/ w2 In(1 + u)du
0 o

—1

oo

0o 1
= —u 'In(1 + w)| +/ u™! du < aln(l +a™ ") —I—/ —du
(&7

—1 1+u
=aln(l+a ") +a.

Combining the above estimates concludes the proof. a
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Numerical Methods for Sparse Recovery

Massimo Fornasier

Abstract. These lecture notes address the analysis of numerical methods for performing opti-
mizations with linear model constraints and additional sparsity conditions to solutions, i.e., we
expect solutions which can be represented as sparse vectors with respect to a prescribed basis.
In the first part of the manuscript we illustrate the theory of compressed sensing with emphasis
on computational aspects. We present the analysis of the homotopy method, the iteratively
re-weighted least squares method, and the iterative hard-thresholding. In the second part, start-
ing from the analysis of iterative soft-thresholding, we illustrate several numerical methods for
addressing sparse optimizations in Hilbert spaces. The third and final part is concerned with
numerical techniques, based on domain decomposition methods, for dimensionality reduction
in large scale computing. In the notes we are mainly focusing on the analysis of the algorithms,
and we report a few illustrative numerical examples.

Key words. Numerical methods for sparse optimization, calculus of variations, algorithms for
nonsmooth optimization.

AMS classification.15A29, 65K10, 90C25, 52A41, 49M30.

1 Introduction

These lecture notes are an introduction to methods recently developed for performing
numerical optimizations with linear model constraints and additional sparsity condi-
tions to solutions, i.e., we expect solutions which can be represented as sparse vectors
with respect to a prescribed basis. Such a type of problems has been recently greatly
popularized by the development of the field of nonadaptive compressed acquisition of
data, the so-calledompressed sensingnd its relationship witli;-minimization. We

start our presentation by recalling the mathematical setting of compressed sensing as a
reference framework for developing further generalizations. In particular we focus on
the analysis of algorithms for such problems and their performances. We introduce and
analyse the homotopy method, the iteratively reweighted least squares method, and the
iterative hard thresholding algorithm. We will see that the properties of convergence
of these algorithms to solutions depend very much on special spectral properties, the
Restricted Isometry Property or the Null Space Property, of the matrices which define
the linear models. This provides a link to the analysis of random matrices which are
typical examples of matrices with such properties. The concept of sparsity does not
necessarily affect the entries of a vector only, but it can also be applied, for instance,
to their variation. We will show that some of the algorithms proposed for compressed
sensing are in fact useful for optimization problems with total variation constraints.
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These optimizations on continuous domains are related tretlioalus of variations on
bounded variation (BV) functions and to geometric measure theory.

In the second part of the lecture notes we address sparse optimizations in Hilbert
spaces, and especially for situations where no Restricted Isometry Property or Null
Space Property are assumed for the linear model. We will be able to formulate effi-
cient algorithms based on so-calliéerative soft-thresholdinglso for such situations,
although their analysis will require different tools, typically from nonsmooth convex
analysis.

A common feature of the illustrated algorithms will be their variational nature, in the
sense that they are derived as minimization strategies of given energy functionals. Not
only does the variational framework allow us to derive very precise statements about
the convergence properties of these algorithms, but it also provides the algorithms with
an intrinsic robustness.

We will finally address large scale computations, showing how we can define domain
decomposition strategies for these nonsmooth optimizations, for problems coming
from compressed sensing ahdminimization as well as for total variation minimiza-

tion problems.

The first part of the lecture notes is elementary and it does not require more than the
basic knowledge of notions of linear algebra and standard inequalities. The second
part of the course is slightly more advanced and addresses problems in Hilbert spaces,
and we will make use of concepts of nonsmooth convex analysis. We refer the inter-
ested reader to the books [36, 50] for an introduction to convex analysis, variational
methods, and related numerical techniques.
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1.1 Notations

In the following we collect general notations. More specific notations will be intro-
duced and recalled in the following sections.

We will considerX = R as a Banach space endowed with different norms. In
particular, later we use thg-(quasi-)norms

1/p
N P
(Zz:l "TJ’ > ) 0< p < 00, (11)

zllp = llzlle, == HwH%v =
max;=1,_.n~|Zj|, p=o0.

Associated to these norms we denote their unit ballpy := By = {zr eR:
|z[l, < 1} and the balls of radius? by By, (R) := Byy(R) := R- Byy. As-
sociated to a closed convex bodyc® Q ¢ RY, we define its polar set b§° =

{y € RY : sup,cq(r,y) < 1}. This allow us to define an associated ndfmilq, =
SUPy o (T, Y)-

The index sef is supposed to be countable and we will consider/f}i&) spaces of
p-summable sequences over the indexZsas well. Their norm are defined as usual
and similarly to the case @”. We use the same notatio,, for the /,(Z)-balls as
for the ones iRRY. With A we will usually denote an x N real matrix,m, N € N

or an operatotd : (»(Z) — Y. We denote withA* the adjoint matrix or withK™* the
adjoint of an operatof(. We will always work on real vector spaces, hence, in finite
dimensions,A* usually coincides with the transposed matrix4af The norm of an
operatorK : X — Y acting between two Banach spaces is denotetiiblyx .y ; for
matrices the nornfj A|| denotes the spectral norm. The support of a veetar/,(Z),
i.e., the set of coordinates which are not zero, is denoteaipy(u).

We will consider index setd C Z and their complementd® = 7 \ A. The symbols
|A| and #A are used indifferently for indicating the cardinality &f With a slight
abuse we will denote

lullo := [|ulleg(z) := # supp(u), (1.2)

which is popularly called thefs-norm” in the literature. Whes#-Z = N thenls(Z) =
RY and we may also denoltmuéév = ||ull¢z) We use the notationt, to indicate
a submatrix extracted from by retaining only the columns indexed has well as
the restrictionsu, of vectorsu to the index sef\. We also denote bydl* Ay« =
(A*A)paxn = A} Ap the submatrix extracted fromd* A by retaining only the entries
indexed onA x A.

Generic positive constants used in estimates are denoted as usual by

¢,C,¢,C,c,Co,c1,C1,02,C5, . ...
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2 An Introduction to Sparse Recovery

2.1 A Toy Mathematical Model for Sparse Recovery

2.1.1 Adaptive and Compressed Acquisition
Letk,N ¢ N,k < N and
= {z € RY : ||zl := #supp(z) < K},

be the set of vectors with at masthonzero entries, which we will call-sparse vec-
tors. Thek-best approximation errathat we can achieve in this set to a vector RY
with respect to a suitable space quasi-ndrni| x is defined by

ok(r)x = inf flo—2flx.

Example 2.1 Letr(z) be thenonincreasing rearrangemenf z, i.e.,
r(z) = (]wil\,...,]wiN\)T and|z;,| > [x;, 4|, forj=1,...,N -1
Then it is straightforward to check that
N 1/p

op@ey = D m@r| . 1<p<o
j=k+1

In particular, the vector ;) derived fromz by setting to zero all thev — k£ smallest
entries in absolute value is called thestk-term approximatiorto = and it coincides
with
= i - . 2.3
opy = arg min [z — 2y (2.3)

forany 1< p < oc.
Lemma 2.2 Letr = % — % andz € RY. Then
Uk(l')gp < ||33ngk‘_r, k=212 ...,N.

Proof. Let A be the set of indexes of klargest entries of in absolute value. If
e = (), thek!-entry of the nonincreasing rearrangemeft), then

_1
e < lafle,ka.
Therefore
or(x)y, =Y layl? D eyl
JEA JEA

_ _Ppb—g
< el el

IN
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which implies
or()e, < [l@lle, k™"

d

The computation of the bestterm approximation of € RY in general requires the
search of the largest entries 0in absolute value, and therefore the testing of all the
entries of the vectog. This procedure igadaptive since it depends on the particular
vector, and it is currently at the basis of lossy compression methods, such as JPEG [58].

2.1.2 Nonadaptive and Compressed Acquisition: Compressed Sensing

One would like to describelmear encodemwhich allows us to compute approximately
k measurement§ys, ..., yx)" and a nearly optimal approximation ©fin the follow-
ing sense:

Provided a sefs ¢ RY, there exists a linear mag : RV — R™,
with m ~ k and a possibly nonlinear map : R — R such that

[z — A(Az)||lx < Cor(z)x

forall z € K.

Note that the way we encode= Az is via a prescribed magd which is indepen-
dent ofx. Also the decoding procedurs might depend o, but not onz. This
is why we call this strategy aonadaptive (or universal) and compressed acquisition
of z. Note further that we would like to recover an approximation:titom nearly
k-linear measurements which is of the order of khleest approximation error. In this
sense we say that the performances of the encoder/decoder gystém is nearly
optimal.

2.1.3 Optimal Performances of Encoder/Decoder Pairs

Let us defineA,, n the set of all encoder/decoder paitd, A) with A am x N
matrix andA : R™ — R any function. We wonder whether there exists such a
nearly optimal pair as claimed above. Let us#ix< N two natural numbers, and
K c RN, For 1< k < N we denote

or(K)x = sup op(z)x, andE,, (K)x = inf sup ||z — A(Az)| x.
zEK (AA)EAR N zeK

We would like to find the largesit such that
Em(K)X < CoO'k(K)X.

We answer this question in the particular case whére- BEN and X = EN This
setting will turn out to be particularly useful later on and it is already suff|C|ent for
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showing that, unfortunately, it is impossible to recondtrue B,~ with an accuracy
asymptotically (form, N larger and larger) of the order of thebest approximation
error inﬁg/f if Kk = m, butitis necessary to have a slightly larger number of measure-
ments, i.e.k = m —e(m,N),e(m,N) > 0.

The proper estimate af,,,(K)x turns out to be linked to the geometrical concept
of Gelfand width

Definition 2.3 Let K be a compact set iX. Then theGelfand widthof K of order
mis
d™"(K)x = inf sup{||z|]|x :x € KNY}.
Yy <X
codim(Y) <m
The infimum is taken over the set of linear subspacest X with codimension less
of equal tom.

We have the following fundamental equivalence.

Proposition 2.4 Let K c R" be any closed compact set for whigh = — K and
such that there exists a constafiy > 0 for whichK + K ¢ CoK. If X c RN isa
normed space, then

d™(K)x < En(K)x < Cod™(K)x.

Proof. For a matrix4A € R™*N we denote\V = ker A. Note thaty” = N has codi-
mension less or equal than. Conversely, given any spade c RY of codimension
less or equal tham, we can associate a matrikwhose rows are a basis for-. With
this identification we see that

d"(K)xy = inf su :neNNK}.

(F)x = inf _sup{|lnllx 7 }

If (A, A) is an encoder/decoder pair .y, y andz = A(0), then for anyp € N we
have also-n € N. It follows that either|n — z||x > |Inllx or || —n— z|lx > |Inllx-
Indeed, if we assumed that both were false then

12nllx =lln—2z+2z+nlx <ln—zlx+I —n—z2lx <2nlx,

a contradiction. Sinc& = — K we conclude that

d™(K = inf su nmeNNK
(K)x = it swlnlx :n }
< sup |[n—z[x
neNNK
= sup |ln—A(An)lx
neENNK

IN

sup [lz — A(Az)|x.
zeK
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By taking the infimum over alfA, A) € A,, v we obtain
d™(K)x < En(K)x.
To prove the upper inequality, let us choose an optimalch that
d™(K)x =sup{|lz]|x :z € Y NK}.

(Actually such an optimal subspa&éalways exists [54].) As mentioned above, we
can associate t¥ a matrix A such that\V" = ker A = Y. Let us denote the affine
solution spaceF(y) := {z : Az = y}. Let us now define a decoder as follows: If
F(y) N K # 0 then we takez(y) € F(y) N K andA(y) = z(y). f F(y) N K =0
thenA(y) € F(y). Hence, we can estimate

E. (K)x = inf —A(A
(K)x (A,Al)relAm,NiEEH:C (Az)|| x

< sup |z — 2| x
z,x' € K;Ar=Ax’

< sup  [In]lx < Cod™(K)x-.
neCo(NNK)
O

The following result was proven in the relevant work of Kashi@arnaev, and
Gluskin [46, 47, 51] already in the '70s and '80s. See [20, 33] for a description of
the relationship between this result and the more modern point of view on compressed
sensing.

Theorem 2.5 The Gelfand widths dfév-balls in E;,V for1 < ¢ < p < 2 are estimated
by

C]_\Ij(m, vav Q) é dm(BZéV)ZéV é CZ\IJ(T)’L, vav Q)7
where

1/q-1/p

1 —
U (m,N,p,q) :min{l,Nl_Em_%}l/q 1/2, l<qg<p<L?2

\I’(m,N,Z,l):min{l, %} ¢=1landp =2

From Proposition 2.4 and Theorem 2.5 we obtain
CN’l\Ij(mv vav q) < Em(BZéV)ZéV < équ(m> N7p7 Q)

In particular, forg = 1 andp = 2, we obtain, form, IV large enough, the estimate

=~ [log(N/m)+1
C1y/ % < Em(BziV)zéV-
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If we wanted to enforce
En(Bpy)ey < Con(Be )y
then Lemma 2.2 would imply
M < Cok_%7 ork < 007.
m log % +1
Hence, we proved the following

Corollary 2.6 Form, N fixed, there exists an optimal encoder/decoder pairA)
Ay N, inthe sense that

En (B )ey < Cor(Byx )y
only if
k< Cyp

_ 2.4
log%—kl @4

for some constant’y > 0 independent ofn, N.

The next section is devoted to the construction of optimal encoder/decodefpaks$ ¢
A,y as stated in the latter corollary.

2.2 Survey on Mathematical Analysis of Compressed Sensing

In the following sections we want to show that under a certain property, called the
Restricted Isometry Proper(fRIP) for a matrixA4,

The decoder, which we call-minimization

Aly) = arg | min o [y (2.5)
performs

[z = Ay)lley < Cro(@)ey, (2.6)
as well as

Uk(x)éiv

|z — A(y)”eg < CZW’ (2.7)

forall z € RV,

Note that by (2.7) we immediately obtain
En(Byy)py < Cok™2,

implying once again (2.4). Hence, the following question we will address is the exis-
tence of matrices! with RIP for whichk is optimal, i.e.,

pe M
“log N/m +1
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2.2.1 An Intuition Why £1-Minimization Works Well

In this section we would like to provide an intuitive explanation of the near-optimal
error estimates (2.6) and (2.7) providedyminimization (2.5) in recovering vectors
from partial linear measurements. Equations (2.6) and (2.7) ensure in particular that if
the vectorz is k-sparse then/i-minimization (2.5) will be able to recover éxactly
from m linear measuremengsobtained via the matriXd. This result is quite surprising
because the problem of recovering a sparse vector, or the solution of the following
optimization

min ||$Hzé\’ subject toAx = y, (2.8)

is know to beNP-completé [59, 61] whereag/;-minimization is a convex problem
which can be solved at any prescribed accuracy in polynomial time. For instance
interior-point methods are guaranteed to solve@hproblem to a fixed precision in
time O(m?N*'%) [63]. The first intuitive approach to this perhaps surprising result is
by interpreting/1-minimization as theonvex relaxatiorof the problem (2.8).

Figure 2.1 A non convex functiory and a convex approximatian< f from below.
If we were interested in solving an optimization problem
min f(z) subject tar € C,

wheref is a nonconvex, lower-semincontinuous function, @rsla closed convex set,
it might be convenient to recast the problem by considering its convexification, i.e.,

min f(x) subject tar € C,
wheref is called theconvex relaxatioror theconvex envelopef f and is given by
f(x) :=sup{g(z) < f(z) : g is a convex functioh.

The motivation of this choice is simply geometrical. Whilean have many minimiz-
ers onC, its convex envelog has global minimizers, and such global minimizers are

NP stands for non-deterministic polynomial-time and indicates a class of problems for which the verifi-
cation of their solution has a computational costs which is polynomial in the size of the input. However
presently it is not known whether such problems can be solved with a polynomial complexity algorithm.
This issue is the first in the list of tidillennium Prize Problemsf the Clay Mathematics Institute.
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likely to be in a neighborhood of a global minimizer ffsee Figure 2.1. Actually if
C is compact, then the global minima gfand f must necessarily coincide. Unfortu-
nately, the precise computation @fis again a very difficult problem. In the case of

1

0.8

0.2 0.4 0.6 0.8 1

Figure 2.2 The absolute value functidn| is the convex relaxation of the function|o
on |0, 1].

Hw”eé\r, one rewrites

N
0, t=0
x| v = zilo, |tlo:= ' .
Izl = lwjlo,  [tlo {17 40

j=1

Its convex envelope B,y (R) N {z : Az = y} is bounded below by}%Hxqu =

}—12 Z;V:l |z;|, see Figure 2.2. This observation gives already a first impression of the
motivation why/;-minimization can help in approximating sparse solutionslof=
y. However, it is not yet clear when a global minimizer of

min H‘WHZ{V subject toAx = y, (2.9)

really coincides with a solution to (2.8), since thenorm is not yet the precise convex
envelope of| - ||€(1)V over the solution spacg: : Az = y}. Again a simple geometrical
reasoning can help us to get a feeling about more general principles which will be
addressed more formally in the following sections.

Assume for a moment théf = 2 andm = 1. Hence we are dealing with an affine
space of solution& (y) = {z : Az = y} which s just a line ifR2. When we search for
the /1- norm minimizers among the eleme®y) (see Figure 2.3), we immediately
realize that, except for pathological situations wh&fe= ker A is parallel to one of
the faces of the pontoszi, there is a unique solution which coincides also with a
solution with a minimal number of nonzero entries. Therefore, if we exclude situations
in which there existgy € A such thain;| = || or, equivalently, we assume that

il < Ingr2n gy (2.10)

for all n € A and for one; = 1,2, then the solution to (2.9) is a solution to (2.8)!
Note also that, if we give a uniform probability distribution to the anglé0r2r]
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Az=y

£,-ball

Figure 2.3 The ¢1-minimizer within the affine space of solutions of the linear system
Ax = y coincides with the sparsest solution.

formed by N and any of the coordinate axes, then we realize that the pathological
situation of violating (2.10) has zero probability. Of course, in higher dimension such
simple reasoning becomes more involved, since the number of faces and edges of an
6 -ball BZN becomes larger and larger and one should cumulate the probabilities of
dn‘ferent angles with respect to possible affine spaces of codimensian. However,
condition (2.10) is the right prototype of a property (we call it k@l Space Property
(NSP) and we describe it in detail in the next section) which guarantees, also in higher
dimension, that the solution to (2.9) is a solution to (2.8).

2.2.2 Restricted Isometry Property and Null Space Property

Definition 2.7 One says thatl ¢ R™*" has theNull Space PropertyNSP) of order
EforO<~y < 1if

malley < Yllmaclley
for all setsA € {1,..., N}, #A < k and for allp € N = ker A.

Note that this definition essentially generalizes condition (2.10) which we intro-
duced by our simple and rough geometrical reasoniffinFurther we need to intro-
duce a related property for matrices.

Definition 2.8 One says thatt ¢ R™*" has theRestricted Isometry Proper(RIP)
of order K if there exists O< dx < 1 such that

(1= 0r)llzlley < 1Azl < (1+0x)=ley,
forall z € Y.

The RIP turns out to be very useful in the analysis of stability of certain algorithms
as we will show in Section 3.1.4. The RIP is also introduced because it implies the
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Null Space Propertyand when dealing with random matrices (see Section 2.2.4) it is
more easily addressed. In fact we have:

Lemma 2.9 Assume thatl € R™*Y has the RIP of ordefX = k+hwith0 < 6 <

1. ThenA has the NSP of orde and constanty = /13,

Proof. LetA C {1,..., N}, #A < k. DefineAg = A andAj, Ay, ..., A, disjoint sets

of indexes of size at mogt, associated to a decreasing rearrangement of the entries of
n € N =ker(A). Then, by using Cauchy-Schwarz inequality, the RIP twice, the fact
that An = 0, and eventually the triangle inequality, we have the following sequence of
inequalities:

Inalley < VElnally < VEInauaylley
< (1= 0r) VR Angulley = (1= 0r) T VE| Annyuagu-on. ey
-1 1+6K
< (1-0x) Wk ZIIAnA ly < 375, VE Z\lm ley-  (211)

j=2

Note now that: € A; 1 and? € A; imply by construction OfA;»s by nonincreasing
rearrangement of the entriespf

mil < [nel.
By taking the sum ovef first and than thé'-norm overi we get
-1 -1/2
’772’ <h HnAJ‘HZi\” and”n/\ﬁrl”@\’ <h / ”77AJ”€iV

By using the latter estimates in (2.11) we obtain

1+ 0k 1+6x [k
Il < o \f > Iy ( : K\@ Iacley-

The RIP property does imply the NSP, but the converse is net tatually the RIP
is significantly more restrictive.

|

2.2.3 Performances of;-Minimization as an Optimal Decoder

In this section we address the proofs of the approximation properties (2.6) and (2.7).

Theorem 2.10Let A € R™* satisfy the RIP of ordek with 5, < & < —gﬁ

(or simply A satisfies the NSP of ordérwith constanty = %g\/g < 1), then the
decoderA as in(2.5) satisfieq2.6).



Numerical Methods for Sparse Recovery 13

Proof. By Lemma 2.9 we have

1—1—5 1
Inalley < T3/ 3 Imcllp

forall A ¢ {1,...,N}, #A < kandn € N = ker A. Letz* = A(Az), so that
n=z"—z¢eN,and
la*lley < Il -

One denotes now with the set of the:-largest entries af in absolute value. One has
[2alley + llzellex < llealley + llzaclley
It follows immediately by triangle inequality

lealley = lImalley + lnaclley = lleaclley < llzalley + lleaclley-

Hence

1+46 /1
el < Ity + 2lenclg < 250 Bl + 2.

or, equivalently,
2
Inaclly < ————ou(@)yy- (2.12)

— L0 /1
15V 2

In particular, note that fod < \\f we have1+5\/7 < 1. Eventually we conclude
the estimates

||z — x*Héi\r HUAHZ{\’ + ”77AC”£{V

1+6 /1
< <m\/;+ 1) Ny

Crok(z) e,

IN

(1]
11 \/;

Similarly we address the second estimate (2.7).

whereC; :=

Theorem 2.11Let A € R™*N satisfy the RIP of ordeBk with 63, < § < ? L then
the decoder) as in(2.5) satisfieq2.7).
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Proof. Letz* = A(Ax). As we proceeded in Lemma 2.9, we dengte z*—x € N,
Ao = A the set of the B-largest entries ofy in absolute value, and; of size at most

k composed of nonincreasing rearrangement entries dhen
144, 2
Inalley < 35" 2lnacllgy-

Note now that by Lemma 2.2 and by Lemma 2.9
_1 _
Imaclley < @R)Ellllgy = 0) 72 (Inallgy + lmac ey )

< (@072 (Cllmelley + llmacley)
C+1 _
= R Yl

V2
for a suitable constar® > 0. Note that, being\ the set of the in absolute value
2k-largest entries of, one has also

||77AC||ZiV < Hn(suppx[Zk])CHZf{ < Hn(suppx[k])cuéi\r» (2.13)

where zy;, is the besth-term approximation ta.. The use of this latter estimate,
combined with inequality (2.12) finally gives

lo =2 Ny < lmaley + lmacley

Cuk™Y2||mac o

A

IN

Czk‘_l/zak (SL')Z{V .
a

We would like to conclude this section by mentioning a furtsibility property of
£1-minimization as established in [12].

Theorem 2.12 Let A € R™*" which satisfies the RIP of orddk: with d4;, sufficiently
small. Assume further thalz + ¢ = y wheree is a measurement error. Then the
decoderA has the further enhanced stability property:

Uk(x)é{\’
le = AW)lly < Cs | or@)ey + —g75 + llelley |- (2.14)

2.2.4 Random Matrices and Optimal RIP
In this section we would like to mention how, for different classes of random matrices,
it is possible to show that the RIP property can hold with optimal constants, i.e.,
m

k= —m0o——.
log N/m+1
at least with high probability. This implies in particular, that such matrices exist, they
are frequent, but they are given to us only with an uncertainty.
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Gaussian and Bernoulli random matrices

Let (©2,P) be a probability space antl a random variable o2, P). One can de-
fine a random matriXd(w), w € Q™ as the matrix whose entries are independent
realizations oft. We assume further th#rm(w)xH?N has expected vaquacH?N and

2 2

P ([lA@)ely — iy > cllzZ) <277, 0<e<1 (215)

Example 2.13 Here we collect two relevant examples for which the concentration
property (2.15) holds:

1. One can choose, for instance, the entried a i.i.d. Gaussian random variables,
Ay ~ N(0, %), andcg(e) = €2/4 — €3/6. This can be shown by using Chernoff
inequalities and a comparison of the moments of a Bernoulli random variable with
respect to those of a Gaussian random variable;

2. One can also use matrices where the entries are independent realizatiohs of
Bernoulli random variables, i.e.,

A — +1/y/m, with probability
Y| ~1/y/m, with probability 1

Then we have the following result, shown, for instance in [3].

Theorem 2.14 Suppose that», N and0 < ¢ < 1 are fixed. IfA(w),w € O™V is a
random matrix of sizen x N with the concentration propert{2.15), then there exist
constants:y, c > 0 depending o such that the RIP holds fod (w) with constant
andk < Clm with probability exceedingd — 2e~<2,

An extensive study on RIP properties of different types of matrices, for instance
partial orthogonal matrices or random structured matrices, is provided in [70].

3 Numerical Methods for Compressed Sensing

The previous sections showed thatminimization performs very well in recover-

ing sparse or approximately sparse vectors from undersampled measurements. In ap-
plications it is important to have fast methods for actually solvipgninimization

or at least with similar guarantees of stability. Three such methods — the homotopy
(LARS) method introduced in [35,67], the iteratively reweighted least squares method
(IRLS) [30], and the iterative hard thresholding algorithm [6, 7] — will be explained in
more detail below.
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As a first remark, thé;-minimization problem
min HQJHZ{V subject toAz =y (3.16)

is in the real case equivalent to the linear program

N
IHiIlZUj subjectto v >0, (Al — A =y. (3.17)
j=1

The solutionz* to (3.16) is obtained from the solutieri of (3.17) viax* = (I|—1)v*,

for I the identity matrix. Any linear programming method may therefore be used for
solving (3.16). The simplex method as well as interior point methods apply in particu-
lar [63], and standard software may be used. (In the complex case, (3.16) is equivalent
to a second order cone program (SOCP) and can be solved with interior point methods
as well.) However, such methods and software are of general purpose and one may
expect that methods specialized to (3.16) outperform such existing standard methods.
Moreover, standard software often has the drawback that one has to provide the full
matrix rather than fast routines for matrix-vector multiplication which are available for
instance in the case of partial Fourier matrices. In order to obtain the full performance
of such methods one would therefore need to re-implement them, which is a daunting
task because interior point methods usually require much fine tuning. On the contrary
the three specialized methods described below are rather simple to implement and
very efficient. Many more methods are available nowadays, including greedy meth-
ods, such as Orthogonal Matching Pursuit [78] and CoSaMP [77]. However, only the
three methods below are explained in detail because they highlight the fundamental
concepts which are useful to comprehend also other algorithms.

3.1 Direct and lterative Methods

3.1.1 The Homotopy Method

The homotopy method — or modified LARS — [34, 35, 65, 67] solves (3.16) and is a
direct method, i.e., it solves the problem exactly in a finite number of steps.
One considers thé -regularized least squares functionals

1
@) = SlAz = ylz + Alally, @ €RY, A>0, (3.18)

and their minimizers,. When\ = \is large enough themX = 0, and furthermore,
limy_,qx) = x*, wherez* is the solution to (3.16). The idea of the homotopy method
is to trace the solutiorr, from z; = 0 to xz*. The crucial observation is that the
solution path\ — =z, is piecewise linear, and it is enough to trace the endpoints of the
linear pieces.
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The minimizer of (3.18) can be characterized usingdiitadifferential[36], which
is defined for a general convex functigh: RN — R at a pointz € RY by

OF(z) = {v e RN, F(y) — F(z) > (v,y — z) forally € RV},

Clearly, z is a minimizer ofF" if and only if 0 € 0F(z). The subdifferential of/y is
given by
OJx(x) = A*(Az —y) + 20| - [y (),

where the subdifferential of thg-norm is given by
aH ' HZ:{V(':L') = {U GRN HEYAS a| ' |(3§'g),£: 17"'7N}7

with the subdifferential of the absolute value being

_ ) {sen(2)}, ifz#0,
91z = { ~1,1] ifz=0

See also Example 5.1 in Section 5.1.1 where we will repeat these concepts in more
generality. The inclusion & d.J,(z) is equivalent to

(A*(Az —y))¢ = Asgn(wy) if z, # 0, (3.19)
(A" (Az —y))e| < A if 2, =0, (3.20)

forall/=1,... N.
As already mentioned above the homotopy method starts x{fth = r; = 0.
By conditions (3.19) and (3.20) the correspondingan be chosen as = A9 =
| A*y|so. In the further stepg = 1, 2, . . . the algorithm computes minimizers?, =2 ...
and maintains an active (support) 8gt Denote by

the current residual vector. The columns of the mattixare denoted by, ¢ =
1,...,N and for a subsef C {1,...,N} we let Ay be the submatrix ofA cor-
responding to the columns indexed hy

Step 1:Let

(D .— A* = (1))

arg, max |(A7y)el = arg max leg” ]
One assumes here and also in the further steps that the maximum is attained at only one
index/. The case that the maximum is attained simultaneously at two or more indeces
£ (which almost never happens) requires more complications, which we would like to
avoid here. One may refer to [35] for such details.
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Now setA; = {¢(V}. The vectord® € R describing the direction of the solution
(homotopy) path has components

dé(n layw |32 sen((Ay),w), dY =0, £+,
The first linear piece of the solution path then takes the form

One verifies with the definition of(Y) that (3.19) is always satisfied far= z(~) and
A= A7) = A0 — 5, ~ € [0,\9]. The next breakpoint is found by determining the
maximaly = v > 0 for which (3.20) is satisfied, which is

A0 _ D) 20 (1)
4@ Z i ° R , (3.21)
) — (A*A d(l))g 1+ (A*A d( ))g

where the minimum is taken only over positive arguments. THéh= z(y(Y) =
+DdD is the next minimizer of/y for A = AW = XO — 4@ This A\ satis-

fies A = || ||. Let /@ be the index where the minimum in (3.21) is attained
(where we again assume that the minimum is attained only at one index) and put

Ay = {0 g2,

Stepj: Determine the new directioi’) of the homotopy path by solving
AxAn, d(Aﬂ) = sgn(c (”), (3.22)

which is a linear system of equations of size at mast x |A;|. Outside the com-
ponents inA; one setsdg]) = 0,¢ ¢ A;. The next piece of the path is then given
by

2(y) =20V +4d"), v e[0,4Y)].

The maximaly such thatz(y) satisfies (3.20) is

W0 i d A0 o) A+ (3.23)
T ga; | 1— (A*AdW)," 1+ (A*AdW)), '
The maximaly such thatz(+) satisfies (3.19) is determined as
4 = min{—2{Y a9}, (3.24)

ZGA]'

Both in (3.23) and (3.24) the minimum is taken only over positive arguments. The
next breakpoint is given by+Y = z(y@) with 40) = min{y\?), /P}. If 47
determines the minimum then the indéj() ¢ A; providing the minimum in (3.23) is
added to the active set,; 11 = A; U {¢Y}. If 1) = Y then the index” € A,
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is removed from the active seb; 1 = A, \ {¢9}. Further, one updates?) =
A=Y — 40), By constructiom) = [|c()]|

The algorithm stops wheA') = |c)||, = 0, i.e., when the residual vanishes,
and outputse* = z(9). Indeed, this happens after a finite number of steps. In [35] the
authors proved the following result.

Theorem 3.1 If in each step the minimum i(8.23) and (3.24) is attained in only
one index¢, then the homotopy algorithm as described yields the minimizer of the
£1-minimization problen{3.16)

If the algorithm is stopped earlier at some iteratjpthen obviously it yields the
minimizer of J, = J,(;. In particular, obvious stopping rules may also be used to
solve the problems

min ||zl subject tol| Az — ey < € (3.25)

and min||Az —yllg subject tOH:UHEiv <. (3.26)

The second of these is called tlasso[76].

The LARS (least angle regression) algorithm is a simple modification of the ho-
motopy method, which only adds elements to the active set in each step(_.j)So
(3.24) is not considered. (Sometimes the homotopy method is therefore also called
modified LARS.) Clearly, LARS is not guaranteed any more to yield the solution of
(3.16). However, it is observed empirically — and can be proven rigorously in certain
cases [34] — that often in sparse recovery problems, the homotopy method does never
remove elements from the active set, so that in this case LARS and homotopy perform
the same steps. It is a crucial point that if the solution of (3.16)}$parse and the
homotopy method never removes elements then the solution is obtained after precisely
k-steps. Furthermore, the most demanding computational part af $tefhen the
solution of thej x j linear system of equations (3.22). In conclusion, the homotopy
and LARS methods are very efficient for sparse recovery problems.

3.1.2 lteratively Reweighted Least Squares

In this section we want to present an iterative algorithm which, under the condition that
A satisfies the NSP, is guaranteed to reconstruct vectors with the same approximation
guarantees (2.6) d@s-minimization. Moreover, we will also show that such algorithm
has a guaranteed (local) linear rate of convergence which, with a minimal modification,
can be improved to a superlinear rate. We need to make first a brief introduction which
hopefully will shed light on the basic principles of this algorithm and their interplay
with sparse recovery and-minimization.
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DenoteF(y) = {x : Ax = y} andN = ker A. Let us start with a few non-rigorous
observations; next we will be more precise. Fef 0 we simply have

2

= 7.
|t]

Hence, arf;-minimization can be recast into a weighteeminimization, and we may

expect

N N
: ~ : 2y, .x—1
argmga);\%\~arg$£n]ga);%\%! ,
as soon ag* is the wanted/;-norm minimizer (see the following Lemma 3.3 for

a precise statement). Clearly the advantage of this approximate reformulation is that
minimizing a smooth quadratic functidti? is better than addressing the minimization

of the nonsmooth functioft|. However, the obvious drawbacks are that neither we
dispose ofz* a priori (this is the vector we are interested to compute!) nor we can
expect that; # O forallj =1,..., N, since we hope fok-sparse solutions. Hence,

we start assuming that we dispose of a good approximatipof | (x})2 + €2| 712 ~
|z%|~* and we compute

N
2" = arg min :Ejz-wg‘, (3.27)
zeF(y) <
7j=1
then we up-date,, 11 < ¢,, we define
witt = (@] T2+ €T (3.28)

and we iterate the process. The hope is that a proper choieg of 0 will allow

us for the computation of afy-minimizer, although such a limit property is far from
being obvious. The next sections will help us to describe the right mathematical setting
where such limit is justified.

The relationship betweené,-minimization and reweighted £,-minimization

Let us start with a characterization @Fminimizers.

Lemma 3.2 An elementz* € F(y) has minimal/;-norm among all elements €
F(y) ifand only if

1D sgn(@)nl < > |nyl, forallp e N (3.29)

Moreover,z* is unique if and only if we have the strict inequality for ale N which
are not identically zero.
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Proof. If z € F(y) has minimum¢;-norm, then we have, for any € N and any

t e R,
N N
Z |zj +tn;| > Z |z (3.30)
j=1 j=1

Fix n € N. If ¢ is sufficiently small thenc; + tn; andz; will have the same sign
sj := sgn(z;) wheneverr; # 0. Hence, (3.30) can be written as

£ s+ Y Jtn;| =0

wj;ﬁo xj:O

Choosingt of an appropriate sign, we see that (3.29) is a necessary condition.
For the opposite direction, we note that if (3.29) holds then for each NV, we
have

N
Z’wg, = Zsjwj:Zsj xj + ;) — Zsﬂb
j=1

x;7#0 x;7#0 x;7#0

< D silam)+ Y Il <l +l, (3:31)
j=1

x;7#0 z;=0

where the first inequality uses (3.29).

If = is unique then we have strict inequality in (3.30) and hence subsequently in
(3.29). If we have strict inequality in (3.29) then the subsequent strict inequality in
(3.31) implies unigueness. a

Next, consider the minimization in a weightégw)-norm. Suppose that the weight
w is strictly positivewhich we define to mean that; > Oforall j € {1,...,N}. In
this casef»(w) is a Hilbert space with the inner product

N
V) 1= ijujvj. (3.32)
=1
Define
W= i . 3.33
= arg min 1206 () (3:33)

Because thé- Héév(w)-norm is strictly convex, the minimizer” is necessarily unique;
we leave as an easy exercise thétis completely characterized by the orthogonality
conditions

(¥, )y =0, forallnec N. (3.34)

A fundamental relationship betweéprminimization and weighted,-minimization,
which might seem totally unrelated at first sight, due to the different characterization
of respective minimizers, is now easily shown.
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Lemma 3.3 Assume that* is an/1-minimizer and thatt* has no vanishing coordi-
nates. Then the (unique) solutieff of the weighted least squares problem

. : R o k| —1
¥ = arg zlem}lg/) HZHZé\’(wy w = (wy,...,wy), Wherew; := |z}|™,

coincides withr*.

Proof. Assume that:* is not the/) (w)-minimizer. Then there existg € N such
that 0< (z*, n)w = S 1Ly wim;al = Y1 n; sgn(x}). However, by Lemma 3.2 and
becauser* is an/s-minimizer, we hav@j.v:l Ut sgn(x;) = 0, a contradiction. O

An iteratively re-weighted least squares algorithm (IRLS)

Since we do not knowt*, this observation cannot be used directly. However, it leads
to the following paradigm for finding*. We choose a starting weight and solve the
weighted/>-minimization for this weight. We then use this solution to define a new
weightw?! and repeat this process. An lteratively Re-weighted Least Squares (IRLS)
algorithm of this type appeared for the first time in the approximation practice in the
Ph.D. thesis of Lawson in 1961 [53], in the form of an algorithm for solving uniform
approximation problems, in particular by Chebyshev polynomials, by means of limits
of weighted/,—norm solutions. This iterative algorithm is now well-known in classical
approximation theory as Lawson’s algorithm. In [19] it is proved that this algorithm
has in principle a linear convergence rate. In the 1970s extensions of Lawson’s al-
gorithm for £,-minimization, and in particulaf,-minimization, were proposed. In
signal analysis, IRLS was proposed as a technique to build algorithms for sparse sig-
nal reconstruction in [48]. Perhaps the most comprehensive mathematical analysis of
the performance of IRLS faof,-minimization was given in the work of Osborne [66].
However, the interplay of NSP;-minimization, and a reweighted least squares algo-
rithm has been clarified only recently in the work [30]. In the following we describe
the essential lines of the analysis of this algorithm, by taking advantage of results and
terminology already introduced in previous sections. Our analysis of the algorithm in
(3.27) and (3.28) starts from the observation that

S Y S
|t|—1111)1;%§(wt +w™),
1

the minimum being reached far = ok

a real numbet > 0 and a weight vectow € RY, withw; > 0,5 = 1,..., N, we
define

Inspired by this simple relationship, given

1
J(z,w,€) == ZZJZ"UJ]‘ + Z(ezwj + wj_l) , zeRY, (3.35)
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The algorithm roughly described in (3.27) and (3.28) can bastas an alternating
method for choosing minimizers and weights based on the functignal

To describe this more rigorously, we define forc RY the nonincreasing rear-
rangement:(z) of the absolute values of the entrieszofThusr(z); is thei-th largest
element of the sef|z;|, j = 1,..., N}, and a vectow is k-sparse if and only if

r(v)k+1 =0.

Algorithm 1. We initialize by takingu® := (1,...,1). We also setq := 1. We
then recursively define for = 0,1, ...,

2"l = arg Zg&) J(z,w", €,) = arg Zg]@/) 121l e (wm) (3.36)
and ()
€pt1 = min <en, %) , (3.37)
whereK is a fixed integer that will be described more fully later. We also defijne
w = arg gl;% T (@ w, eni1). (3.38)

We stop the algorithm it,, = 0O; in this case we defing’ := z" for £ > n.
However, in general, the algorithm will generate an infinite sequérg, < of
distinct vectors.

Each step of the algorithm requires the solution of a weiglaask squares problem.
In matrix form
" = DAY (AD, T AY) Ly, (3.39)
where D,, is the N x N diagonal matrix whosg-th diagonal entry isv} and A*
denotes the transpose of the matfix Oncex"*1 is found, the weights"* is given
by

witt = (@24 Y2 j=1,...,N. (3.40)

Preliminary results

We first make some observations about the nonincreasing rearranggmeand the
j-term approximation errors for vectorsItlY. We have the following lemma:

Lemma 3.4 The mapz — r(z) is Lipschitz continuous ofR™, || - ||,y ): for any
2,72 € RN, we have
Ir(2) = ()l < llz =2 lley - (3.41)

Moreover, for anyj, we have

|0 (2)ey — 05(2) ey | < llz = 2oy, (3.42)
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and for any.J > j, we have
(J=i)r(2)s <z = 2l + 05(2 )y (3.43)

Proof. For any pair of vectors andz’, and anyj € {1,..., N}, letAbeasetof —1
indices corresponding to the— 1 largest entries in’. Then

/ / _ . o
r(2); < max|z| < max|z] + ||z — gy = r(2); +ll2 = 2'lley - (3.44)

We can also reverse the roles:odindz’. Therefore, we obtain (3.41). To prove (3.42),
we approximate: by aj-term best approximatioz([ i € ¥ of 2/in Kf’ . Then

0j(2)ex <z = zjjlley <z =2l +05(2 ),

and the result follows from symmetry.
To prove (3.43), it suffices to note thal — j) r(z)s < 0;(2) - a

Our next result is an approximate reverse triangle inequiiitpoints inF(y). Its
importance to us lies in its implication that whenever two points' € F(y) have
close/;-norms and one of them is close t&-a&parse vector, then they necessarily are
close to each other. (Note that it also implies that the other vector must then also be
close to thak-sparse vector.) This is a geometric property of the null space.

Lemma 3.5 (Inverse triangle inequality) Assume that the NSP holds with order
and0 < v < 1. Then, for any, 2’ € F(y), we have

l+y
I = 2l < 37 (1l = el + 22y ) (3.45)

Proof. Let A be a set of indices of the largest entries ir. Then
I(z" = 2)aclley < llzhelloy + llzaelloy
12"l = Nzl + or(2)en
Iz lley + 12/ ley = 2lley = 2 lley + o (2)ey
lzalley = llzalle + 12l = llzlley + 20L(2) g
< NG = 2)allgy + 12 Moy = llzlley + 20L(2)px- (3.46)

Using the NSP, this gives

In other words,

5
Iz = 2)alley < E(HZ/HZ{V = llzlley +20L(2) ). (3.48)
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Using this, together with (3.46), we obtain

14~
12/ = 2lly = 1" = Daclley + 1 = 2Dalley < T (1l = 12l +200()):
(3.49)
as desired. O

By using the previous lemma we obtain the following estimate.

Lemma 3.6 Assume that the NSP holds with ordeland 0 < v < 1. Suppose that
F(y) contains anL-sparse vector. Then this vector is the uniglygeminimizer in
F(y); denoting it byz*, we have moreover, for all € F(y),

1-—
Proof. We may immediately see that is the unique/;-minimizer, by an application

of Theorem 2.10. However, we would like to show this statement below, as conse-
guence of the inverse triangle inequality in Lemma 3.5. For the time being, we denote
the L-sparse vector itF (y) by z;.

Applying (3.45) withz’ = v andz = x5, we find

1+~
o= slley < T el = llzslley ]

sincev € F(y) is arbitrary, this implies thdt””@f — Hxsﬂzi\r > Oforallv € F(y), so
thatz, is anfis-norm minimizer inF(y).

If 2 were another/;-minimizer in F(y), then it would follow thatHx’H,fiv =
Il and the inequality we just derived would imply’ — x|~ = 0, ora’ = .
It follows that =5 is the unique/i-minimizer in F(y), which we denote by:*, as

proposed earlier.
Finally, we apply (3.45) with’ = z* andz = v, and we obtain

1+v, . 1+~
E(Hw ey = llolley + 20L(v)v) < 21_70L(”)4Va

where we have used tifg-minimization property ofc*. a

lo — 2% <

Our next set of remarks centers around the functignalefined by (3.35). Note
that for eacm = 1,2, ..., we have

A R (3.51)

Mz

1
'-7( mr , W En—l—l

]:1
We also have the following monotonicity property which holds fomajt O:

J(a:"“,w"“, €nt+1) < J(:E"H,w", €nt1) < J(a:"“,w”, en) < J (2", w", €p).
(3.52)
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Here the first inequality follows from the minimization propethat definesw”t?,
the second inequality from, 1 < €,, and the last inequality from the minimization
property that defines”*. For eachn, 2”1 is completely determined by™; for

n = 0, in particular,z! is determined solely by,°, and independent of the choice
of 20 € F(y). (With the initial weight vector defined by = (1,...,1), zt is the
classical minimun?z-norm element ofF (y).) The inequality (3.52) forn = 0 thus
holds for arbitrary:® € F(y).

Lemma 3.7 For eachn > 1 we have
™|y < T (2t 0®, e0) =: A (3.53)

and
wi > A j=1...,N. (3.54)

Proof. The bound (3.53) follows from (3.52) and

N
la"llgy < SM@? + M2 = T (@ w, ).
j=1

The bound (3.54) follows from
(wi) ™t = [(@})? + G2 < T (@ w" en) < A,

where the last inequality uses (3.52). a

Convergence of the algorithm

In this section, we prove that the algorithm converges. Our starting point is the follow-
ing lemma that establishés™ — 2" *1) — 0 forn — oc.

Lemma 3.8 Given anyy € R™, thex™ satisfy
Dl a3y < 242 (3.55)
2
n=1

where A is the constant of Lemn&7. In particular, we have

lim (z" — 2"*1) = 0. (3.56)

n—~00

Proof. Foreachn = 1,2,..., we have
21T (2" w", ) — T (™ w6 0] 20T (2" ", en) — T (@™ ", €n)]
:L,n’ xn>w" - <xn+1’ xn+l>w"

{
<xn + xn—l—l’xn . xn+l>

WV

wn
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— <xn o xn—l—l n__ wn+1>

y L w™
= Sl - oty
> A" — "Gy, (3.57)

where the third equality uses the fact thfat+t 2" — 2"*+1) ,» = 0 (observe that
"t — 27 € N and invoke (3.34)), and the inequality uses the bound (3.54) on the
weights. If we now sum these inequalities owel 1, we arrive at (3.55). a

From the monotonicity ot,,, we know thate := lim,,_. €, exists and is non-
negative. The following functional will play an important role in our proof of conver-
gence:

z +e 1/2 (3.58)

Mz

Jj=1

Notice that if we knew that:™ converged tor then, in view of (3.51),f.(z) would
be the limit of 7 (2", w", €,). Whene > 0 the functionalf. is strictly convex and
therefore has a unique minimizer

x° :=arg min f.(z). (3.59)
z€F(y)

This minimizer is characterized by the following lemma:

Lemma 3.9 Lete > 0andz € F(y). Thenz = z¢ if and only if (2, 1) (.,) = O for
all n € N, wherew(z, e); = [22 + €2]71/2,

Proof. For the “only if” part, letz = 2 andn € N be arbitrary. Consider the analytic
function

Ge(t) == fe(z +tn) — fe(2).

We haveGZ(0) = 0, and by the minimization property.(¢) > Ofor allt € R. Hence,
G.(0) = 0. A simple calculation reveals that

N iz

=Y L =z
EE (2,€)>

j:lz -I-e 122 + €212

which gives the desired result.
For the “if” part, assume that € F(y) and

(2,M) (2, = 0foralln e N, (3.60)
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wherew(z, ) is defined as above. We shall show thas a minimizer off. on F(y).
Indeed, consider the convex univariate functiof+ €2]%/2. For any pointug we have
from convexity that

211/2

[? + &) 12

> [u3 + Y2 + [ud + 62]_1/2u0(u — up), (3.61)
because the right side is the linear function which is tangent to this functiog it

follows that for any point € F(y) we have

fev) = fe +Zz+e TY22(vj=2) = f(2)+(2,0=2) a0 = fel2), (3.62)

7j=1

where we have used the orthogonality condition (3.60) and the fact thatis in \V.
Sincev is arbitrary, it follows that: = 2*, as claimed. O

We now prove the convergence of the algorithm.

Theorem 3.10Let K (the same index as used in the update Bl&7) be chosen so
that A satisfies the Null Space Property of ordéy with v < 1. Then, for eachy €
R™, the output of Algorithm 1 converges to a vectowith r(z) g1 = N limy, . €,
and the following hold:

@) If e = lim,, .~ €, = 0, thenZz is K-sparse; in this case there is therefore a unique
(1-minimizerz*, andz = z*; moreover, we have, fdr < K, and anyz € F(y),

o
2~ ally < cou()ers withe = &jj) (3.63)

(i) If e = limy, o €, > 0O, thenz = z;
(i) In this last case, ify satisfies the stricter boung < 1 — K%rz (or, equivalently, if
1% < K), then we have, for alt € F(y) and anyk < K — 1 that

2(1+7)

e (3.64)

HZ—CZ'HZ{v <50k(z)zi\r, with ¢ :=

As a consequence, this case is excluded (if) contains a vector of sparsity <

2y
K_m.

Note that the approximation properties (3.63) and (3.64) are exactly of the same order
as the one (2.6) provided ly-minimization. However, in generat,is not necessarily
an/1-minimizer, unless it coincides with a sparse solution.

The constant can be quite reasonable; for instancey K 1/2 andk < K — 3, then

we haver < Qﬁ—j/ < 27.
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Proof. Note that since,, 11 < ¢,, thee,, always converge. We start by considering the
casec := lim,,_,o, €, = 0.

Casee = 0: In this case, we want to prove that converges , and that its limit
is an/;-minimizer. Suppose that, = 0 for someno. Then by the definition of the
algorithm, we know that the iteration is stoppediat ng, andz™ = z™, n > no.
Thereforez = z™0. From the definition ot,,, it then also follows that(z™0 )11 =0
and sox = x"o is K-sparse. As noted in Lemma 3.6, iffé-sparse solution exists
when A satisfies the NSP of ordét with v < 1, then it is the uniqué;-minimizer.
Thereforez equalsz*, this unique minimizer.

Suppose now that, > O for all n. Sincee,, — 0, there is an increasing sequence
of indices(n;) such thak,,, < ¢,,_1 for all i. By the definition (3.37) ofe,, )nen, We
must haver(z") k11 < Nep,—1 for all i. Noting that(z"),cn is @ bounded sequence,
there exists a subsequengg) jen of (n;)ien Such that(a?7) ;< converges to a point
z € F(y). By Lemma 3.4, we know that(z?7) 11 converges to(z) x+1. Hence we
get

T(%)K_H_ = lim T(ij)K+1 < .lim Nepj_l = O, (365)
J—00 J—

which means that the support-width ©fis at mostk, i.e. z is K-sparse. By the
same token used above, we again have that =*, the uniquel;-minimizer. We
must still show thatz™ — z*. Sincez?” — z* ande,, — 0, (3.51) implies
T (xPi,wPi e, ) — \|x*||€iv. By the monotonicity property stated in (3.52), we get
J (™ w" €e,) — Hx*”zi\r. Since (3.51) implies

j(xn’wn’en) - Nﬁn < HanEi\f < j(xn’wnaen)a (366)

we obtaion”M — Hx*Hé{v. Finally, we invoke Lemma 3.5 with’ = z", 2 = z*,
andk = K to get

limsup [a” — oy < 72 (Jim la"liy ~ |7l ) =0, (367)
which completes the proof that" — x* in this case.

Finally, (3.63) follows from (3.50) of Lemma 3.6 (with = K), and the observation
thato,(z) > o, (2) if n < n'.

Casee > 0: We shall first show that™ — z¢, n — oo, with ¢ as defined by
(3.59). By Lemma 3.7, we know thét™)>°, is a bounded sequenceli!’ and hence
this sequence has accumulation points. (2€%) be any convergent subsequence of
(™) and letz € F(y) be its limit. We want to show that = x¢.

Sincew? = [(z7)% + €]7/2 < %, it follows thatlim; o w}' = [(Z;)? +
?]7Y2 = w(7,¢€); =t w;, j = 1,..., N. On the other hand, by invoking Lemma 3.8,
we now find that:+1 — Z, i — oo. It then follows from the orthogonality relations
(3.34) that for every; € N, we have

@,n)g = lim (z" T n)yn = 0. (3.68)

1— 00
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Now the “if” part of Lemma 3.9 implies thai = x¢. Hencex€ is the unique accumu-
lation point of (z™),en and therefore its limit. This establishes (ii).
To prove the error estimate (3.64) stated in (iii), we first note that foraayF (y),
we have
lalley < fe(@) < fel2) < |l2lly + Ne, (3.69)

where the second inequality uses the minimizing property: oHence it follows that
H:EEHZ{V - \|z||£iv < Ne. We now invoke Lemma 3.5 to obtain

) 1+
€ — 2l < r::[Ne—l— 204(2) ] (3.70)

From Lemma 3.4 and (3.37), we obtain
Ne = lim Ne, < lim r(2") 41 = r(x) k41 (3.71)

It follows from (3.43) that

(K+ 1- k:)Ne < (K +1-— k)?”(xe)K_H_
< ot = 2l + on(2)ey
1+
< T WNer2Ggltat)y,  B72)

where the last inequality uses (3.70). Since by assumptioR owe haveK — k >
2L, ie. K +1—k > 2, we obtain

2K — k) +3
Ne+ ZU]C(Z)Z{V < m O'k(Z)é:]L\f.
1—

Using this back in (3.70), we arrive at (3.64).

Finally, notice that if7(y) contains &-sparse vector (with < K — %), then we
know already that this must be the unig@ieminimizer x*; it then follows from our
arguments above that we must have 0. Indeed, if we had > 0, then (3.72) would
hold for z = z*; sincex™ is k—sparseak(ac*)giv = 0, implyinge = 0, a contradiction
with the assumptiom > 0. This finishes the proof.

|

Local linear rate of convergence

It is instructive to show a further very interesting result concerning the local rate of
convergence of this algorithm, which makes heavy use of the NSP as well as the op-
timality properties we introduced above. One assumes herefthgt contains the
k-sparse vector*. The algorithm produces the sequendée which converges ta*,

as established above. One denotes the (unknown) support lofstherse vectar™ by

A.
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We introduce an auxiliary sequence of error vecigrs N vian™ := 2™ — z* and
En = 1"l = [l2" = 2"l

We know thatE,, — 0.
The following theorem gives a bound on the rate of convergende, @b zero.

Theorem 3.11 Assumed satisfies NSP of ordeK with constanty such thaD < v <
1- Suppose that < K — ,0<p<landO<y<1-— K%rz are such

that i ) L
Y147y
NG 0N I S R |
r=, <+K+1—k><

Assume thatF(y) contains ak-sparse vector:* and letA = supp(z*). Letng be
such that

K+2

Ep, < R":= p min |z]]. (3.73)
JEA

0

Then for alln > ng, we have
Eps1 < p By (3.74)

Consequently™ converges ta:* exponentially.

Proof. We start with the relation (3.34) with = w”, 2% = 2"t! = 2* + »"*1, and
n = z"tt — 2* = ™1 which gives

N

1 1
> 0y ey =0,
j=1

Rearranging the terms and using the fact tiais supported om\, we get

;L'*

N
n+112, n __ * n+1 n__ J n+1
]Z::lmj |wj - Zaz - Z[( ) +€2]1/277J ) (3.75)

JEA JEA

Prove of the theorem is by induction. One assumes that we have shipwh R*
already. We then have, for glle A,

< " ley = Bn < plajl

so that

|7 751 gl 1

[(@7)2 + 22 = Ja] - Jaf+up) ~ 1—p
and hence (3.75) combined with (3.76) and NSP gives

, (3.76)

N
1,2 1
Sy < ey < Iy
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At the same time, the Cauchy-Schwarz inequality combinel thi¢ above estimate
yields

2 2. 2912
Ity < D0 R | Do @)+ el

JEA® JEA®
N
< Ry | D 12+ )
j=1 jeAe
< g I g (Wl + New) (3.77)

If it = 0, thenz} 7' = 0. In this caser™*! is k-sparse and the algorithm has
stopped by def|n|t|on since”*! — 2* is in the null space\V/, which contains nd-
sparse elements other than 0, we have already obtained the saliitibn= z*. If
nit # 0, then after canceling the factﬂmleugiv in (3.77), we get

1 g
I ey < 2 (Il + Nea)

and thus
n n YL+7) (1on
I Mg = I g IR g < @bl Mg < T2 (Il + New).
(3.78)
Now, we also have by (3.37) and (3.43)
Ne, < r(a”) L (o — ol 4+ o)) = o2 (379
€En X K+1\K+l 2 gN Op\T éiv_K—l—l—k?’ .

since by assumptiosy (z*) = 0. This, together with (3.78), yields the desired bound,

n+1 <’7(1+7) 1 1 n — uE
Iy < T2 (14 g ) Il = B

In particular, since: < 1, we haveFE,, 11 < R*, which completes the induction step.
It follows that E,, . 1 < pE, for all n > ng. O

En+l =

A surprising superlinear convergence promotingl.-.-minimization for = < 1

The linear rate (3.74) can be improved significantly, by a very simple modification of
the rule of updating the weight:

2—T

w?+l:(($?+l)2+e%+1> ., j=1...,N, forany0< 7 <1
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This corresponds to the substitution of the functidnwith

-7

T T
w

T N al 2—7 1
2 2 -
Tr(z,w,e) = > szwj—kz €“wj + 7 ,
i=1 i=1 H
ze RN w e RY e e Ry.

Surprisingly the rate of local convergence of this modified algorithm is superlinear;
the rate is larger for smaller, increasing to approach a quadratic regime as 0.
More precisely the local errdt,, := |[z" — 2*[|]y satisfies

Epp1 < p(y, 7)E;T, (3.80)

wherep(v,7) < 1 for~ > 0 sufficiently small. The validity of (3.80) is restricted
to 2" in a (small) ball centered at*. In particular, ifz° is close enough te* then
(3.80) ensures the convergence of the algorithm tdcteparse solutio:*. We refer
the reader to [30] for more details.

Some open problems

1. In practice this algorithm appears very robust and its convergence is either linear
or even superlinear when properly tuned as previously indicated. However, such guar-
antees of rate of convergence are valid only in a neighborhood of a solution which is
presently very difficult to estimate. This does not allow us yet to properly estimate the
complexity of this method.

2. ForT < 1 the algorithm seems to converge properly whes not too small, but
when, sayy < 0.5, then the algorithm tends to fail to reach the region of guaranteed
convergence. Itis an open problem to very sharply characterize such phase transitions,
and heuristic methods to avoid local minima are also of great interest.

3. While error guarantees of the type (2.6) are given, it is open whether (2.7) and
(2.14) can hold for this algorithm. In this case one expects that the RIP plays a relevant
role, instead of the NSP, as we show in Section 3.1.4 below.

3.1.3 Extensions to the Minimization of Functionals with Total Variation Terms

In concrete applications, e.g., for image processing, one might be interested in recov-
ering at best a digital image provided only partial linear or nonlinear measurements,
possibly corrupted by noise. Given the observation that natural and man-made images
can be characterized by a relatively small number of edges and extensive, relatively
uniform parts, one may want to help the reconstruction by imposing that the interest-
ing solution is the one which matches the given data and also has a few discontinuities
localized on sets of lower dimension.

In the context otompressed sensirag described in the previous sections, we have
already clarified that the minimization é{-norms occupies a fundamental role for the



34 M. Fornasier

promotion of sparse solutions. This understanding fursigireimportant interpreta-

tion of total variation minimizationi.e., the minimization of th&.*-norm of deriva-

tives [72], as a regularization technique for image restoration. The problem can be
modelled as follows; lef2 ¢ R?, for d = 1,2 be a bounded open set with Lipschitz
boundary, and{ = L?(Q2). Foru € L} (Q)

loc

V(u,Q) :=sup {/ udivpdr : ¢ € [C’cl(ﬂ)]d,H(pHOO < 1}
Q

is the variation ofu, actually in the literature this is called in a popular way tbel
variation of u. Further,u € BV (Q2), the space of bounded variation functions [1, 38],
if and only if V(u,Q) < oco. In this case, we denote(u)|(2) = V(u,Q). If

u € WH(Q) (the Sobolev space df'-functions with L!-distributional derivatives),
then|D(u)|(?) = [, |Vu|dz. We consider as in [16,81] the minimization i/ ()

of the functional

T (u) = ||Ku — g[|32(q) + 20 |D(u)] (), (3.81)

where K : L?(Q) — L?(Q) is a bounded linear operatay, € L?(2) is a datum,
anda > 0 is a fixedregularization parameter Several numerical strategies to effi-
ciently perform total variation minimization have been proposed in the literature, see
for instance [15, 26,49, 68, 83]. However, in the following we will discuss only how to
adapt an iteratively reweighted least squares algorithm to this particular situation. For
simplicity, we would like to work in a discrete setting [32] and we refer to [16, 44] for
more details in the continuous setting.

Let us fix the main notations. Since we are interested in a discrete setting we define
the discreted-orthotopeQ = {a1 < ... < aj } x ... x {zf < ... <% } C RY,
d € N and the considered function spacesHre- RV1*N2x--xNa \whereN; € N for
i=1,...,d. Foru € H we writeu = u(z;);jez With

d
7= [{1....,Ne}
k=1

and
1 d )

u(zy) = u(x;,. .., 7,

wherei, € {1,..., Ni}. Then we endow+ with the Euclidean norm

1/2 1/2
[ully = [lull2 = (Z\u(xi)\2> = (Z |u(x)\2> .

ez z€Q
We define the scalar product ofv € H as

(w, o) =Y ulws)o(),

ieZ



Numerical Methods for Sparse Recovery 35

and the scalar product pf ¢ € H¢ as
<p7 q>'Hd = Z(p(xl)v Q(xi»Rd?
ieT
with (y, 2)ga = 301 y;2; for everyy = (y1,...,ya) € RYandz = (21,...,2q) €
R?. We will consider also other norms, in particular

1/p
Jullp, = (Z \U(wi)!”> , 1<p<oo,

icT
and

[ufloo = sup [u(;)].
ieZ

We denote the discrete gradievit: by

(Va)(@i) = (V) (), ..., (Vu)(23)),
with
Z-ll,...,ajzj+1,...,x§ld) —u(:ﬁill,...,:nj- ,...,:Ugld) ifi; < IV

0 if i; = N,

u(x

(Vu) (z;) = {

forallj =1,... ,dandforalli = (i1,...,15) € Z.
Lety : R — R, we define forw € H¢

P(lwD(©) =Y ellwl@)) =Y e(lw(z)))

i€z e

wherely| = \/yf + ...+ ys. In particular we define thimtal variationof u by setting
o(s) = sandw = Vu, i.e.,

|Vul (22 Z |Vu(z;)| = Z |Vu(z

ieZ z€Q

For an operatofs we denotek* its adjoint. Further we introduce tttBscrete diver-
gencediv : H¢ — H defined, in analogy with the continuous setting,diy = —V*
(V* is the adjoint of the gradieri¥’). The discrete divergence operator is explicitly
given by

pl(acill, .. ,xfd) —pl(acill_l, e ,wgd) ifl<ig< N
(divp)(z;) = pl(:nill, e ,xldd) ifip=1
—pl(l’g'l_l, ce ,:L'gd) if ’il = Nl
pd(aczll, ,xfd) — pd(acill, ... ,xfd_l) ifl <ig< Ny
+...+ pd(acill, .. ,xfd) ifig=1
1 d

—pd(l’il, e 7$id—1) If id = Nd,
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for everyp = (p*,...,p%) € H% and for alli = (iy,...,iq) € Z. (Note that if we
considered discrete domaiftsvhich are not discreté-orthotopes, then the definitions

of gradient and divergence operators should be adjusted accordingly.) We will use the
symbol 1 to indicate the constant vector with entry values 1 andolindicate the
characteristic function of the domain C 2. We are interested in the minimization of

the functional

T (u) := | Ku — gl + 2|V (u)] (), (3.82)

whereK € L('H) is alinear operatoy € H is a datum, and: > 0 is a fixed constant.
In order to guarantee the existence of minimizers for (3.82) we assume that:

(C) J is coercive inH, i.e., there exists a constafit > 0 such tha 7 < C} :=
{ueH:J(u) <C}isbounded irH.

It is well known that if 1¢ ker(K) then condition (C) is satisfied, see [81, Proposition
3.1], and we will assume this condition in the following.

Similarly to (3.35) for the minimization of th& -norm, we consider the augmented
functional

J(u,w) = |Ku— g||3+ a (Z w(z)|Vu(z)|? + i) . (3.83)

€S w(x)

We used again the notatiQfi with the clear understanding that, when applied to one
variable only, it refers to (3.82), otherwise to (3.83). Then, as the IRLS method for
compressed sensing, we consider the following

Algorithm 2. We initialize by takingw® := 1. We also set > ¢ > 0. We then
recursively define fon = 0,1, ...,

= i " 3.84
w = argmin 7 (u, w") (3.84)

and
w"™:=arg  min T w). (3.85)

e<w;i<l/e,ieT

Note that, by considering the Euler-Lagrange equation84§3s equivalent to the
solution of the following linear second order partial difference equation

div (w"Vu) — gK*(Ku —g) =0, (3.86)
a

which can be solved, e.g., by a preconditioned conjugate gradient method. Note that
e < w! < 1/e,i € T and therefore the equation can be recast into a symmetric
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positive definite linear system. Moreover, as perhaps afreagected, the solution to
(3.85) is explicitly computed by

1
w't! = max (E,min (W, 1/5)) )

For the sake of the analysis of the convergence of this algorithm, let us introduce the
following C* function (i.e., it is continuously differentiable):

1, =«
— - 0<z<L
25z + 5 <z<e¢
Pe(2) =1 2 e<z<1/e
13 2 1
— — > .
5 —1—25 z>1/e
Note that
Pe(2) = |2,
and

|z| = lir%cpa(z), pointwise.
E—>

We consider the following functional:

Te(u) = || Ku = g[|3 + 200 (|V (u)])(©2), (3.87)
which is clearly approximating’ from above, i.e.,
Je(u) > J(u), and lir%jg(u) = J(u), pointwise. (3.88)

Moreover, sincg/ is convex and smooth, by taking the Euler-Lagrange equations, we
have that.. is a minimizer for7. if and only if

/
diy ((£=VWIG, ) - 2K (Ku—g) = 0, (3.89)
|Vul a

We have the following result of convergence of the algorithm.

Theorem 3.12 The sequence.™),cn has subsequences that converge to a minimizer
ue = u® of J.. If the minimizer were unique, then the full sequence would converge
to it.

Proof. Observe that

j(un’wn) . j(un+17wn+l) — (j(un’wn) . j(un—l—l’wn))
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Therefore7 (u™,w™) is a nonincreasing sequence and moreover it is bounded from
below, since

1
inf 24y~ _]>0
it (gwmwm ¥ w($)> >
This implies that7 (u™, w™) converges. Moreover, we can write
By = c(w"(x),|[Vu(2)]) - c(w" (@), [Vu (),
e

wherec(t, z) = tz? + % By Taylor’s formula, we have

0
n+172)+ C(wn—i-l

ot

for £ € conv(w™, w"*?) (the segment between” andw™*1). By definition ofw"*1,
and taking into account that< w" 1 < % we have

c(w", z) = c(w

aC n n n n
E(w +17 \Vu +1(‘T)D(w —w +l) > 07
andg_ig(tz) = % > 223 foranyt < 1/e. This implies that

j(un’wn) o j(un—l—l’wn—l—l) > B, > 532 ’wn(x) _ wn—l—l(x)’Z’
€S

and since7 (u™, w") is convergent, we have
lw™ = w" |2 — 0, (3.90)

for n — oco. Sinceu™*? is a minimizer of 7 (u, w") it solves the following system of
variational equations

0 = 3 (i) Vol + 2ot ) @

for all ¢ € H. Therefore we can write

Z <w"+qun+l(w) -Vo(z) + g(Kun—Irl — g)(w)Kgp(x))

ze)
= > (W —w")Vu"H(z) - Ve(x),
e

and

Z (w"+1Vu"+1(w) -Vo(z) + S(KUN—H — g)(w)Kgp(x)) ‘

e
< = w2 V|2l Ve 2-
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(IVur+))

- . . /
By monotonicity of(7 (u"*1, w"*1)),,, and sincas™*! = “"jwnﬂ‘ , we have

j(u17w0) > j(un+1,wn+1) — ja(un—i-l) > j(un+l) > C]_’VU‘(Q) > Cz”VUn+1”2.

Moreover, since7. (u"*1) > J(u"*1) andJ is coercive, by condition (C), we have
that [|u"*2||, and ||[Vu"*1||, are uniformly bounded with respect to Therefore,
using (3.90), we can conclude that

Z <w”+1Vun+l($) -Vo(x) + S(Kum'l — g)(m)Kgp(m)) '

zef)

< "™t = w2l Va2l V2 — O,

for n — oo, and there exists a subsequerig€’= 1), that converges ifi{ to a func-

tion u™. Sincew™ 1 = %m, and by taking the limit fokk — oo, we obtain
that in fact ) 5
div (2D g - SK*(Ku™® — g) =0, (3.92)
|Vu>]| a
The latter are the Euler-Lagrange equations (3.89) associated to the funcficarad
thereforeu™ is a minimizer of7.. a

It is left as a — not simple — exercise to prove the followingutes One has to
make use of the monotonicity of the approximation (3.88), of the coercivenegs of
(property (C)), and of the continuity Qf.. See also [25] for more general tools from
so-calledl’-convergencdor achieving such variational limits.

Proposition 3.13 Let us assume thdt;, ), is a sequence of positive numbers mono-
tonically converging to zero. The accumulation points of the sequen¢é, of mini-
mizers of7;, are minimizers of7.

Let us note a few differences between Algorithm 1 and Algorithm 2. In Algorithm
1 we have been able to establish a rule for up-dating the paramateording to the
iterations. This was not done for Algorithm 2, where we considered the limit ferO
only at the end. It is an interesting open question how can we simultaneously address
a choice of a decreasing sequerieg),, during the iterations and show directly the
convergence of the resulting sequence to a minimizer.of

3.1.4 Iterative Hard Thresholding

Let us now return to the sparse recovery problem (2.8) and address a new iterative
algorithm which, under the RIP faof, has stability properties as in (2.14), which are
reached in a finite number of iterations. In this section we address the following
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Algorithm 3. We initialize by takingz® = 0. We iterate
2" = Hy, (2" + A% (y — Az™)), (3.93)

where
Hy () = 2k, (3.94)

is the operator which returns the bésterm approximation ta:, see (2.3).

Note that ifx* is k-sparse andlz™ = y, thenz* is a fixed point of
¥ =Hy(z" + A" (y — Az™)).
This algorithm can be seen as a minimizing method for the functional
I (@) = lly = Az|lgy + 202y, (3.95)

for a suitableaw = «(k) > 0 or equivalently for the solution of the optimization
problem

min ||y — Az||%y subject to]|z|[,x < k.
xT 2 0

Actually, it was shown in [6] that if|A| < 1 then this algorithm converges to a
local minimizer of (3.95). We would like to analyze this algorithm following [7] in

the caseA satisfies the RIP. We start with a few technical lemmas which shed light
on fundamental properties of RIP matrices and sparse approximations, as established
in[77].

Lemma 3.14 For all index setsA € {1,..., N} and all A for which the RIP holds
with orderk = |A|, we have

[ ARy lley < (14 0%)l1Ylley (3.96)
(1= d1)?|zalley < [1ARAAZAlly < (14 0k)%allyy, (3.97)

and
I — AR An)zally < Gfllzalley- (3.98)

Furthermore, for two disjoint setd; and A, and all A for which the RIP holds with
orderk = |A|, A=A UA;,

14K, Arsenallgy < 6fllzalley- (3.99)

Proof. The proof of (3.96)-(3.98) is a simple exercise, and it is left to the reader. For
(3.99), just note thatd} A,, is a submatrix ofA}  , Aa,ur, — I, and therefore
AR, A, || < 1T — AR, Ua,Anun, || One concludes by (3.98). O
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Lemma 3.15 Suppose the matrix satisfies the RIP of ordér with constanty;, > O.
Then for all vectorse, the following bound holds

(]| o
[Az[lpy < (14 6k) | lzlley + iz | (3.100)

Proof. In this proof we consideR” as a Banach space endowed with several different
norms. In particular, the statement of the lemma can be regarded as a result about the
operator norm ofi as a map between two Banach spaces. Forasef1,2,..., N},

we considengé\ the />-norm unit ball of vectors supported ik and we define the
convex set

S = conv U B%\ c RV,
[A|<k

The setS can be considered the unit ball of a nojim||s on R, and the upper bound
of the RIP property a statement about the normidfetweensS := (R || - ||s) and
5= (5]l - lley), i-e., (with & slight abuse of notation)

1Alls—ey = max Azl < (1+ o).
Let us define a second convex body,

”xHZf’

and we consider, analogously (and with the same abuse of notation), the operator norm
| Allxcey = max | Axly.
The content of the lemma is in fact the claim that

A& ey < [1Alls— ey

To establish this point it is sufficient to check thidt C S. To do that we prove the
reverse inclusion of the polar sets, i.e.,

S° C K°.
We recall here that the polar set@fc RV is

0° = {y : sup(z,y) < 1}.
z€Q
If 2 is convex tharf2°° = Q2. Moreover, the norm associated to a convex bQdyan
also be expressed by

|z]lq = sup (z,y).
yeN°
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In particular, the norm with unit balf° is easily calculated as

|z]|se = max ||zall2.
[AI<k

Now, consider a vector: in the unit ball.S° and letA be the support of thé-best
approximation ofr. We must have

1
[zaclloo < N

otherwise|z;| > ﬁ forall j € A, but then|z|sc > |lzall2 > 1, a contradiction.
Therefore, we can write

1
T =xp+xAc € Byn + —B)~.
4 \/E 2N
But the set on the right-hand side is precis&ly since
) = ol = llely +
pepe YT =TI = T T
= sup (z,y)+ sup (z,2)= sup (2,y).
yEBgé\r Zekl_l/sz& yeBzé\H—kl—l/sz&
In summaryS° C K°. a

Lemma 3.16 For any = we denotez*l = x — ), whereay, is the bestk-term
approximation tar. Let

If A has the RIP of ordek, then the norm of the erra¥ can be bounded by

N Uk(x)eiv
elley < (X+0k) | or(x) ey + NG + llellgy - (3.101)
Proof. Decomposer = zy; + z!¥l andé = Azl¥ + e. To compute the norm of the
error term, we simply apply the triangle inequality and Lemma 3.15. a

After this collection of technical results, we are able tabksh a first convergence
result.

Theorem 3.17 Let us assume that = Az + e is a noisy encoding of via A, where
z is k-sparse. IfA has the RIP of ordeBk and constant3, < \/% then, at iteration
n, Algorithm 2 will recover an approximation™ satisfying

Iz = 2"l < 27"l + Sllelly- (3.102)
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n* = |lo W (3.103)
~ %2 \ ey |

iterations, the algorithm estimateaswith accuracy

Furthermore, after at most

Iz =" lly < Blely- (3.104)

Proof. Let us denote” := 2" + A*(y — Aa™), r™ = x — z", andA™ := supp(r").
By triangle inequality we can write

n+1

AN Héé\’ < [lzpnss = ZXnHHng al B ZXnHHééV-

o — 2™y =z~

By definitionz"*1 = H, (2") = z[(:]). This implies

H:J;Xﬁl — ZXnH”zéV < |lzpn+s — ZX”“”%V’

and
| — 37”“”@’ < 2|zpnr — ZXnH”zéV'

We can also write
ZXn+l — xXn+l + A*A7L+1Arn + Azn+le-
We then have

& — 2™y

IN

2”(]}'An+1 — Z'XHH — ARHHATH — A*An+1€“éév

A

2| = Apnr Apnsn)r" [y + 20| Ajmia Apmyamsar” [l gy

T 2| A el

Note that|A”| < 2k and thatA"*1 U A"| < 3k. By an application of the bounds in
Lemma 3.14, and by using the fact tldaf < 3, (note that a B-sparse vector is also
3k-sparse)

Iy < 203 [l + 2036l posa ey + 201+ 820) lelly
MoreoverHanHHgév + ern\AnHH@ < \/QHT”H@. Therefore we have the bound
I gy < 2V263 1"l gy + 21+ b3 el

By assumptions?, < —= and 2v/26%, < 3. (Note that here we could simply choose

V32
any valueﬁgk < % and obtain a slightly different estimate!) Then we get the recursion

Iy < 27" gy + 207l
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which iterated (note that® = 0 and 2175 ;2™ < 4.34) gives

[P gy < 27"l + 4.34 el

This is precisely the bound we were looking for. The rest of the statements of the
theorem is left as an exercise. 0

We have also the following result.

Corollary 3.18 Let us assume thgt= Ax + e is a noisy encoding of via A, where
z is an arbitrary vectorlf A has the RIP of ordeBk and constant3, < \/% then, at
iteration n, Algorithm 2 will recover an approximation™ satisfying

n| < 2n 6 k(e 3.105
o ="l <2 "laly +6 [ anlohy + 5+ lelly ). (3209

S P L (3.106)
~ %2\ Tlelly '

iterations, the algorithm estimataswith accuracy

Furthermore, after at most

Y| <7 7H)ey 3.107
ool <7 ouony + ey ) @307

Proof. We first note
= 2"y < on(@)gy + e — 2" [ley-

The proof now follows by boundinf;,; — x””eév. For this we simply apply Theorem

3.17 toxy, with € instead ofe, and use Lemma 3.16 to bouﬁéugév. The rest is left
as an exercise. O

A brief discussion

This algorithm has a guaranteed error reduction from the very beginning of the itera-
tion, and it is robust to noise, i.e., an estimate of the type (2.14) holds. Moreover, each
iteration costs mainly as much as an applicatioaldfl. At first glance this algorithm

is greatly superior with respect to IRLS; however, we have to stress that IRLS can
converge superlinearly and a fine analysis of its complexity is widely open.

4  Numerical Methods for Sparse Recovery

In the previous chapters we put most of the emphasis on finite dimensional linear prob-
lems (also of relatively small size) where the model mattikas the RIP or the NSP.
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This setting is suitable for applications in coding/decgdom compressed acquisition
problems, hence from human-made problems coming from technology; however it
does not fit many possible applications where we are interested in recovering quanti-
ties from partial real-life measurements. In this case we may need to work with large
dimensional problems (even infinite dimensional) where the model linear (or nonlin-
ear) operator which defines the measurements has not such nice properties as the RIP
and NSP.

Here and later we are concerned with the more general setting and the efficient
minimization of functionals of the type:

T (w) = [ Ku = yl§ + 2| ((w, oa)aezlley oz (4.108)

whereK : X — Y is a bounded linear operator acting between two separable Hilbert
spacesX andY’, y € Y is a given measurement, aid:= (1)) ¢z is @ prescribed
countable basis foX with associated duall := (¢))aez. For 1 < p < oo, the

sequence normjully, 7)== (X rer |u>\|pa>\)1/p is the usual norm for weightegt
summable sequences, with weight= (a))xer € }R_{, such thatay > a > 0.
Associated to the basis, we are given the synthesisimafy(Z) — X defined by

Fu:=>Y uzpr, uelp(I). (4.109)
NeT

We can re-formulate equivalently the functional in terms of sequencés(1n as
follows:
T (1) = Ta(w) = | (K o F)u - y|? + 2jully, ) (4.110)

For ease of notation let us writé := K o F'. Such functional turns out to be very
useful in many practical problems, where one cannot observe directly the quantities
of most interest; instead their values have to be inferred from their effect on observ-
able quantities. When this relationship between the obseryabatel the interesting
quantity u is (approximately) linear the situation can be modeled mathematically by
the equation

y = Ku, (4.111)

If K is a “nice” (e.g., well-conditioned), easily invertible operator, and if the gata

are free of noise, then this is a well-known task which can be addressed with standard
numerical analysis methods. Often, however, the mapping not invertible or ill-
conditioned. Moreover, typically (4.111) is only an idealized version in which noise
has been neglected; a more accurate model is

y = Ku + e, (4.112)

in which the data are corrupted by an (unknown) neisén order to deal with this
type of reconstruction problemragularizationmechanism is required [37]. Regular-
ization techniques try, as much as possible, to take advantage of (often vague) prior
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knowledge one may have about the nature:pivhich is embedded into the model.
The approach modelled by the functiorélin (4.108) is indeed tailored to the case
whenw can be represented bysparseexpansion, i.e., when can be represented by

a series expansion (4.109) with respect to an orthonormal basis (or a frame [27]) that
has only a small number of large coefficients. The previous chapters should convince
the reader that imposing an additiodiginorm term as in (4.109) has indeed the effect

of sparsifying possible solutions. Hence, we model the sparsity constraint by a regu-
larizing ¢1—term in the functional to be minimized; of course, we could consider also

a minimization of the type (3.95), but that has the disadvantage of being nonconvex
and not being necessarily robust to noise, when no RIP conditions are imposed on the
model operator.

In the following we will not use anymore the bold formfor a sequence if(Z),
since here and later we will exclusively work with the sp&g€ ).

4.1 Iterative Soft-Thresholding in Hilbert Spaces

Several authors have proposed independently an iterative soft-thresholding algorithm
to approximate minimizerga* := w, of the functional in (4.109), see [35, 39, 74, 75].
More preciselyu* is the limit of sequences™ defined recursively by

w D =, [u®™ + A%y — A*Au(")] , (4.113)

starting from an arbitrary,(9), whereS,, is the soft-thresholding operation defined by
Sa(u)x = Sqa, (uy) with

xr —T Tr>T
S(x)=14 0 Iz <7 . (4.114)

T+ T x < —T

This is our starting point and the reference iteration on which we want to work out
several innovations. Strong convergence of this algorithm was proved in [28], under
the assumption thaftA|| < 1 (actually, convergence can be shown alsd|fff < v/2
[21]; nevertheless, the conditid|| < 1 is by no means a restriction, since it can
always be met by a suitable rescaling of the functigfiain particular of K, y, anda).
Soft-thresholding plays a role in this problem because it leads to the unique minimizer
of a functional combining, and/;—norms, i.e., (see Lemma 4.1)
. 2

Sa(a) = arg min, (lu = all® + 2llull1q) - (4.115)
We will call the iteration (4.113) thigerative soft-thresholding algorithior thethresh-
olded Landweber iteratio(ISTA).
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In this section we would like to provide the analysis of thevasgence of this
algorithm. Due to the lack of assumptions such as the RIP or the NSP, the methods we
use come exclusively from convex analysis and we cannot take advantage of relatively
simple estimates as we did for the convergence analysis of Algorithm 1 and Algorithm
3.

4.1.1 The Surrogate Functional

The first relevant observation is that the algorithm can be recast into an iterated min-
imization of a properly augmented functional, which we call $bherogate functional
of 7, and which is defined by

T5(u,0) 1= [ Aw =yl + 2ulle, .z + v — all ) — | Au — Aal. (4116)
Assume here and later thiatl|| < 1. Observe that, in this case, we have
lu = alltyz) — 1 Au = Aall} > Cllu — alfz), (4.117)
for C = (1— ||A]|?) > 0. Hence
T ) = T%(u,u) < T%(u,a), (4.118)
and
T3 (u,a) — T (u,u) > Cllu — a”i(z)- (4.119)

In particular, 7° is strictly convex with respect ta and it has a unique minimizer
with respect ta: oncea is fixed. We have the following technical lemmas.

Lemma 4.1 The soft-thresholding operator is the solution of the following optimiza-
tion problem:
Sql(a) = arg min u—all®+ 2||u .
a(a) = arg min (|l = ol? +2|ulzq)
Proof. By componentwise optimization, we can reduce the problem to a scalar prob-
lem, i.e., we need to prove that

S, (ay) = argmin(z — ay)? + 2a,|z],
x

which is shown by a simple direct computation. ké&tbe the minimizer. It is clear that
sgn(z*) sgn(ay) > 0 otherwise the function is increased. Hence we need to optimize
(x—ay)?+2a sgn(ay )z which has minimum at = (ay —sgn(ay)ay). If [ax| > ay
thanz* = z. Otherwisesgn(z) sgn(ay) < 0 andz cannot be the minimizer, and we
have to choose* = 0. o

Lemma 4.2 We can express the optimization & (u, a) with respect tau explicitly
by

Sala+ A*(y — Aa)) = arg min J°(u,a).
uEZz(I)
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Proof. By developing the norm squares in (4.116) it is a straightforward computation
to show

T3, a) = Ju— (a+ A*(y — 40))|2 ) + 2lullza + B(a. A,p),

where®(a, A, y) is a function which does not depend an The statement follows
now from an application of Lemma 4.1 and by the observation that the addition of
constants to a functional does not modify its minimizer. a

4.1.2 The Algorithm and Preliminary Convergence Properties

By Lemma 4.2 we achieve the following formulation of the algorithm;

Algorithm 4. We initialize by taking any:.(9) € ¢,(Z), for instanceu(®©) = 0. We
iterate

uD = 8, [u™ + Aty — A*Au(")]

. i 75 (u. ™).
argug};{lﬂj (u, u'™)

Lemma 4.3 The sequenc&7 (u(™)),,cn is nonincreasing. Moreovéu ™), is bounded
in ¢2(Z) and

lim |lu
n—oo

(n+1) _ U(H)HEZ(I) = 0. (4.120)

Proof. Let us consider the estimates, which follow from the optimalityutf+?,
(4.118), and (4.119),

Jw™) = 75w M)
jS(u(n-i-l)’u(n))
jS(u(n-i-l)’u(n—i-l)) _ j(u(n—i-l))’

v

v

Hence, the sequencgé(u(™) is nonincreasing, and
T @) > T (@™ > 26]u™ ||z = 2a)u™ |41
Therefore(u(™),, is bounded ir»(Z). By (4.119), we have

T ™) = J(@HY) > Cllu® — o2 .
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Since 7 (u™) > 0is a nonincreasing sequence and is bounded below, it also con-
verges, and

lim ™) —
n—oo

ul™ |17,z = 0.
O

This lemma already gives strong hints that the algorithm emges. In particular,
two successive iterations become closer and closer (4.120), and by the uniform bound-
edness o(u("))n, we know already that there are weakly converging subsequences.
However, in order to conclude the convergence of the full sequence to a minimizer of
J we need more technical work.

4.1.3 Weak Convergence of the Algorithm

As as simple exercise we state the following

Lemma 4.4 The operatosS,, is nonexpansive, i.e.,

[Sa(u) = Sala)lleyz) < llu — allgya), (4.121)

forall u,a € l3(Z).

Proof. Sketch: reason again componentwise and distinguish cases whgtaed/or
a) are smaller or larger than the thresheld ). a

Moreover, we can characterize minimizerg’din the following way.

Proposition 4.5 Define
I(u) =Sy [u+ A%y — A" Au] .

Then the set of minimizers ¢f coincides with the sefix(T") of fixed points of". In
particular, since7 is a coercive functional (i.e{u : J(u) < C} is weakly compact
for all C > 0), it has minimizers, and therefoiéhas fixed points.

Proof. Assume that, is the minimizer of 7°(-, a), for a fixed. Let us now observe,
first of all, that

js(u+h,a) = Js(u,a)—|—2<h,u—a—A*(y—Aa)>

+ ZZ@)\(W)\ + h>\| — |U)\|) + ||hH§2(I)'
AT
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We define nowZg = {\ : uy = 0} andZ; = 7 \ Zp. Since by Lemma 4.2 we have
u = Sq(a + A*(y — Aa)), substituting it foru, we then have

T w+h,a) = Tu,a) = bl + D [2oalha] = 2ha(a — A*(y — Aa)))]
AE€Zp

+ Y [2onafun + hal = 20 |u] + ha(—2ax sgn(uy))]
ANETL

If A € Zp then|(a—A*(y—Aa))A| < ay, So that 2&>\|h)\|—2h>\(a—A*(y—Aa))>\ > 0.
If A € 7;, we distinguish two cases: ify > 0, then

2a\|uy + hya| — 205 Jun| + ha(—2a) sgn(uy)) = 2az[Juy + ha| — (ux + hy)] > 0.
If uy < 0, then

2a\|uy + hya| — 2axJun| + ha(—2ay sgn(uy)) = 2az[Juy + ha| + (ux + hy)] > 0.
It follows

T (u+h,a) — T%(u,a) > |[B]17,z)- (4.122)

Let us assume now that
u=Sq[u+ Ay — A" Au].

Thenu is the minimizer of7° (-, ), and therefore
js(u + h?“) > jS(“?“) + ”hHé(I)

Observing now that/ (u) = J(u, ) and that7* (u-+h,u) = J (u+h)+||hl[7, )~
|AR||2., we conclude that/ (u + h) > J(u) + ||Ah||% for every h. Henceu is
a minimizer of 7. Vice versa, ifu is a minimizer of 7, then it is a minimizer of
J°(-,u), and hence a fixed point &f. 0

We need now to recall an important and well-known result eelab iterations of
nonexpansive maps [64]. We report it without proof; a simplified version of it can be
also found in the Appendix B of [28].

Theorem 4.6 (Opial’s Theorem) Let a mappind” from ¢»(Z) to itself satisfy the fol-
lowing conditions:
(i) T'is nonexpansive, i.efl'(u) — I'(a)lle,z) < lu — allg, (), for all u, a € £2(T),
(i) T is asymptotically regular, i.e\T"**(u) — " (u)||r,iz) — O for n — oc;
(i) the setFix(T") of its fixed points is not empty.
Then, for allu, the sequenc@™ (u)),,cn converges weakly to a fixed pointhix (T").

Eventually we have the weak convergence of the algorithm.
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Theorem 4.7 For any initial choiceu(® e 0>(T), Algorithm 4 produces a sequence
(u™),,en Which converges weakly to a minimizer.6f

Proof. It is sufficient to observe that, due to our previous results, Lemma 4.4, Lemma
4.3, and Proposition 4.5, and the assumptjdii| < 1, the map

I'(u) = Sq [u+ A%y — A" Ayl

fulfills the requirements of Opial’'s Theorem. a

4.1.4 Strong Convergence of the Algorithm

In this section we shall prove the convergence of the successive itefatest only in
the weak topology, but also in norm. Let us start by introducing some useful notations:

w =w—limu™, "=y _y* h=u"+ A*(y — Au™),

where “w — lim” denotes the symbol for the weak limit. We again split the proof into
several intermediate lemmas.

Lemma 4.8 We have
145" — o,

forn — oc.
Proof. Since
¢t — ¢ = 8o (h+ (I - A" A)EM) — Sa(h) — €M,
and for (4.120)[ Y — 0|, 7y = ul T — w7y — 0 forn — oo, we have
ISa(h + (I = A*A)E™) = Sa(h) = €™ |leyz) — O, (4.123)
for n — oo, and hence, also
max(0, €" ley(z) — [Salh+ (I = A*A)EW) = Sa(h)lleyz) — 0, (4.124)
for n — oo. SinceS, is honexpansive we have
~ISa(h+ (I — A*A)eM™) = Sa(B)llgyz) = 1T = A* A g,y = 1€ | y2);
therefore the thax” in (4.124) can be dropped, and it follows that
0 < [|€" ey — 1T — A* A)EM]|gyz) — O, (4.125)
for n — oo. Because

1€% |eyczy + 1T — A*A)E™ Iy < 201 lepz) = 2™ = w*||ryz) < C,
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(Remember that™ is uniformly bounded by Lemma 4.3.), we obtain
€M7,z — 1T = A*A)f(n)”i(z) — 0,
for n — oo by (4.125). The inequality
€2 7y — (T — A*A)EP |2 1) = 2| AE@ |2 — || A* A2 1) > | A6™ |2,
then implies the statement. a

The previous lemma allows us to derive the following fundataleproperty.

Lemma 4.9 For h given as above|Sy(h + £M™) — Sa(h) — €|,y — O, for

n — OoQ.
Proof. We have

1Sa(h+ €M) = Sa(h) = €™l
< ISa(h+ (I = A*A)E™) —Sa(h) — €™,
+ [Sa(h + €M) = Sa(h + (I — A*A)EM)|| gy
< ISa(h+ (I = A*A)E™) —Sa(h) — €™,y + | A*AE™ |y 7).

Both terms tend to 0, the first because of (4.123) and the second because of Lemma
4.8. |

Lemma 4.10 If for somea € ¢>(Z) and some sequenge” ), cn, w — lim, v™ = 0,
andlim, [[Sq(a + v") —Sa(a) — v" | sy1) = O, then|[v"||,z) — 0, for n — ooc.

Proof. Let us define a finite sefy C Z such thaty_, 17, lax[* < (2)?, where
a = inf) ). Because this is a finite st 7. [v|2 — 0 for n — oo, and hence
we can concentrate on, .7\ 7, |v}|? only. For eachn, we splitZ; = T \ Zy into two

SUbSEtS:Zl’n = {)\ ISAT: |’U;\L + a>\| < Oé)\} andfl,n =1 \ Il,n- If A e Il,n then

Say(ax +vY) = Sa,(ax) = 0 (sincelay| < § < @), so that|S,, (ax + v}) —

Sa, (ay) —v¥| = [v}]. It follows

D AP <Y 1Say(@x +v8) = Say (ax) — v3[7 =0,
NETy AeT

for n — oo. It remains to prove thal, ; [v}|*> — 0 asn — oc. If A € Z; and
lax + VY| > ay, then|v}| > |ay +v}| — |ax| > ay — % > % > |ay|, so thatay + v}
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andv! have the same sign. In particulary, — § > |a,| impliesay — |ay| > §. It
follows that
[0X = San (ax +0X) + Say(ar)] = [vX = Sa, (ax + 03))

= [oX = (ax +vX) + axsgn(v})]

«Q
> ay—lay| > 2

This implies that

n n a\? =
D7 [Say(@r+v3) = Say(ax) = 03P = (5) [Zaal
)\Ej]_’n

BUt, >y c7,  [Say(ax +v}) = Say(ax) — v}[? — 0 for n — oo and thereforel; ,,
must be empty for large enough. 0

The combination of Lemma 4.8 and Lemma 4.9, together with thakvwconvergence
Theorem 4.7 allows us to have norm convergence.

Theorem 4.11 For any initial choiceu(® 0>(Z), Algorithm 4 produces a sequence
(u™),,en Which converges strongly to a minimizet of 7.

4.2 Principles of Acceleration

Recently, also the qualitative convergence properties of iterative soft-thresholding have
been investigated. Note first that the aforementioned conditibh < 1 (or even

|A|l < v/2) does not guarantee contractivity of the iteration operate A* A, since

A*A may not be boundedly invertible. The insertion f does not improve the
situation sinces,, is nonexpansive, but also noncontractive. Hence, for any minimizer
u* (which is also a fixed point of (4.113)), the estimate

lu* = " gy < | = A*A)(w* = w7y < I = A Allllw* =6t gy,
(4.126)
does not give rise to a linear error reduction. However, under additional assumptions
on the operatord or on minimizersu*, linear convergence of (4.113) can be easily
ensured. In particular, if fulfills the so-calledfinite basis injectivityFBI) condition
(see [10] where this terminology is introduced), i.e., for any finite/set Z, the
restrictionA, is injective, then (4.113) converges linearly to a minimizéof ;7. The
following simple argument shows indeed that the FBI condition implies linear error
reduction as soon dkA|| < 1. In that case, we have strong convergence (Theorem
4.11) of theu(™ to a finitely supported limit sequenag. We can therefore find a
finite index setA C Z such that all iterates,”) andu* are supported im\ for n
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large enough. By the FBI condition s is injective and hencd* A« is boundedly
invertible, so thatl — A} A, is a contraction oriz(A). Using

uf\”H) =S, (u&") + Al (y — AAqu”)))

and an analogous argument as in (4.126), it follows [faéat— «(*+1) o2y < Yllw* —
u(™||g,z), Wherey = max{|1 — [|[(A*Axxa) M7 [ A% Aaxall — 1]} € (0,2).
Typical examples wherd = K o F' fulfills the FBI condition arise whek is injective
andV is either a Riesz basis fof or a so-called FBI frame, i.e., each finite subsystem
of ¥ is linearly independent. However, depending/orthe matrixA* Ay« can be
arbitrarily badly conditioned, resulting in a constant error reducticarbitrarily close

to 1.

However, it is possible to show that for several FBI operaigrand for certain
choices ofl, the matrixA* A can be preconditioned by a matiix /2, resulting in the
matrix D~Y2A4* AD~Y2, in such a way that any restrictiqiD~1/24* AD=/2)y . s
turns out to be well-conditioned as soon/as” 7 is a small set, but independently of
its “selection” withinZ. Let us remark that, in particular, we do not claim to be able to
have entirely well-conditioned matrices (as it happens in well-posed problems [23, 24]
by simple diagonal preconditioning), but that only small arbitrary finite dimensional
submatrices are indeed well-conditioned. Let us say that one can promote a “local”
well-conditioning of the matrices.

Typically one considers injective (non local) compact operatoraith Schwartz
kernel having certain polynomial decay properties of the derivatives, i.e.,

Ku(z) = /Q B(z, Eu(€)de, z €D,

forQ,Q c R%, u e X := HY(Q), and
020, ®(,€)| < caple — &2y € R, and multi-indexesy, 3 € N7,

Moreover, for the proper choice of the discrete maitixd := F*K*KF, one uses
multiscale base¥, such as wavelets, which do make a good job in this situation. We
refer the reader to [22] for more details.

4.2.1 From the Projected Gradient Method to Iterative Soft-Thresholding with
Decreasing Thresholding Parameter

With such “local” well-conditioning, it should also be clear that iterating on small sets
A will also improve the convergence rate. Unfortunately, iterative soft-thresholding
does not act initially on small sets (see also Figure 4.4), but it rather starts iterating on
relatively large sets, slowly shrinking to the size of the support of the tirit

Let us take a closer look at the characteristic dynamics of Algorithm 4 in Figure 4.1.
Let us assume for simplicity here thaf = & > O for all A € Z. As this plot of the
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[Kx—yl? [Kx -yl

(a) (b)

Figure 4.1 The path, in the|z||; vs. | Kz — y||? plane, followed by the iterates™

of three different iterative algorithms. The operatorand the data are taken from a
seismic tomography problem [55]. The boxes (in both (a) and (b)) correspond to the
thresholded Landweber algorithm. In this example, iterative thresholded Landweber
(4.113) first overshoots thg-norm of the limit (represented by the fat dot), and then
requires a large number of iterations to redum@l) |l again (500 are shown in this fig-

ure). In (a) the crosses correspond to the path followed by the iterates of the projected
Landweber iteration (which is given as in (4.127) f8f) = 1); in (b) the triangles
correspond to the projected steepest descent iteration (4.127); in both cases, only 15
iterates are shown. The discrepancy decreases more quickly for projected steepest de-
scent than for the projected Landweber algorithm. The solid line corresponds to the
limit trade-off curve generated by.* (&) for decreasing values a@f > 0. The vertical

axes uses a logarithmic scale for clarity.
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discrepancyD(u™) = [|[Kul™ — y|2 = ||Au™ — y|2. versus||u™||, ) shows,
the algorithm converges initially relatively fast, then it overshoots the Valig,, )
and it takes very long to re-correct back. In other words, starting fi6th= 0, the
algorithm generates a pa{ln(”); n € N} that is initially fully contained in thé;-ball
Bpr = Bgl(z)(R) = {u € lr(A); HUHQ(I) < R}, with R := ||U*H€1(I)' Then it gets
out of the ball to slowly inch back to it in the limit.

The way to avoid this long “external” detour was proposed in [29] by forcing the
successive iterates to remain within the baj. One method to achieve this is to
substitute for the thresholding operations the projeckgs, where, for any closed
convex set”, and anyu, we defineP«(u) to be the unique point id' for which the
/,—distance tau is minimal. With a slight abuse of notation, we shall dernbgg, by
Pg; this will not cause confusion, because it will be clear from the context whether the
subscript ofP is a set or a positive number.

Furthermore, modifying the iterations by introducing an adaptive “descent parame-
ter” 3 > 0 in each iteration, defining*Y by

WD = pp [u(") 4B A*(y — AUW)] , (4.127)

does lead, in numerical simulations, to much faster convergence. The typical dynamics
of this modified algorithm are illustrated in Figure 4.1(b), which clearly shows the
larger steps and faster convergence (when compared witprtliected Landweber
iteration in Fig. 4.1(a) which is the iteration (4.127) f6f"*) = 1 for all n). We shall

refer to this modified algorithm as th@ojected gradient iteratioror the projected
steepest desce(®PSD). The motivation of the faster convergence behavior is the fact

IKx = yII?

10 20 llx1lx

Figure 4.2 Trade-off curve and its approximation with algorithm (4.128) in 200 steps.

that we never leave the targét-ball, and we tend not to iterate on large index sets.
On the basis of this intuition we find even more promising results for an ‘interior’
algorithm in which we still project o#;-balls, but now with a slowly increasing radius,
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157(a)llx

lall1]

max; |a;] T

|
|
|
|
1
T

Figure 4.3 For a given vecton € (2, ||S;(a)||s is @ piecewise linear continuous and
decreasing function af (strictly decreasing for < max; |a;|) . The knots are located
at{|a;|,7 = 1...m} and 0. Findingr such that|S;(a)|lq: = R ultimately comes
down to a linear interpolation. The figure is made for the finite dimensional case.

i.e.

uY = Py (u(”) + ™ A*(y — Au("))) and  ROMY = (n+1)R/N
(4.128)

where N is the prescribed maximum number of iterations (the origin is chosen as

the starting point of this iteration). The better performance of this algorithm can be

explained by the fact that the projecti@ («) onto an¢;-ball of radiusR coincides

with a thresholdingPr(u) = S,,,;r)(u) for a suitable thresholding paramefer=

u(u; R) depending o, and R, which is larger for smalleR.

Lemma 4.12 For any fixeda € (>(Z) and forr > 0, [[S-(a)ll¢,(z) is a piecewise lin-
ear, continuous, decreasing functionrofmoreover, ifa € (1(Z) then|[So(a)| s, (z) =
||a\|gl(z) and HST(a)Hgl(I) = Ofor 7 > max) |ay|.

Proof. [[Sr(a)lle,z) = o\ [Sr(ax)| = 225 Sr(laal) = Xja, - (lar] — 7); the sum
in the right hand side is finite far > O. |

A schematic illustration is given in Figure 4.3.

Lemma 4.131f ||al|¢,(z) > R, then thel2(Z) projection ofa on thel;-ball with radius
R is given byPgr(a) = S,(a) whereu (depending o and R) is chosen such that
1Su(a)lleyzy = R-If |lalleyz) < RthenPg(a) = Sp(a) = a.
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Proof. Supposel|al,(zy > R. Because, by Lemma 4.185,(a)l|¢,(z) is continu-
ous inp and|[S,(a)ll¢,z) = O for sufficiently largeu, we can choosg such that
ISu(a)llez) = R. (See Figure 4.3.) On the other hand, = S, (a) is the unique
minimizer of||u — a”é(z) + 2uflully ) (se€ Lemma 4.1), i.e.,

[u — aHfz(z) + 2ullu gy < llu— a||§2(z) + 2ullulley(z)
for all u # u*. Since||u*(|y,7) = R, it follows that
forallu e B, u#u* : |u* —al?®<|u—al?
Henceu" is closer tax than any othet in Bg. In other wordsPr(a) = v* = S, (a).0

This in particular implies that the algorithm (4.128) itesinitially on very small
sets which inflate by growing during the process and approach the size of the support of
the target minimizer.*. Unlike the thresholded Landweber iteration and the projected
steepest descent [28, 29], unfortunately there is no proof yet of convergence of this
‘interior’ algorithm, this being a very interesting open problem.

However, we can provide an algorithm which mimics the behavior of (4.128), i.e., it
starts with large thresholding parametef&) and geometrically reduces them during
the iterations to a target limit > O, for which the convergence is guaranteed:

u ) = o fu® 4 A%y — 4 Au(")] ' (4.129)

For matricesA for which the restrictionsd* A| .4 are uniformly well-conditioned
with respect toA of small size, our analysis provides also a prescribed linear rate of
convergence of the iteration (4.129).

4.2.2 Sample of Analysis of Acceleration Methods

Technical lemmas

We are particularly interested in computing approximations with the smallest possi-
ble number of nonzero entries. As a benchmark, we recall that the most economical
approximations of a given vectar € ¢,(Z) are provided again by thieestk-term
approximationsvy,;, defined by discarding in all but thek € No largest coefficients

in absolute value. The error of bdsterm approximation is defined as

06(V)e, = v — v llexz)- (4.130)

The subspace of all, vectors with besk-term approximation rate > 0, i.e.,
or(v)e, < k—° for some decay rate > 0, is commonly referred to as tiveeak?,
space/¥(Z), for 7 = (s + 3)~%, which, endowed with

V|gw 7y = sup (k + 1)°0x(v)e,, (4.131)
keNp
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becomes the quasi-Banach sp&&(7), | - | (7)). Moreover, forany 0< e <2 -,
we have the continuous embeddifigZ) — (¥ (Z) — £1(Z), justifying why /¥ (Z)
is called weak (7).

When it comes to the concrete computations of good approximations with a small
number of active coefficients, one frequently utilizes certain thresholding procedures.
Here small entries of a given vector are simply discarded, whereas the large entries
may be slightly modified. As we have discussed so far, we shall make usatof
thresholdingthat we have already introduced in (4.114). We recall from Lemma 4.4
thatS,, is non-expansive for any € RZ,

[Sa(v) = Sa(w)lleyz) < v —wlleyz), forallv,w e (). (4.132)
Moreover, for any fixed: € R, the mapping- — S-(z) is Lipschitz continuous and
IS, (z) — Sy (z)| < |7 —7'|, forallr,7" >0. (4.133)

We readily infer the following technical estimate.

Lemma 4.14 Assume € (5(Z), o, 3 € ]Ri_{ such thaty = infy ay = infy By = 8 >
0, and define\s (v) := {A € T : [vy| > a&}. Then

1/2
Sa(v) =S < (#Aa — Bl 4.134
18(0) = S5(0)lryr) < (#4a(®)) " max Jor — i (4.134)

Proof. Itis left as a simple exercise. a
Letv € ¢¥(Z), it is well-known [31,57]

#Aa(v) < Clolpw ", (4.135)
and, fora, = a forall A € Z, we have

1o = Sa(®) gy < Clolpl,at="/2, (4.136)

# ()

where the constants are given@y= C(7) > 0.
In the sequel, we shall also use the following support size estimate.

Lemma 4.15 Letv € (F(Z) andw € £o(Z) with |[v — w(|syz) < €. Assumer =
(ar)rez € RT andinfy oy = & > 0. Then it holds

4¢? .
#supp Sa(w) < #A5(w) < o + 4C]’U@(I)d , (4.137)

whereC = C(1) > 0.
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Proof. We consider two set$; = {\ € 7 : |wy\| > @, and|vy| > @/2}, and
Io ={X €I :|w)| > a, and|vy| < &/2}. Then from (4.135)

#I]_ < #{)\ el |'U)\| > d/Z} < 27—O|'U|Z}FU(I)5[_T < 4C|U|Z“_”(I)5é_’r’

and

(a/2)(#T,) < Z luy — wy|? < €2

ANET,

These estimates imply (4.137). a

Decreasing iterative soft-thresholding

For threshold parameters o™ € RZ, wherea™ > q, i.e.,a&") > ay forall \ € A,
anda = inf o7 oy > 0, we consider the iteration

Algorithm 5.

W@ =0, ™V =5 o) (u™+ A%y — Au™)), n=01,... (4.138)

which, for a&") > a&"H), we call thedecreasing iterative soft-thresholding algo-

rithm (D-ISTA).

Theorem 4.16 Let ||A|| < v2and leta := (I — A*A)u* + A*y € (¥(T) for some

4|u* 2
0 < 7 < 2. Moreover, letL = L(a) := % +4C |7y (a7, and as-

sume that forS* := supp«* and all finite subsete. C Z with at most#A < 2L
elements, the operatdl — A*A)(s«up)x(s+ua) IS contractive ont(S* U A), i.e.,
(I = A" A)s=unxs=ualley(s=un)y < Yollwlley(s<un). for all w € £2(S* U A), or

(I — A*A)s-uaxs=uall < 7o, (4.139)

where0 < ~o < 1. Then, for anyyo < v < 1, the iteratesu(™ from (4.138)fulfill
# suppu(™ < L and they converge to* at a linear rate

= ulgyzy <A™ 0 lleyz) = €n (4.140)
whenever the™ are chosen according to

ax < ol < ay+ (v — o)L Y2, forall A € A. (4.141)
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Proof. We develop the proof by induction. For the initial iterate, we ha(® =

0, so that# suppu® < L and (4.140) is trivially true. Assume as an induction
hypothesis that™ := supp(u(™) is such thattS™ < L, and|ju* — u™ |,z <

€n. Abbreviatingw™ = (™ 4 A*(y — Au(™), by || A*A|| < 2 and the induction
hypothesis, it follows that

1~ w®lleyzy = (T~ A" A) ("~ u®)]],. ) < 0~ 0 lyz) < en. (4.142)

leyz)
Hence, using (4.137), we obtain the estimate

n n n 46721 —|T ——T
#S5FD — L supp S, () (W) < Ag(w™) < ¥+4C|u|w(l)a < L. (4.143)

Since also#S™ < L by induction hypothesis, the saf(™ := () U §(»+1 has
at most Z elements, so that, by assumpti@hi,— A*A) g xm) «guam IS CONtractive
with contraction constanty. Using the identities

Ugiam = Sallguam)
= SQ(UEUAW + A*SUA(") (y - ASUA(”) u’guw)),
and

(”+1) (n)
Ugam) = Sa(n) (wSUA(n))

(n) * (n)
- Sa(") (ugnuA(n) + ASuA(n) (y - ASUA(”>uSnuA(n)))7

it follows from (4.132), (4.134), (4.126), and™ > « that

lu* = w7

= [|(u” — " ))SUA(n)HEZ(SUA(”))
= HSa(ﬂsuMn)) = Sam (wg&(m ) sz(sw\(m)
< HSa(ﬂsuAm)) - Sa(wéﬂAw)sz (SUA(™)

18w ) = Sam WS ) s

(n)

< || = A" A) gy sesunem (W = u™) g HEZ(SU/\(n))

+ (#Aa(w(")))l/z( max |ay — ag\n)\)

AeAG (w(™)

< Yo€n + (#Aa(w("))>l/2( max  |ay — aE\n)\).

A€Ag (w(™)

Using (4.143) we obtaifju—u "+ ||42 < ’yoen—i-\/_(max)\eAa w(m) \a)\ —oo\\)
and, since the/™ are chosen according to (4.141), the claim follows. a
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Note that assumption (4.139) in finite dimension essent@incides with the re-
quest that the matrixd satisfies the RIP (see Lemma 3.14). With these results at hand
and those related to RIP matrices in finite dimension, we are in the situation of esti-
mating the relevant parameters in order to apply Theorem 4.16 when we are dealing
with a compressed sensing problem. We proceed to a numerical comparison of the
algorithm D-ISTA in (4.138) and the iterative soft-thresholding ISTA. In Figure 4.4
we show the behavior of the algorithms in the computation of a sparse minimiizer
for A being a 500x 2500 matrix with i.i.d. Gaussian entries,= 1074, 4o = 0.01
and~ = 0.998. In this case, related to a small valuenofwe reiterate that a small
range ofa is the most crucial situation for the efficiency of iterative algorithms, see
the subsection below), ISTA tends to iterate initially on vectors with a large number
of nonzero entries, while D-ISTA slowly inflates the support size of the iterations to
eventually converge to the right supportf. The iteration on an inflating support
allows D-ISTA to take advantage of the local well-conditioning of the mafrifkom
the very beginning of the iterations. This effect results icoatrolled linear rate of
convergence which is much steeper than the one of ISTA. In particular in Figure 4.4
after 1500 iterations D-ISTA has correctly detected the support of the minimizer
and reached already an accuracy of 49 whereas it is clear that the convergence of
ISTA is simply dramatically slow.

Related algorithms

There exist by now several iterative methods that can be used for the minimization
problem (4.110) irfinite dimensions We shall account a few of the most recently
analyzed and discussed:

(a) theGPSR-algorithn{gradient projection for sparse reconstruction), another iter-
ative projection method, in the auxiliary variables: > 0 withu = x — z, [40].

(b) the?; — ¢, algorithm, an interior point method using preconditioned conjugate
gradient substeps (this method solves a linear system in each outer iteration step),
[52].

(c) FISTA (fast iterative soft-thresholding algorithm) is a variation of the iterative
soft-thresholding [5]. Define the operatbfu) = S, (u + A*(y — Au)). The
FISTA is defined as the iteration, starting i6f) = 0,

tm — 1
(n+1) _ (n) o 2~ = (,(n) _, (1)
U =T (u + PEEY (u U )) ,

Wheret(”"‘l) — w and t(O) =1.

As is addressed in the recent paper [56] which accounts a very detailed comparison
of these different algorithms, they do perform quite well when the regularization pa-
rametera is sufficiently large, with a small advantage for GPSR. Whegets quite
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Dynanics of the algorithms N
Sparse minimizer u” and approximations due to the algorithms

~~— il — = IsTA + ISTA
O s T - = = D-ISTA * D-ISTA

of ~ m— 2t ® o
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Figure 4.4 We show the behavior of the algorithms ISTA and D-ISTA in the compu-
tation of a sparse minimizer* for A being a 500x 2500 matrix with i.i.d. Gaussian
entries, o = 1074, 7o = 0.01 andy = 0.998. In the top left figure we present the dy-
namics of the algorithms in the platie||,, — log(||Au — y||3). On the bottom left, we
show the absolute error to the precomputed minimiZewith respect to the number of
iterations. On the bottom right we show how the size of the supports of the iterations
grow with the number of iterations. The figure on the top right shows the veéior
and the approximations due to the algorithms. In this case D-ISTA detects the right
support ofu* after 1500 iterations, whereas ISTA keeps dramatically far behind.

small all the algorithms, except for FISTA, deteriorate significantly their performances.
Moreover, local conditioning properties of the linear operad@seem particularly af-
fecting the performances of iterative algorithms.

While these methods are particularly suited for finite dimensional problems, it would
be interesting to produce an effective strategy, for any range of the paramdter
a large class of infinite dimensional problems. In the recent paper [22] the following
ingredients are combined for this scope:

» multiscale preconditioningllows for local well-conditioning of the matriX and
therefore reproduces at infinite dimension the conditions of best performances for
iterative algorithms;



64 M. Fornasier

« adaptivity combined with adecreasing thresholding strategllow for a con-
trolled inflation of the support size of the iterations, promoting the minimal com-
putational cost in terms of number of algebraic equations, as well as from the
very beginning of the iteration the exploitation of the local well-conditioning of
the matrix A.

In [69] the authors propose also an adaptive method similar to [22] where, instead of
the soft-thresholding, ecarsening functioni.e., a compressed hard-thresholding pro-
cedure, is implemented. The emphasis in the latter contribution is on the regularization
properties of such an adaptive method which does not dispose of a reference energy
functional (4.108).

5 Large Scale Computing

5.1 Domain Decomposition Methods fo¥;-Minimization

Besides the elegant mathematics needed for the convergence proof, one of the ma-
jor features of Algorithm 4 is its simplicity, also in terms of implementation. Indeed
thresholding methods combined with wavelets have been often presented, e.g., in im-
age processing, as a possible good alternative to total variation minimization which
requires instead, as we have already discussed in the previous sections, the solution
of a degenerate partial differential equation. However, as pointed out in the previous
sections, in general, iterative soft-thresholding can converge very slowly.

In particular, it is practically not possible to use such algorithm when the dimension
of the problem is really large, unless we provide all the modifications we accounted
above (i.e., preconditioning, decreasing thresholding strategy, adaptivity etc.). And
still for certain very large scale problems, this might not be enough. For that we need
to consider further dimensionality reduction technigues. In this section we introduce a
sequential domain decomposition method for the linear inverse problem with sparsity
constraints modelled by (4.110). The goal is to join the simplicity of Algorithm 4 with
a dimension reduction technique provided by a decomposition which will improve the
convergence and the complexity of the algorithm without increasing the sophistication
of the algorithm.

For simplicity, we start by decomposing the “domain” of the sequeficeso two
disjoint setsZ, 7, so thatZ = 7; U Z,. The extension to decompositions into multiple
subsets = 7; U - - - U Zs follows from an analysis similar to the basic cage= 2.
Associated to a decompositidgh= {Z1,7Z,} we define theextension operator#; :
0(Z;) — 02(T), (Ew)y = vy, i A € Z;, (Ejv), = 0, otherwisej = 1,2. The adjoint
operator, which we call theestriction operatoy is denoted by?; := E7. With these
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operators we may define the functiondl,: ¢2(Z1) x ¢2(Z7) — R, given by
T (u1,u2) == J (Eru + Eaup).

For the sequence; we use the notatiom) ; in order to denote its components. We
want to formulate and analyze the following algorithm: Pick an inimmgo) +
Bl := u©® € ¢4(T), for exampleu(® = 0 and iterate

ug-n-i-i) = arg minvlefz(fl) ‘7(”1, u%n))
uy" Y = argming, gz, T (i, v2) (5.144)

) = Fiu ("‘H-) + Eou ("‘H-)

Let us observe thaFE]_ul + EZUZHQ(I) = ||U1Hgl(11) + ||UQHg1(IZ), hence

(n) : (n) 2
arg min J(vi,uy"”’) =arg min — AEAY — AEul12 + Tllv .
gvleéz(Il) (v1,u3°7) gvleéz(zl)H(y 2uy ) w1y + Tllvalle )

A similar formulation holds forarg min,,c(,(z, J(ul**", v,). This means that the

solution of the local problems of; is of the samekind as the original problem
arg min,eg,(z) J (), but the dimension for each has been reduced. Unfortunately

the functionalsJ(u,u2 ) andj( (nt1) ,v) do not need to have a unique minimizer.
Therefore the formulation as in (5 144) is not in principle well defined. In the follow-
ing we will consider a particular choice of the minimizers and in particular we will
implement Algorithm 4 in order to solve each local problem. This choice leads to the
following algorithm.

Algorithm 6. Pick an initial Elugo) + Ezuéo) = u® € ¢4(7), for example
u® =0, fix L, M € N, and iterate
u§n+l,0) o ugn,L)

" =, (0 4 RAT(y - AR ) - ABW{H))

{=0,...,.L—-1

n+1,0 n,M

uf ) _ g

§n+1 A+1) _ S, (u(n+1 0) + RpA*((y — AE: u(n+1 L)) _ AEzugnJrl’é)))
(=0,....M -1

un+D) Elug-n—i-l,L) + Ezugﬂ—l’M).
(5.145)

Of course, forl, = M = oo the previous algorithm realizes a particular instance of
(5.144). However, in practice we will never execute an infinite number of inner iter-
ations and therefore it is important to analyze the convergence of the algorithm when
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L, M € N are finite.

At this point the question is whether algorithm (5.145) really converges to a mini-
mizer of the original functional7. This is the scope of the following sections. Only
for ease of notation, we assume now that the thresholding parametdy is a scalar,
henceS,,(u) acts onu with the same thresholding,, (u,) for each vector component
U

5.1.1 Weak Convergence of the Sequential Algorithm

A useful tool in the analysis of non-smooth functionals and their minima is the con-
cept of the subdifferential. We shortly introduced it already in the presentation of the
homotopy method in Section 3.1.1. Recall that for a convex functibhah some
Banach spac¥ its subdifferentiabF'(z) at a pointz € V' with F'(z) < oo is defined

as the set

OF(x) = {veV*" F(y)— F(z) > v(y—x)forally € V},

whereV* denotes the dual space Bf. It is obvious from this definition that @
OF (z) if and only if z is a minimizer ofF".

Example 5.1 LetV = (4(Z) and F(z) := ||z||s,(7) is thel1-norm. We have

Ol - Nleyz) (@) = {§ € loo(T) = Ex € 0] -[(xr), A € T} (5.146)
whered| - |(z) = {sgn(z)} if z # 0andd| - |(0) = [-1,1].
By observing thad(||A - —y||2)(u) = {24*(Au — y)} and by an application of [36,
Proposition 5.2] combined with the example above, we obtain the following charac-

terizations of the subdifferentials ¢f and 7° (we recall that7° is the surrogate
functional defined in (4.116)).

Lemma 5.2 i) The subdifferential of/ at « is given by

0T (u) = 2A%(Au—y)+ 200 - ||¢y(z)(u)
= {f € EOO(I) 1€y € [ZA*(AU — y)])\ + 2&8| . |(U)\)}

i) The subdifferential of7° with respect to the sole componenis given by

0uT " (u, a) —2(a+ A%(y — Aa)) + 2u + 200|| - [|¢y(z)(v)

= {€€lo(D): 6 € [2(a+ A™(y — Aa))]x + 2up + 200 - [(un)}-
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In light of Lemma 4.2 we can reformulate Algorithm 6 by

(n+1,0) _  (n,L)
Uy !
u§n+1,£+1) = arg Miny, cs,(7) jS(Elul + Ezu;n’M), Elug_n—i_l’z) + Ezugn’M))
(=0, . L-1
u§n+1,0) — M)
u§n+l,£+l) — arg minuzeéz(lz) js(Elu:(Ln+l,L) + Ezuz,Elug_n—i—l’L) + Ezugn—i—l’é))
(=0,....M -1

un+D) Elug-n—i-l,L) + EQ’LLSH—LM).
(5.147)

Before we actually start proving the weak convergence of the algorithm in (5.147) we
recall the following definition [71].

Definition 5.3 Let V' be a topological space anfl= (A, ),en a sequence of subsets
of V. The subsetd C V is called thelimit of the sequenced, and we writeA =
lim,, A,,, if

A={a€V :3a, € A,,a= li;Lnan}.

The following observation will be useful to us, see, e.g., [71, Proposition 8.7].

Lemma 5.4 Assume that" is a convex function o®* and (z,,),en € RM a con-
vergent sequence with limit such thatl'(x,,),I'(z) < oco. Then the subdifferentials
satisfy

lim OI'(x,) C OT'(z).

n—oo
In other words, the subdifferentidll” of a convex function is anuter semicontinuous
set-valued function

Theorem 5.5 (Weak convergence)lhe algorithm in(5.147)produces a sequence™),,cn
in /2(Z) whose weak accumulation points are minimizers of the functighdh par-
ticular, the set of the weak accumulation points is non-empty antit is a weak
accumulation point then

u®) = §,(ul®) 4 A*(g — Au))).

Proof. The proof is partially inspired by the one of Theorem 3.12, where also alter-
nating minimizations were considered. Let us first observe that by (4.118)

J@™) = 5@ ™) = T (B + g™ g™ 4+ Bpui M)

= I5(Eu"? + Bud"™, B0 + Bl
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(n+1,1)

By definition ofu; and its minimal properties in (5.147) we have

(n,L)

T (Erug™™ + Ezugn’M), Elu(n+1 94 B, u(" M))

= j (E (n—l—ll) + B (n M) Elu(n-l-lO) + Eou (n M))
Again, an application of (4.118) gives

jS(E u(n—l—l,l) + Ezugn,M)

> ._7 (E (n+ll)+E (n M),Elug_n+l’l)+E2ugn7M)).

’Elug-n—l-l,O) + Ezugn,M))

Concatenating these inequalities we obtain

(n, M)

J ™) > 75(E{"™ + Byl (n, M)y

,Elu(nJrl D + Epus,
In particular, from (4.119) we have

j( ) jS<E uln-‘rl 1) + Ezu;n,M)’Elug-n-‘rl,l) + Ezugn,M))

111 1+1,0)2
> Cﬂuln )—Ugn ”22(21)'

By induction we obtain

j(u(n)) > jS( n+11) +E ug ) )7Elu(”+1 1) + Ehu ( )) > .
> jS(Eluln-i-LL) +E u(n7M),E1U(n+l L) +Ey u(n M))
_ j(Elugn—l—l,L) + Eou (n M))’
and

L—1
n n+1,L n+10+1 n+1/4
T (@) = J(Eru{™ 4 Bpd™) > 03 [uHHY 02
/=0

(n+1,1)

By definition ofu,, and its minimal properties we have

T3 (B 4 Bpul M, By 4 Bpu ™)

> j (E (n+1L)+E2ugn+l,l) Elu(n+lL)+E (n+10))

9

By similar arguments as above we find

j( ) > js( n+1 L) —|—E2U£n+1’M),E1ug_n+l’L) —|—E2ugn+1’M)) _ J(u(”+1)),
(5.148)
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and

j(u(n)) N j(u(n-i-l))

L—1 M-1

+1,0+1 +1£ +1m+1 +1, 2

> 0<Zuu§” P a2 e 3 g m)ngz@)-
=0 m=0

(5.149)

From (5.148) we have7 (u®) > J(u™) > 2a|u™ ||,z > 2al[u™||s,7). This
means thatu™),,cy is uniformly bounded irf>(Z), hence there exists a weakly con-
vergent subsequence"));cy. Let us denoteu(>) the weak limit of the subse-
quence. For simplicity, we rename such subsequen((et(ﬁﬂ/)neN. Moreover, since
the sequencé&” (u(™)),cn is monotonically decreasing and bounded from below by
0, itis also convergent. From (5.149) and the latter convergence we deduce

L-1 M-1
n+1,0+1 n+1,0) 2 n+1lm+1 n+1lm), 2
(Z o Y — g O gy 3 g — )”fz@) —

/=0 m=0
(5.150)
for n — oo. In particular, by the standard inequality® + b) > 3(a+b)2fora,b > 0
and the triangle inequality, we have also

Hu(n) _ u(n+1)H£2(I) N O’ n — o0. (5151)
We would like to show now that

0e lim 87 (u™) c 87 (u>).

n—oo

To this end, and in light of Lemma 5.2, we reason componentwise. By definition of
u{" ) we have

0 [—2(uf™ ™Y + RA*((y — ABu™™) — AB{ M),
4 2u! (n+1L +200] - |(u n+1L))7 (5.152)

(n+1,M)

for A € 71, and by definition of., we have

0€ [—2ud ™MD 4 Ry A*((y — AEw{" ™)) — AB S YY),
+ 20l 4 200] - (W), (5.153)

for A € Z,. Let us comput@ 7 (u(**1),,

07 (W V), = [-247(y — ABwu{""™™ — ABu{ M) + 200 - (),
(5.154)
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where\ € 7, and K = L, M for i = 1,2 respectively. We would like to find a
& ¢ 5.7 (um+D), such thate!" ™ — 0 for n — cc. By (5.152) we have that for
Aely

+2u("+“ + 20 gg ,

foragl™V € 8] - |(u{"y "), and, by (5.153), fon € T

+2 (n+1M + 20 f(n—i-l7

for ag (n+l) ¢ d| - |( "“ M)) Thus by adding zero to (5.154) as represented by the
prewous two formulas we can choose

G = 2 ) A AB T )

+ [RIA*AB (uf M) — M)

if \ e Z; and

if A € Z,. For both these choices, from (5.150) and (5.151), and by continuity, of
we haveg (+1) ., 0 forn — co. Again by continuity of4, weak convergence af™
(which implies componentwise convergence), and Lemma 5.4 we obtain

0e lim 87 u™), c a7 (u>®),, forall\eTZ.

n—~0o0

It follows from Lemma 5.2 that & 0.7 (u(>). By the properties of the subdifferen-

tial we have that.(* is a minimizer of.7. Of course, the reasoning above holds for
any weakly convergent subsequence and therefore all weak accumulation points of the
original sequencéu(™),, are minimizers of7.

Similarly, by taking now the limit fom — oo in (5.152) and (5.153), and by using
(5.150) we obtain

0 € [~2(Ryu™+ Ry A*((y— AB2Ru™)) — AB Ryu®))|\+2u'> +-200)-| (™),
for A € Z; and

0 € [2(Rau™) + Ry A* ((y— AE1 Ryu™) — AE; Ryu(™))] 5 +-2u8™) 4200 | (™).
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for A € Z,. In other words, we have
0€ 3, T (u>), ul>),
An application of Lemma 5.2 and Proposition 4.5 imply
u®) = S,(ul* + A*(y — Aul>)).
g

Remark 5.6 1. Becauseu(™) = S, (u(>®) 4 A*(y — Au(>))), we could infer the
minimality of «(°°) by invoking Proposition 4.5. In the previous proof we wanted to
present an alternative argument based on differential inclusions.

2. Since(u™),ey is bounded and (5.150) holds, aléd'"),, , are bounded for
1=12.

5.1.2 Strong Convergence of the Sequential Algorithm

In this section we want to show that the convergence of a subsequehige to any
accumulation poini:(°°) holds not only in the weak topology, but also in the Hilbert
spacel>(Z) norm. Let us define

n(n+1) — ug-n—l—l,L) - u?o)j 77(”+1/2) — ug-n—l—l,L—l) - ’LLg_OO),
,u(n+1) — ugn—l—l,M) o ugoo)’ Iu(n+1/2) — U§n+l’M_l) o ugoo)7

whereu!* := R;u(>). From Theorem 5.5 we also have

ul™ = 8o (™ + RiA*(y — AEw(® — AESY)), i=1,2

2

:=h;

Let us also denoté := E1hy + Fohy andE™ = Ein(t1/2) 4 By (n+1/2),

For the proof of strong convergence we need the following technical lemmas. The
strategy of their proofs is similar to that of Lemma 4.8 and Lemma 4.9.

Lemma5.7 ||A¢™ |2 — Oforn — oo.
Proof. Since
Y (Y2 — S (hy 4+ (T — RiATAB )Y
— RiA*AEyp™M) — So(h1) — n" 2,
Pt — (32 =S (hy 4+ (I — RpA* ABR)u™+Y/?
o RZA*AEln(n-i-l)) o Sa(hZ) o M(TL—I—l/Z)’
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and ||p("tD) — pn+l/2 YH—l,L) (L1

ey = llu uy Nepzy — O I+ —
Iu(n-i-l/Z) ||€2(Il) = ||u§n+1,M) _ ugn-i-l,M—l) HZZ(IZ) — 0by (5.150), we have

ISa(hy + (I — RiA* AE) ™2 — RyA* ABu™) — Sa(ha) — 0" 24,2,
> ||ISa(he+ (I — RIA*AE)n Y2 — Ry A* AEu(™)

n+1/2

—Sa(h)leyz) — 11" Y20y — O, (5.155)

and

||Sa(h2 + (I — RZA*AEz)/JJ('I’L-I-l/Z) _ RZA*AE:LT/('I’L-I-].)) o Sa(hZ) o /JJ(TL-I-]./Z) ||f2(1'2)
> ”Sa(hZ + (I — RzA*AEZ)M('I’L-I-l/z) _ RZA*AElﬁ(n+l))

—Sa(h2)lleyzy) — 1172 0,2, | — O. (5.156)

By nonexpansiveness 6f, we have the estimates

ISa(hz + (I — RpA* AE) ™™ — Ry A* AE1n™ ) — S (h2) 65z,
(I — RoA* AE) " Y2 — Ry A* AE1n ™Y | 4z,

< (I = RpA* AE) "2 — RoA* AE1n "), 1,

+  ||[R2A* AE1(n" ) — )|z,

IN

A

;:5(”)

Similarly, we have

ISa(ha + (I = RiA* A2 — Ry A* ABu™) — So(h) | eyz,)
(I — RyA* AEy)™ Y — Ry A* AEu™ ||y, 1)

< (I = RA*AE) ™Y — Ry A* AEu" 2| 1,

+ HRlA*AEz(,u(nH/Z) - M(n))sz(Il) .

IN

§(n)
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Combining the previous inequalities, we obtain the estimate

[Sa(h1 + (I — RiA* AE )" Y2 — RyA* ABu™ — Sa(hl)”gz(Il)
+[Sa(h2 + (I — RpA* AEp) "2 — Ry A* AEIN™Y — Sy (ho) 1%z,

< ||(I = RiA* AEy)n(n+1/2) RlA*AEZM(")Hfz(Il)
+||(T — ReA* AB) ") — RyA* AEin™ |2 1)
- (H([ - RlA*AEl)n(n+l/2) - RlA*AEZN(n+1/2) ”Zz(Il)
2
+ [|R1A* A (p(" Y2 — N("))Hez(zl)>
+ <||(I — RpA™ AEy) "2 — Ry A* AEW ™Y |y 1,
2
+ HRzA*AEl(n(nH/Z)) - 77(n+l)Héz(Iz)>
< T = A AEDE ) + (™) + (02 4+ C' (™ +61))
< Ny + ()24 (00)2 4 (™ + 0

The constant’ > 0 is due to the boundedness@f-*). Certainly, by (5.150), for
everye > 0 there existsig such that fom > ng we have(s(™)2 + (6()2 4 C' (e +
5(M)) < e. Therefore, if

ISa(hs + (I — RiA* AED ™Y — RiA* ABu™ — 8o (he) |z,
+ [|Sa(ha + (I — RpA* AE)ul" 2 — Ry A* AEIN™ — S (ha) 17
> 1€,
then
0 < (I - RA"AE) ™Y — RyA* AEp™ |2 1)
+[|(T = RpA* AE) ") — RpA* AEi™ |12 1y — 1672, )
< (€M) 4 (62 4 0™ +5M)) < ¢
If, instead, we have
ISa(ha+ (I = RiA*AE )" — R1A* AEp™) — So(h) |2,z
+ [|Sa(ha + (I = RpA* AE) "2 — Ry A* ABIN ") — S (ha) |17,z

< Hf(n)”i(z),
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then by (5.155) and (5.156)

€12,y — (I — RaA” AB)UOD — Ry A ABou™) 2,
+ [|(I — RpA* AER) (/2 — RzA*AEm(nH))”i(IZ))
< 1E™NE 0
— [ISa(h1+ (I = R1A* AE )Y — Ry A* AEou™) — Sa(ha) |72,
— [|Sa(hz + (I = RoA* AER)ul™ 2 — Ry A* AE1n ") — Sy (h2) 17,1,
= |l
— |ISalhn + (I = RiA* AE) "2 — Ry A" AEu™) — Sa(h1)lIf 2,

— [ISalha + (I = ReA* AER) "2 — Ry A* AE1n ") — Sa(h2) 7,2,

IN

7422, )

— IISa(ha + (I = RyA" AE)n "2 — RiA"ABy™) = Sa(h) Iz,

+ Il 22, g,

<e

— [ISalha + (I = RoA* AE) "2 — RyA* AE1n ") — Sa(h2) 7,2,

for n large enough. This implies

i [Hé(”)HZcm — (I = RaA"AB) D) — Ry AT AR |2, 1,

+ (I = ReA AEp) " +H/2) — RzA*AEm("“)H%z(Iz)ﬂ =0
Observe now that

(I — Ry A* AE ) ™2 — Ry A" ABu™ |2 7
+[I( = RoA" ABo)u" M2 — Rp A" AEm ™7
< (I = RiA* AB)uO Y2 — RyA* A2 |17, + 617
+ (I(I = ReA* AE) "™ Y2 — Ry A* AEn" 2| ) + ()
(T — A" A7 1) + ((5(”))2 + (82 420" (e + 5(n>)) ’

IN
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for a suitable constar®’ > 0 as above. Therefore we have

1€ 12,2 — (I = RoA" B2 — Ry A* AR ™), 7

+ [[(I = RpA* AE) (/2 — RzA*AEm("H))H?Z(IZ))

V

> 6 ) — 1 = ATy — (€0 + (6) + 20 (™ + 5))

2|46 — 14" APy — (€0 + (67 + 20 (™ + )

> (A — ()7 + (3)2 420" + 6) )

This implies|| A¢™||2. — 0 for n — cc.

Lemma 5.8 For h = Eihy + Ephy, ||Sa(h + €M) — Sa(h) — €M)z — O, for

n — Q.

Proof. We have
Sa(h 4 &M — A* Ac™)
= B1 (Salh + (1 — RiA® ABy(™Y2) - RyA* Al /7))
+ By (Sulho + (I~ RoA" AB) "1 — BpA* AByy("+42))
Therefore, we can write
Salh + €M — A7 A¢M)
- B [Sa(hl (] = RiA A2 Ry A* ABp™)

+Sa(h1 + (I = RiA* AE) Y2 — Ry A* AEpu("+Y/2))
— Sa(hy + (I — ReA* AB )" tY2) — Ry A* AB,pu™ ﬂ
+ E> [Sa(hZ + (I — RZA*AEZ)M(n-i-l/Z) _ R2A*AE177(n+l))
+ Sa(hz + (I — RZA*AEz)M(n+1/2) _ RZA*AElﬁ(n+l/2))

— Salha + (I — RpA" ABu"™ 2 — R A* ABy (™)) .

By using the nonexpansivenessSyf, the boundedness of the operatéis R;, A* A,
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and the triangle inequality we obtain,
”Sa(h + f(n)) - Sa(h) - f(n)HZZ(I)
< [ISa(h + €™ — A AE™) = Sa(h) — €] a)
+ [Salh + €M) = Sa(h + €M — A*AE™) 4,2

IN

ISa (b + (I — RiA* AE)n "2 — RiA* ABu™) — Sa(ha) — 0" 1,2,

+1Salhe + (I — RpA* AE) ™2 — RyA* AE1n™ ) — So(ha) — n" 2|42,

D — 1y )+ D =YD

+ [ AT AE™ | gy
—_———

The quantitiesA(™, B(™ vanish forn — oo because of (5.155) and (5.156). The
quantityC'™) vanishes forn — oo because of (5.150), and(™ vanishes forn — oo
thanks to Lemma 5.7. d

By combining the previous technical achievements, we can state the strong
convergence.

Theorem 5.9 (Strong convergence)Algorithm 6 produces a sequen(:e(”))neN in
/>(Z) whose strong accumulation points are minimizers of the functighaln par-
ticular, the set of strong accumulation points is non-empty.

Proof. Let u(>) be a weak accumulation point and let":));cy be a subsequence
weakly convergent ta(>). Let us again denote the latter sequete®) ), cn. With
the notation used in this section, by Theorem 5.5 and (5.150) we havé that
F1n( Y2 4 py(n+1/2) weakly converges to zero. By Lemma 5.8 we have

Jim [Sa(h + €M) = Sa(h) = €Ml = O.

From Lemma 4.10 we conclude thglt) = F1n("+1/2) 4 E,u(+1/2) converges to
zero strongly. Again by (5.150) we have tifat™),,cy converges ta.(>) strongly. 0
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5.1.3 A Parallel Domain Decomposition Method

The most natural modification to (5.145) in order to obtain a parallelizable algorithm
is to substitute the term("*t1.L) with R1u(™ in the second inner iterations. This
makes the inner iterations ¢if andZ, mutually independent, hence executable by
two processors at the same time. We obtain the following algorithm: Pick an initial
u(® € ¢4(T), for exampleu(® = 0, and iterate

(n-‘rl 0 — Ryu (n)
(n+1z+1 S, un+1é +R A*((y AEszu(”)) —AElugnJrl’@))
{=0,.

, L —
ugn-‘rl O) — Rou n)

u§n+1 L+1) S, (u(n+1é + RpA*((y — AElRlu(”)) AEou (n+1 2)))
1

(=0,... M-
u(tD) — Elu(n—l- ,L) —I—Ez (n+1, M)

(5.157)
The behavior of this algorithm is somehow bizzare. Indeed, the algorithm usually
alternates between the two subsequences giveri3y and its consecutive iteration
u(2t1) | These two sequences are complementary, in the sense that they encode in-
dependent patterns of the solution. In particular, #6°) = o + ", v ~ «/
and u(@*+1) ~ " for n not too large. During the iterations and farlarge the
two subsequences slowly approach each other, merging the complementary features
and shaping the final limit which usually coincides with the wanted minimal solu-
tion, see Figure 5.1. Unfortunately, this “oscillatory behavior” makes it impossible
to prove monotonicity of the sequenég (u(™)),cny and we have no proof of con-
vergence. However, since the subsequences are early indicating different features of

3.5
2 3 0.3
1.5 2.5 3
1 1.5 12
o.g 0t 0.5
10 20 30 4 O—5"20 302 10 20 30 4

Figure 5.10n the left we show.(2"), in the center,(2**1 | and on the right.(>*). The
two consecutive iterations contain different features which will appear in the solution.

the final limit, we may modify the algorithm by substituting® ™ := Fyu{"*"")

(Elu(n+l L>+E u("+1 Mf))—i—u(”)

_l’_

BEoul"™™M) with (D) .= which is the average of the
current iteration and the previous one. ThIS enforces an early merging of complemen-
tary features and leads to the following algorithm:
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Algorithm 7. Pick an initial u(® € ¢,(Z), for exampleu®© = 0, and iterate

u:(Ln—i-l,O) _ Rlu(”)
u§n+1,£+1) =S, u(ln+1,£) + RlA*((y _ AEszu(")) _ AElugnJ’l’Z)))
{=0,...,L—-1
u§n+l,0) _ Rzu(n)
ugn+1,e+1) =S, <u(2n+17é) 4 RzA*((y _ AElRlu(")) _ AEZU;’VH-LZ)))
{=0,....M—1

(Elu:(I-7L+1,L)+E2u§n+l,]\l))+u(n)
> .

w1

(5.158)

The proof of strong convergence of this algorithm is very Emto the one of
Algorithm 6. For the details, we refer the reader to [42].

5.2 Domain Decomposition Methods for Total Variation Minimization

We would like to continue here our parallel discussiorypminimization and total
variation minimization as we did in Section 3.1.3. In particular, we would like to show
that also for total variation minimization it is possible to formulate domain decompo-
sition methods. Several numerical strategies to efficiently perform total variation mini-
mization have been proposed in the literature as well [2,14,15,17,21,26,68,81,83]. In
particular in Section 3.1.3 we mentioned specifically the linearization approach by it-
eratively least squares presented in [16, 32]. These approaches differ significantly, and
they provide a convincing view of the interest this problem has been able to generate
and of its applicative impact. However, because of their iterative-sequential formula-
tion, none of the mentioned methods is able to address extremely large problems, such
as 4D imaging (spatial plus temporal dimensions) from functional magnetic-resonance
in nuclear medical imaging, astronomical imaging or global terrestrial seismic tomog-
raphy, in real-time, or at least in an acceptable computational time. For such large scale
simulations we need to address methods which allow us to reduce the problem to a fi-
nite sequence of sub-problems of a more manageable size, perhaps computable by one
of the methods listed above. We address the interested reader to the broad literature
included in [45] for an introduction to domain decomposition methods both for PDEs
and convex minimization. This section will make use of more advanced concepts and
results in convex analysis, which we will not introduce, and we refer the interested
reader to the books [36, 50].
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Difficulty of the problem

Due to the nonsmoothness and nonadditivity of the total variation with respect to a
nonoverlapping domain decomposition (note that the total variation of a function on
the whole domain equals the sum of the total variations on the subdomains plus the
size of the jumps at the interfaces [45, formula (3.4)]; this is one of the main dif-
ferences to the situation we already encountered fyHiminimization), one encoun-

ters additional difficulties in showing convergence of such decomposition strategies to
global minimizers. In particular, we stress very clearly that well-known approaches
as in [13, 18,79, 80] are not directly applicable to this problem, because either they
address additive problems (as the one/gfminimization) or smooth convex mini-
mizations, which imot the case of total variation minimization. We emphasize that
the successful convergence of such alternating algorithms is far from being obvious for
nonsmooth and nonadditive problems, as many counterexamples can be constructed,
see for instance [82].

The approach, results, and technical issues

In this section we show how to adapt Algorithm 6 and Algorithm 7 to the case of
an overlappingdomain decomposition for total variation minimization. The setting
of an overlapping domain decomposition eventually provides us with a framework
in which one can successfully prove its convergence to minimize($ of (3.82),

both in its sequential and parallel forms. Let us stress that to our knowledge this is
the first method which addresses a domain decomposition strategy for total variation
minimization with a formal, theoretical justification of convergence [45, 60, 84].

The analysis below is performed again for the discrete approximation of the contin-
uous functional (3.81), for ease again denqfeih (3.82). Essentially we approximate
functionsu by their sampling on a regular grid and their gradiént by finite differ-
encesVu. For ease of presentation, and in order to avoid unnecessary technicalities,
we limit our analysis to splitting the problem into two subdomdhsand(2,. This is
by no means a restriction. The generalization to multiple domains comes quite natural
in our specific setting, see also [45, Remark 5.3]. When dealing with discrete subdo-
mains();, for technical reasons, we will require a certain splitting property for the total
variation, i.e.,

[Vu|(Q2) = [Vula,[(Q1) + ea(ul\0)ury)s
[Vu|(Q2) = [Vula,|(Q2) + ca(ul\a,)ur,)s (5.159)

wherec; andce; are suitable functions which depend only on the restrictiops, o,)ur,
andu|o,\q,)ur, respectively, see (5.166) (symbols and notations are those introduced
in Section 3.1.3). Note that this formula is the discrete analogue of [45, formula (3.4)]
in the continuous setting. The simplest examples of discrete domains with such a
property are discreté-dimensional rectanglesl{orthotope$. For instance, with our
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notations, it is easy to check that fdr= 1 and for{2 being a discrete interval, one
computeses (ul 0,0 )ur;) = [Vul@a)ur, [((Q2\ Q1) UT1), e2(ulpa)ur,) =

[Vl 0,)ur, [((21\ 22) UT?2)); itis straightforward to generalize the computation

tod > 1. Hence, for ease of presentation, we will assume to work idhthotope
domains, also noting that such decompositions are already sufficient for any practi-
cal use in image processing, and stressing that the results can be generalized also to
subdomains with different shapes as long as (5.159) is satisfied.

Additional notations

Additionally to the notations already introduced in Section 3.1.3 for the total variation
minimization setting, we consider also the closed convex set

K;:{mwypeﬂﬁmwnxglfmmmeg},

where|p(z)|, = max {[p*(2)],...,[p?(z)|}, and denotePk (u) = arg minyex |lu—
v||2 the orthogonal projection ontd.

5.2.1 The Overlapping Domain Decomposition Algorithm

As before we are interested in the minimization of the functional
J () = | Ku— g||5 + 22 [V (u)| (), (5.160)

whereK € L(H) is alinear operatoy € H is a datum, and: > 0 is a fixed constant.
We assume that & ker(K).

Now, instead of minimizing (5.160) on the whole domain we decompbisgo two
overlapping subdomair@; and€2, such that2 = Q1 U Q2, Q1N Qs # (), and (5.159)
is fulfilled. For consistency of the definitions of gradient and divergence, we assume
that also the subdomairis; are discretel-orthotopes as well a9, stressing that this
is by no means a restriction, but only for ease of presentation. Due to this domain
decompositior?{ is split into two closed subspac&s = {u € H : supp(u) C Q;},
for j = 1, 2. Note that{ = V1 + V5 is not a direct sum o¥; andV5, but just a linear
sum of subspaces. Thus amy= H has a nonunique representation

ug(x) x €\ Qo
w(x) =qui(z) +ug(z) 2€UNQ, weV;, i=12 (5.161)
up(x) r e\ M

We denote by'; the interface betweef; and2,\ 21 and byI'; the interface between
Q2 andQ; \ Q2 (the interfaces are naturally defined in the discrete setting).
We introduce the trace operator of the restriction to a bounbary

Trlp:V; =R =12
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with Tr |, v; = v; |r,, the restriction ofy; onT';. Note thatR!: is as usual the set

of maps froml'; to R. The trace operator is clearly a linear and continuous operator.
We additionally fix abounded uniform partition of unittBUPU) {x1, x2} C H such

that

(@) Tr|r, xi =0fori=1,2,

O) x1+x2=1,

(c) suppx; C Q;fori =12,

(d) max{[[x1llco, [X2lloc} = £ < 0.
We would like to solve

arg min J(u)

by picking an initialVy + V2 3 @\” + @Y := u©® € H, e.g.,i” = 0,i = 1,2, and
iterate

u(1"+1) ~argmin e, J(v1+ &gn))

TI‘|[‘1’U]_:0
u Y xargmin e, T +v0)
Tr|p,v2=0
u(n+1) (n—i—l ) n2+1 (5162)

~g-n—l—l) =1 -u(”‘H)
i = g un D),

Note that we are minimizing over functions € V; for i = 1, 2 which vanish on the in-
terior boundaries, i.eTr |, v; = 0. Moreoveru™ is the sum of the local minimizers
u(ln) andugn), which are not uniquely determined on the overlapping part. Therefore
we introduced a suitable correction Ry andy in order to force the subminimizing
sequence$u§"))neN and (ué"))neN to keep uniformly bounded. This issue will be
explained in detail below, see Lemma 5.20. From the definitiog;pf = 1,2, it is
clear that

(nt+1) | (ntD) _ . (n+1)

ul + uy —u _ (Xl + Xz)u(n-i-l) (n+1) + ,&(n‘*‘l)_

2

Note that in generaﬂt #* ul ) and u2 ;é u2 . In (5.162) we use®” (the ap-
proximation symbol) because in practice we never perform the exact minimization. In
the following section we discuss how to realize the approximation to the individual
subspace minimizations.
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5.2.2 Local Minimization by Lagrange Multipliers
Let us consider, for example, the subspace minimizatioft;on

arg min J(v1+ up)
v1€V]
TI‘|[‘1’U]_ 0

= arg IIIGID | Kv1 — (9 — Kug)||3 + 2a |V (v1 + u2)| (). (5.163)
Tr|1}1v1 0
First of all, observe thafu € H : Tr |, u = Tr |p, up, J(u) < C} C {J < C},
hence the former set is also bounded by assumption (C) and the minimization problem
(5.163) has solutions.
It is useful to us to consider again a surrogate functigiabf 7: Assumea, u; €
V1, up € Vo, and define

Ti(ug + uz,a) == T (ug + up) + |Jur — al|3 — | K (u1 — a)]|3. (5.164)
A straightforward computation shows that
Jf (w1 +uz,a) = Jug— (a4 (K*(g — Kuz — Ka)) |o,)[13 + 20|V (u1 + u2)| ()
+ <I>(a>g>u2)>

where® is a function ofa, g, u2 only. Note that now the variable; is not anymore
effected by the action ak’. Consequently, we want to realize an approximate solution
to (5.163) by using the following algorithm: Foﬁo ~(0 e,

u(lﬂl) =arg min J7(u1+ ug,u(le)), ¢>0. (5.165)

u)€Vy
Tr|plu1 =0

Additionally in (5.165) we can restrict the total variation @n only, since we have

V(ur+u2)| (Q) = [V(u1+u2) [o,] (1) + cauzf,\0ury).  (5.166)

where we used (5.159) and the assumption thatanishes on the interior boundary
I';. Hence (5.165) is equivalent to

4

arg min J7 (ul—l—uz,u(l))
ug€Vy

TI‘|[‘1U1 0

= arg mel‘r/l [lug — leg + 20 |V (u1 + u2) |a,| (1),
uq 1

TI‘|[‘1U1:O

wherez; = u§> + (K*(g — Kup — Kul )) |a,. Similarly the same arguments work
for the second subproblem.

Before proving the convergence of this algorithm, we first need to clarify how to
practically computm(“l) for u“) given. To this end we need to introduce further
notions and to recall some useful results.
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Generalized Lagrange multipliers for nonsmooth objective @inctions

We consider the following problem

arg ml‘r/l{F(x) : Go = b}, (5.167)
re

whereGG : V' — V is a linear operator of. We have the following useful result,
which is simply a suitable generalization of the well-known Lagrange multiplier theo-
rem.

Theorem 5.10 [50, Theorem 2.1.4, p. 305] Léf = {G*\ : )\ € V} = Range(G*).
Then,zg € {z € V : Gz = b} solves the constrained minimization problénl67)
if and only if

0€ 0F (z0) + N.

We want to exploit Theorem 5.10 in order to produce an algorithmic solution to
each iteration step (5.165), which practically stems from the solution of a problem of
this type

arg  min Jus — 21| + 20 |V (ug + uz |oy)| (Qu).
uq 1

TI‘|[‘1U1:0

It is well-known how to solve this problem if, = 0 in 2; and the trace condition is
not imposed. For the general case we propose the following solution strategy. In what
follows all the involved quantities are restricted(e, e.9.,u1 = u1 |q,, u2 = uz |o,.

Theorem 5.11 (Oblique thresholding) For u, € V5 and for z; € V3 the following
statements are equivalent:

() wi=argmin v, |lur— 21]5+ 20|V (u1 + uz)| (Q);
Tr\plulzo
(i) there existsy € Range(Tr |r,)* = {n € V1 with supp(n) = I'1} such that0 €
ui = (21 = n) + @y, [V (- + u2)| (1) (uy);

(i) there existsy € Vi with supp(n) = I'y such thatu; = (I — Pax)(21+uz2—1n) —
up € V3 andTr |1"1 ’LL;‘_ =0

(iv) there exists) € Vi with supp(n) = I'1 such thatTr |p, n = Tr |p, 21 + Tr |,
Palc(’l’]—(zl—l—UQ)) or equivalentlyn = (TI" |p1)* Tr |p1 (Z]_ + Palc(’l’] — (Z]_ + ’LLz)))

We call the solution operation provided by this theorenohiique thresholdingin
analogy to the terminology fdf;-minimization (see Lemma 4.1), because it performs
a thresholding of the derivatives, i.e., it sets to zero most of the derivatives=of
u1 + up & z1 on§)q, provideduy, which is a fixed vector irv5.
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Proof. Let us show the equivalence between (i) and (ii). The problem in (i) can be
reformulated as

uj = arg J?Eigl{F(ul) = |lug — 21|35 + 20 |V (ug + u2)| (1), Tt |1, ug = 0}

(5.168)
Recall thatTr |r,: V1 — R is a surjective map with closed range. This means
that (Tr |r,)* is injective and thaRange(Tr |r,)* = {n € V1 with supp(n) =T'1}
is closed. Using Theorem 5.10 the optimality«dfis equivalent to the existence of
n € Range(Tr |r,)* such that

0 € Oy, F(uy) + 2. (5.169)
Due to the continuity ofju; — z1|]§ in V1, we have, by [36, Proposition 5.6], that
O F(uf) = 2(uf — 21) + 200y, [V (- + w)| ()(uf).  (5.170)
Thus, the optimality of:] is equivalent to
0€uj —2z1+n+ ady, V(- + u2)| (Q1)(u]). (5.171)

This concludes the equivalence of (i) and (ii). Let us show now that (iii) is equivalent
to (ii). The condition in (iii) can be rewritten as

§" = (I — Pax)(21 +u2 — 1), £ = uj + ua.

Since |V(-)| > 0 is 1-homogeneous and lower-semicontinuous, by [45, Example
4.2.2], the latter is equivalent to

0 —(aa+uz—mn)+ady [V()[ (1)),
and equivalent to (ii). Note that in particular we have
Oy V() (Q1)(€7) = 0wy [V (- 4 u2)] () (up),

which is easily shown by a direct computation from the definition of subdifferential.
We prove now the equivalence between (iii) and (iv). We have

uj = (I — Pux)(z1+uz—n) —uz € Vi,
(for somen € Vi with supp(n) =TI'y, Tr |, u] = 0),
= 21— 10— Pax(z1+uz2 — 7).
By applyingTr |, to both sides of the latter equality we get

0=Tr|p, 21— Tr|p, n— Tr |p, Pax(21 4+ u2 —n).
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By observing that- Tr |, Pax(§) = Tr |p, Paxc(—§), we obtain the fixed point
equation
Tr|p, n="Tr|p, 21+ Tr |r, Pax(n — (21 + u2)). (5.172)

Conversely, since all the considered quantities in
(I — Pax)(21 + uz — 1) — uz

are inV1, the whole expression is an elementiinand hence:] as defined in (jii) is
an element il andTr |r, u; = 0. This shows the equivalence between (iii) and (iv)
and therewith finishes the proof. a

We wonder now whether any of the conditions in Theorem 5.1rideed practically
satisfied. In particular, we want to show that V3 as in (iii) or (iv) of the previous
theorem is provided as the limit of the following iterative algorithm:#oe> 0

7@ e vy, suppn@ =11 ™Y = (Tr |p,)* Tr |, (2’1 + Poc(n™ — (21 + uz))) -
(5.173

Proposition 5.12 The following statements are equivalent:

(i) there exists) € V; such thaty = (Tr |r,)* Tr |r, (21 4+ Pax(n — (21 + u2)))
(which is in turn the condition (iv) of Theorem 5.11)

(i) the iteration (5.173) converges to amyc Vi that satisfies (5.172).

For the proof of this Proposition we need to recall some well-known notions and
results.

Definition 5.13 A nonexpansive mafd : H — H is strongly nonexpansive if for
(up, — vp)n bounded and7 (uy,) — 7 (vy)||2 — ||un — vnll2 — O we have

Up — Uy — (T (un) — T (vy)) — 0, n — 0.

Proposition 5.14 (Corollaries 1.3, 1.4, and 1.5 [11]}.et7 : H — H be a strongly
nonexpansive map. Thétix7 = {u € H : T (u) = u} # 0 if and only if (7"u),,
converges to a fixed poimp € Fix 7 for any choice ofs € H.

Proof. (Proposition 5.12) Projections onto convex sets are strongly nonexpansive [4,
Corollary 4.2.3]. Moreover, the composition of strongly nonexpansive maps is strongly
nonexpansive [11, Lemma 2.1]. By an application of Proposition 5.14 we immediately
have the result, since any map of the typ&) = Q (&) + o is strongly nonexpansive
whenever) is (this is a simple observation from the definition of strongly nonexpan-
sive maps). Indeed, we are looking for fixed pointsatisfyingn = (Tr |r,)* Tr |,

(21 + Pax(n — (21 + up))) or, equivalently¢ satisfying

5 = (Tr |F1)* Tr |F1 Palc(é) - ((Tr |F1)* Tr |F1 u2)a
=Q =&
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Wheref = (TI‘ ‘Fl)* Tr ’Fl (77 - (Zl + UZ)) a

Convergence of the subspace minimization
From the results of the previous section it follows that the iteration (5.165) can be
explicitly computed by

i = o + K (g - Kuz = Kug)) +uz =) — o, (5.174)

where, in analogy with the soft-thresholding, we derf§ite= I — P.x, andn® € V4
is any solution of the fixed point equation

no= (T ) T ey (0 + K*(g — Kuz = Kuf?))

— a;g(ugé) + K*(9g — Kup — Kugé) + up) — 77)) .
The computation of®) can be implemented by the algorithm (5.173).

Proposition 5.15 Assumeuy € V, and ||K|| < 1. Then the iteration(5.174)con-
verges to a solution] € V1 of (5.163)for any initial choice ofugo) e V.

The proof of this proposition is similar to the one of Theorem 4.7 and it is omitted.

Let us conclude this section mentioning that all the results presented here hold sym-
metrically for the minimization orl,, and that the notations should be just adjusted
accordingly.

5.2.3 Convergence of the Sequential Alternating Subspace Minimization

In this section we want to prove the convergence of the algorithm (5.162) to minimizers
of 7. In order to do that, we need a characterization of solutions of the minimization
problem (3.82) as the one provided in [81, Proposition 4.1] for the continuous set-
ting. We specify the arguments in [81, Proposition 4.1] for our discrete setting and we
highlight the significant differences with respect to the continuous one.

Characterization of solutions

We make the following assumptions:
(A,) ¢ : R — Ris aconvex function, nondecreasingRr such that
(i) »(0) =0.

(i) There existc > 0 andb > 0 such thatz — b < ¢(z) < cz + b, for all
z € RT.
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The particular example we have in mind is simplfs) = s, but we keep a more gen-
eral notation for uniformity with respect to the continuous version in [81, Proposition
4.1]. In this section we are concerned with the following more general minimization
problem

arg min{ 7, (u) := | Ku — gl[3 + 200(|Vul) ()} (5.175)

whereg € H is a datumgp > 0 is a fixed constant (in particular far(s) = s).

To characterize the solution of the minimization problem (5.175) we use duality
results from [36]. Therefore we recall the definition of tb@njugate (or Legendre
transform)of a function (for example see [36, Def. 4.1, p. 17]):

Definition 5.16 Let V andV* be two vector spaces placed in the duality by a bilinear
pairing denoted by-, -) and¢ : V' — R be a convex function. Theonjugate function
(or Legendre transformg* : V* — R is defined by

¢"(u") = sup{(u,u”) — p(u)}.
ueV
Proposition 5.17 Let ¢, u € 'H. If the assumptioriA,,) is fulfilled, then¢ € 07, (u)
if and only if there existd/ = (Mo, M) € H x HY, @ < ¢1 € [0, +00) for all
x €  such that

(M(z), (Vu)(z))ga + 200(](Vu)(z)]) + 2005 <‘]\42(5)‘> = 0 forallz e,

(5.176)
K*Mo—divM+¢ = 0 (5.177)
Mo = 2(Ku — g), (5.178)

wherey] is the conjugate function @f; defined byp1(s) = ¢(|s|), for s € R.
If additionally ¢ is differentiable and(Vu)(x)| # 0 for z € €, then we can
computeM as
v ' ([(Vu)(@)])
M(z) = —2a————>(Vu)(x). (5.179)
(V) ()]
Remark 5.18 (i) For ¢(s) = s the functionys from Proposition 5.17 turns out to
beyi(s) = |s|. Its conjugate functior; is then given by

for|s*| <1
else '

Fils7) = sup{(s5) —[sl} = {20

seR

Hence condition (5.176) specifies as follows

(M(z), (Vu)(x))ra + 20/ (Vu)(z)| =0,

and, directly from the proof of Proposition 5.17 in the Appendi¥,(z)| < 2a
forall z € Q.
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(i) We want to highlight a few important differences with pest to the continuous
case. Due to our definition of the gradient and its relationship with the divergence
operator— div = V* no boundary conditions are needed. Therefore condition
(10) of [81, Proposition 4.1] has no discrete analogue in our setting. The con-
tinuous total variation of a function can be decomposed into an absolutely con-
tinuous part with respect to the Lebesgue measure and a singular part, whereas
no singular part appears in the discrete setting. Therefore condition (6) and (7)
of [81, Propaosition 4.1] have not a discrete analogue either.

(i) An interesting consequence of Proposition 5.17 is that the Map- (I — P.x)
is bounded, i.el|S, (2¥)||2 — oo if and only if || 2* ||, — oo, for k — oo. In fact,
since

Sa(z) = argmin|lu— 2|3 + 20| Vul (),
from (5.177) and (5.178), we immediately obtain
1. -
Sal(z) =2z — Ede’
andM is uniformly bounded.
Proof. (Proposition 5.17.) Itis clear thgte 0.7,(u) if and only if
u = argmin{J,(v) — (¢, v)n}-
Let us consider the following variational problem:

inf {Tp(v) = (G vprd = inf (1K = g2+ 200(IV0)(Q) = (Gupnd, (P)
(5.180)
We denote such an infimum byf(7) . Now we computgP*) the dual of (5.180).
LetF:H—R,G:HxH! - R, G :H—R,G: H! — R, such that

F) = —(Gvn
Gi(wo) = |wo—gli3
Go(w) = 2ap(|w])(2)

G(w) = Gi(wo) + Go(w)

with w = (wo, w) € H x H?. Then the dual problem of (5.180) is given by (cf. [36, p
60])

sup {~F'(Mp) -G (~p)},  (PY) (5.181)

p*eHxHY

where.# : H — H x H% is defined by
My = (Kv, (Vo)l,..., (Vo))
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and.#* is its adjoint. We denote the supremum in (5.181)xhy(P*). Using the
definition of the conjugate function we computé andG*. In particular

F (M p*) = sup{(A"p*,v)y — F(v)} = sup(A*p" + (,v)n
vEH vEH

0 A*p*+(=0

oo otherwise

wherep* = (pg, p*) and

G (p*) = sup {{p", w)pxpa — G(w)}
weH X H?

= sup {{po, wo)r + (P, W) pa — G1(wo) — Go(w)}
w=(wp,w)EH X HI

= sup {(pg, wo)n — G1(wo)} + sup {(p*, W)y — Ga2(w)}
woeH weH?

= G1i(po) + 92 (P")-

We have that

G105 = (2 + 915 .
H
and (see [36])

G3(7) =201 (1) ()

if 2 € Dom ¢}, whereg; is the conjugate function af; defined by

01(s) == p(|s]), seR.

For simplicity we include in the following subsection all the explicit computation of
these conjugate functions. We can write (5.181) in the following way

—Do . . \p*\> }
su — +g,— — 2« < Q) ¢y, 5.182
p*eljzf{ < 4 g po>H ¥1 v Q) ( )
where
H = {p* e M x H: Lz(j)‘ € Dom g} forallz € Q, 4" p* + ¢ = o}.

The functiony; also fulfills assumptionA,)(ii) (i.e., there existg; > 0,b > 0 such
thatciz — b < p1(2) < 12 + b, for all z € RT). The conjugate function af; is
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given by i (s) = sup,cr{(s,2) — ¢1(2)}. Using the previous inequalities and that
p1is even (i.e.p1(z) = ¢1(—2) for all z € R) we have

sup{(s, z) —cafz| + b} = sup{(s, 2) — pa1(2)} = sup{(s, z) — ca|z| — b}
z€R z€R z€R

B {—b if |s|]<ec

oo else

In particular, one can see that Dom ] if and only if |s| < ¢;.
From.z*p* + ¢ = 0 we obtain

(AP w)n+ (Gwyn = (P Aw)par + ((w)n
= (po, Kw)n + (", Vw)pa + (¢, w)n =0,
for all w € H. Then, sincép*, Vw)ya« = (— divp*,w)s (see Section 3.1.3), we have
K*py —divp* 4+ (¢ =0.
Hence we can writeZ” in the following way

P ()]
2«

H = {p* = (p5,7*) € H x H%: <cforallz € Q, K*'py—divp + (¢ = 0}.
We now apply the duality results from [36, Theorem lll.4.1], since the functional in
(5.180) is convex, continuous with respect#v in H x H%, andinf(P) is finite.
Theninf(P) = sup(P*) € R and (5.181) has a solutiaW = (M, M) € % .

Let us assume that is a solution of (5.180) and/ is a solution of (5.181). From

inf(P) = sup(P*) we get

M i
gl 4200V~ = — {42+ -Mo) ~205 (1) @)
H
) (5.183)
whereM = (Mo, M) € H x R, 2@ < ¢ and K* Mo — div M + ¢ = 0, which
verifies the direct implication of (5.177). In particular

_<C7U>H = <K*M07U>H - <d1VM,U>’H = <M07 KU>H + <M7 Vu>’Hd7
and
HK’LL - gH% + <M0>Ku>7'( + <M> Vu>7‘(d

+ 200(|Vul)(Q) + <—T]\40 + g, _MO>H

+ 20007 <%> (Q) = 0. (5.184)
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Let us write (5.184) again in the following form

B

Y N(Ku—g)@)?+ ) Mo(x)(Ku)(z) + ) > M (2)(Vu) (z)
e e € j=1
+ 200(|(Vu)(2)])
e
+ Z <_ @) + g(:ﬂ)) (—Mo(z)) + Z 203 (HWZ(;N) =0.

e e

(5.185)
Now we have
L. 20(| (V) (2)])+ oy M9 (&) (Vu)? (@) + 20665 (L) > 2000(|(Vu) (@) ) -
2?21 | M (2)||(Vu) (2)] + 20} (' g)‘) > 0 by the definition ofy}, since

20 (P51} = sup {(010), )0 — 2000131}

SER4

d
= sup {ZMj(x)Sj - Zaw(S)}-

2. |(Ku—g)(x)|2+Mo(z)(Ku)(z)+ (#‘J(‘”) + g(x))(—Mo(x)> — (Ku)(z)—
()24 Mofa) (Ku) (2)—g())+ (252) = (K w)(a) — ga)) + 52)" >
0.

Hence condition (5.184) reduces to

d
200p(|( Z (z) + 2007 (%) =0, (5.186)

J
— Mo(z) = 2((Ku)(z) — g(x)), (5.187)

forall z € Q. Conversely, if such ai/ = (Mo, M) € HxH? with Wz# < ¢ Exists,
which fulfills conditions (5.176)-(5.178), it is clear from previous considerations that
equation (5.183) holds. Let us denote the functional on the left-hand side of (5.183)
by

P(u) = || Ku — g[|3 + 200(|Vul)(2) — (¢, u)n,

and the functional on the right-hand side of (5.183) by

P*(M) == — <# +g, MO>H — 204} (%) ().
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We know that the functionaP is the functional of (5.180) an&* is the functional
of (5.181). Hencenf P = inf(P) andsup P* = sup(P*). SinceP is convex,
continuous with respect ta7u in H x H%, andinf(7P) is finite we know again from
[36, Theorem I11.4.1] thainf(7) = sup(P*) € R. We assume thal/ is no solution of
(5.181), i.e.,P*(M) < sup(P*), andu is no solution of (5.180), i.eP(u) > inf(P).
Then we have that

P(u) > inf(P) = sup(P*) > P*(M).

Thus (5.183) is valid if and only if\/ is a solution of (5.181) and is a solution of
(5.180) which amounts to saying that 0.7,(u).

If additionally ¢ is differentiable and(Vu)(x)| # 0 for z € 2, we show that we
can computeV! () explicitly. From equation (5.176) (resp. (5.186)) we have

20 (50 ) =~ 010), (V) - 20|V}, (5.188)

From the definition of conjugate function we have

et (0 ) mam {5 ) -0

“2pi(T ) )

_ (5.189)
- — M (z)
= Zaigg é§§{< o ,S>Rd _<P1(|S|)}
= sup {(—M(x), )z — 2000(]S]) } -

# 0 for z € (), then it follows from (5.188) that the supremum is

Now, if |(Vu)(z)|
|(Vu)(z)| and we have

obtained afS =
Vs(—(M(z), S)ra — 205(|S])) = 0,

which implies

PR 1([0:201Col ) A PR
M (x) 2 (V) (@) (Vu)(x) j=1,....d,

and verifies (5.179). This finishes the proof. a

Computation of conjugate functions. Let us compute the conjugate function of
the convex functiorG (wo) = ||wo — g||3. From Definition 5.16 we have

G1(po) = sup {(wo, o) — G1(wo)} = sup {(wo, po)n — (wo — g, wo — g)}-
woEH woEH
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We setH (wg) = (wo, pg)H — (wo — g, wo — g)x. To get the maximum off we
compute the Gateaux-differentialag of H,

H'(wo) = pp — 2(wo — g) =0

and we set it to zerd!’ (wg) = 0, sinceH"” (wg) < 0, and we getvg = % + g. Thus
we have that

p* >k * >k
sup (o) = (%24 9.05) = Gilr3)
woEH H

Now we are going to compute the conjugate functiorgefw) = 2ap(|w|) ().

Associated to our notations we define the spge= Rgle”'XNd. From Definition
5.16 we have

G2(p*) = sup {{@,p")pa — 2a¢(|w])(2)}

weH4
= sup  sup {(w,p")ya — 2000(|w])(Q)}
teHy  wend
|@(z)|=t(z)
= sup {(¢, [p"[)n — 2000(¢)(2) }.
teMy

If ¢ were an even function then

sup {(t, |p"[)n — 2000(t)(Q)} = g{){(t’ " [)r — 2000(2) ()}

teHg
= 2asup { <t, |§;| >H - cp(t)(Q)}

P
= 20" Q
wherep* is the conjugate function ap.
Unfortunately o is not even in general. To overcome this difficulty we have to
choose a function which is equal ¢gs) for s > 0 and does not change the supremum
for s < 0. For instance, one can choagsgs) = ¢(|s|) for s € R. Then we have

sup {(t, [P ) — 2000()(Q)} = f;l};{(t, 0" ) — 20001 (£) (1) }

teHd
= 2asup {<t, 7] > - cpl(t)(Q)}
teH 20 H

~ 2041 () @),

whereyj is the conjugate function gf;. Note that one can also choogg(s) = ¢(s)
for s > 0 andyp1(s) = oo for s < 0.
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Convergence properties

We return to the sequential algorithm (5.162). Let us explicitly express the algorithm
as follows:

Algorithm 8. Pick an initial V1 + V3 3 @\ + i@y := u©® & H, for example,
i\® = 0,i = 1,2, and iterate

u(n—l—l,O) o ﬂ(n)

1 - 71
ug-n+1,£+l) — arg min - j]_ (Ul + ugn)’ug-n—l—l Z))
Tr\plulzo
0(=0,...,[—1
’LLgH—LO) _ ﬂgn)
ug Y = argmin e T30y g uf )

Tr\pzuz =0

m=0,... M-1

u(D) .= ug-n—l—l,L) _i_ugn—l-l,M)

~g-n—i-l) ‘= X1 u(”+1)
ﬂ1(2714-1) = Y2 u(n—l—l).

(5.190)

Note that we do prescribe a finite numbeand M of inner iterations for each sub-
space respectively and thet+2) = "™ + @™ with u{"" £ 5" i = 1,2,
in general. In this section we want to prove |ts convergence for any choicaiod M .

Observe that, for € V; and|| K| < 1,
lui — a3 — | Kui — Kal3 = Cllui — a3, (5.191)
for C = (1— ||K|]?) > 0. Hence
J(u) = T’ (u,u;) < TP (u,a), (5.192)

and
T (u,a) — TP (u,u;) > Cllu; — aHg. (5.193)

Proposition 5.19 (Convergence properties) et us assume thatk|| < 1. The algo-
rithm in (5.190) produces a sequer(aé"))neN in H with the following properties:

(i) Jw™) > F ") forall n € N (unlessu(™ = u(*D);

(il) Lo [[ul™™ — u™l2 =0

(i) the sequencéu(”))neN has subsequences which convergé{in
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Proof. The proof of this proposition follows the lines of the one of Theorem 5.5, with
minor differences, and it is omitted. In particular one can show

L—1 M-1
/=0 m=0
(5.194)
This limit property will be crucial in the following. a

The use of the partition of unityx1, x2} allows us not only to guarantee the bound-
edness ofu(™),,cy, but also of the sequencéa,” ),cx and (@i )nen.

Lemma 5.20 The sequence{ﬂi”))neN and(&é"))neN produced by the algorithrg5.190)
are bounded, i.e., there exists a constaht- 0 such thaﬂ\ﬂﬁ") |2 < Cfori=12

Proof. From the boundedness @f("™),,ciy we have

1812 = w2 < su® 2 < & fori=1,2.

a
From Remark 5.18 (iii) we can also show the following auxjlilgmma.
Lemma 5.21 The sequence(s;i"’L))neN and (nén’M))neN are bounded.
Proof. From previous considerations we know that
U = G, (Y g ey gD,
ugn,M) _ Sa(zén,M—l) n ugn,L) _ 77gn,M)) _ ugnn,L).
Assume(nﬁn’L))n were unbounded, then by Remark 5.18 (iii), alSp(zi"’L_l) +

aé”‘l) - ni”’L)) would be unbounded. Sinc(ﬁé”))n and(ugn’L))n are bounded by

Lemma 5.20 and formula (5.194), we have a contradiction. '(hﬁ”s”)n has to be
bounded. With the same argument we can show(bl;ﬁﬁtM))n is bounded. 0

We can eventually show the convergence of the algorithm téannigers of 7.

Theorem 5.22 (Convergence to minimizersAssume| K || < 1. Then accumulation
points of the sequende(™),,cn produced by algorithm (5.190) are minimizers6f
If 7 has a unique minimizer then the sequefic®)),,cn converges to it.
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Proof. Let us denote(>) the limit of a subsequence. For simplicity, we rename such
a subsequence kiyi(™),,cy. From Lemma 5.20 we know that™),,cn, (5" )nen

and consequentlyu.""),cx,(uy""),cx are bounded. So the limit(*) can be
written as

ul® = 4™ 4 uf = ) 4l (5.195)
whereu!™ is the limit of (u{"")),,.cx, u5™ is the limit of (u3"*"),.cx, and@!™ is
the limit of (a§">)neN fori = 1,2. Now we show thaﬁg’o) = u§°°>. By using the
triangle inequality, from (5.194) it directly follows that

g — @, -0, n— oo, (5.196)

Moreover, sincey, € V5 is a fixed vector which is independent sof we obtain from
Proposition 5.19i7) that

Ix2(u™ —u™ )3 =0, n— oo,
and hence
|ay” — @ ™M), -0, n — oo (5.197)

Putting (5.196) and (5.197) together and noting that

(n+1)

n+1,M ~(n ~(n n+1,M ~(n+1
™M — a0l + ag? — ay Vg > lud M — ad Y,
we have
[ud M) — 5|, 50, n— oo, (5.198)

which means that the sequenc(aé ’ neN and(ﬂé”))neN have the same limit, i.e.,
ag@ = (Oo) , which we denote byé ) Then from (5.198) and (5.195) it directly

follows thatu(l ) — ),
As in the proof of the oblique thresholding theorem we set

n+1,L) (n+1,L) n 1,L) (n+1,L n
Fy(uy ) = uy* T+ 20V (" 3 la),
where
Z:En—l—l,L) - ug-n—l—l,L—l) + K*(g . Kﬂén) . Kug-n—l—l,L—l)) .
1

(n+1,L)

The optimality condition foru; is

0c a\/lFl( (n+1, L)) +277§.n+17L)’

where

n§n+1,L) — (Tr ‘Fl)* Tr ‘Fl (Z£n+1,L) 4P, ( (n+1,L) Z§n+1,L) - agn))> .
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In order to use the characterization of elements in the siebeiftial of | Vu|(2),
i.e., Proposition 5.17, we have to rewrite the minimization problemHar More
precisely, we define

- n+1,L n+1,L ~(n n+1,L) n+1,L)
(™) = g = 0| - R+ 20096l

for ¢ e vy with Tr |p, €75 = 4{™. Then the optimality condition for
(n—l—l L) .
&1 is
Note that indeed" " is optimal if and only ifu{" """ = "™+ _ z{v o s
optimal. '
Analogously we define
2
for ¢ € vy with Tr |p, €M) = u{""™") and the optimality condition for
(n+1,M) is
2
where

n£n+1,M) — (Tr ‘Fz)* . ‘Fz (Z£n+1,M) 4P, ( (n+1,M) Z§n+1,M) _ u(1n+1,L))) .

Let us recall that now we are considering functionals as in Proposition 5.17 with
p(s) = s, K =1,andQ = Q;, ¢ = 1,2. From Proposition 5.17 and Remark

5.18 we get that\" "), and consequently(’"“rl ") is optimal, i.e., —2p{" ") ¢
oFy (¢, if and only if there exists aMl(”“) = (M MYy e vix vy
with |17V ()| < 2 for all & € Q4 such that

(M (@), (V" 4+ a3 (@) )ga + 2000(/(V (@ + a3 (2)]) = o,

(5.201)
—2(uy" P (@) — 2" (@) — div M"Y (@) — 200" (2) = 0,
(5.202)
for all x € 1. Analogously we get thazf (n+1,M) , and consequentlya("Jrl M) s

optimal, i.e., —2p" ™M) € aFy (el M), if and onIy if there exists am/[z(”*l) -
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(Mé”;“), MY € Vo x Vi with [ (2)] < 20 for all € Q such that

+ 200(|(V (g™ i ) @)) =0, (5.209)
—2(uy " (@) — 25" (@) — div 2" (a)
— oM () =0, (5.204)
for all z € Q. Since(]\Zfl(")(a;))neN is bounded for al: € Q; and (Mz(")(x))neN

is bounded for alke € Qp, there exist convergent subsequen(:é@f”’“)(x))keN and

(J\Zfz(”’“)(a;))keN. Let us denote’\Zl(oo)(a;) and Mz(oo)(a;) the respective limits of the
sequences. For simplicity we rename such sequences by

(M () )nen and (M (2))nen

Note that, by Lemma 5.21 (or simply from (5.202) and (5.204)) the sequences

(nin’L))neN and (nén’M))neN are also bounded. Hence there exist convergent subse-

quences which we denote, for simplicity, again(lzy)YL’L))neN and(nén’M))neN with

limits nioo)’ 1 =1, 2. By taking the limits fom — oo in (5.201)-(5.204) we obtain for
allz €

(M) (2), V(™ + 0™ (@) + 200V (0™ + u®)()]) = 0,
—2(uf™) (x) — 2 (@) — div M () — 20 () = O,

and for allz € Q,
(M) (2), V(™ + 0™ (@) + 200V (0™ + ug®)()]) = 0,
—2(uS® () — 25 (2)) — div MY (z) — 205 () = 0.

(c0) (c0)

Sincesuppn; ' = I'1andsuppn, ' =I'> we have
(M) (), Vul™) () ga + 2060(|Vul> (2)]) = 0 forallz € 5205
2K ((Ku))(z) — g(x)) — div i (2) =0 forallz € 9\ Ty,
M (x V™) (2 + 200(|Vu>®) (2)|) =0 forallz € Qy,
(Mp™ () (%)) e (I (=)]) (5.206)

—2K*((Kul®)(z) — g (2)) — div M{™®) (z) =0 forallz € Qp\ T,
Observe now that from Proposition 5.17 we also have thatD(«(>)) if and only
if there exists) () = (M$™), 11090y with |11{° ()| < 2 for all €  such that

(M) (), (V™)) (2))ga + 209(| (V™)) (2))) =0 forallz € Q

. (5.207)
—2K*(Ku®))(z) — ¢ (z)) — div M) (z) =0 forallz e Q.
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Note that]\Z[](oo)(x),j = 1,2, forz € QN Q satisfies both (5.205) and (5.206).
Hence let us choose

2 z) = M (2) fxeQ\Ty
MP () ifxe(Q\Q)UT,

With this choice ofM/(°°) equations (5.205) - (5.207) are valid and hent®) is
optimal in€Q. a

Remark 5.23 (i) If Vu(®)(z) # 0forz € Q;,j = 1,2, thenJ\Zl](oo) is given as in

_ (o (Vul=)jg ) ()
equation (5.179) b)MJ( (@) = —ZOém'
J

(i) The boundedness of the sequen(:?e%b))neN and(&é"))neN has been technically

used for showing the existence of an optimal decomposition = u\ + v
in the proof of Theorem 5.22. Their boundedness is guaranteed as in Lemma
5.20 by the use of the partition of unifyy1, x2}. Let us emphasize that there

is no way of obtaining the boundedness of the local seque(né@sL))neN and

(ué"’M))neN otherwise. In Figure 5.4 we show that the local sequences can be-
come unbounded in case we do not modify them by means of the partition of
unity.

(iii) Note that for deriving the optimality condition (5.207) faf>) we combined the

respective conditions (5.205) and (5.206) fé?o) and ug°°>. In doing that, we
strongly took advantage of the overlapping property of the subdomains, hence

avoiding a fine analysis of,>” and;{™ on the interface¥; andT,.

5.2.4 A Parallel Algorithm

The parallel version of the previous algorithm (5.190) reads as follows:
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Algorithm 9. Pick an initial Vi + 12 3 @ + a3’ := u© € H, for example,
i@ = 0,7 = 1,2, and iterate

7

’LLg_TH_LO) . ﬂg-n)

u(ln+1,e+1) —argmin v, JP(ug + agn)’ugnﬂ,e))
Tr|r,u1=0
¢=0,...,L—-1
u;nﬂ’mﬂ) =argmin ey, jig(ﬂ(ln) +uz, u§n+1,m)) (5.208)

Tr|p2u2:0

m=0,....M-1

n+1,L n+1,M n
B e
T 2
~(n+1
ug_ ) = X1 u(”"‘l)
~(n+1
u; ) .— xo - utD)

As for /1-minimization also for this version the parallel algorithm is shown to con-
verge in a similar way as its sequential counterpart.

5.2.5 Applications and Numerics

In this section we shall present the application of the sequential algorithm (5.162) for
the minimization of7 in one and two dimensions. In particular, we show how to
implement the dual method of Chambolle [14] in order to compute the orthogonal
projection P,k (g) in the oblique thresholding. Furthermore we present numerical ex-
amples for imagénpainting i.e., the recovery of missing parts of images by minimal
total variation interpolation, and compressed sensing, i.e., the nonadaptive compressed
acquisition of images for a classical toy problem inspired by magnetic resonance imag-
ing (MRI) [57]. The numerical examples of this section and respective Matlab codes
can be found at [85].

Computation of P (g)

To solve the subiterations in (5.162), we compute the minimizer by means of oblique
n+1,0+1)

thresholding. More precisely, let us denatg = ag">, up = ug ,andz; =
u{"™™ 4 K (g — Kug — Ku{"™™"). We shall compute the minimizen, of the first

subminimization problem by
uy = (I — Pox)(21 +uz — 1) —uz € V4,
for ann € V4 with suppn = I'1 which fulfills

Tr [r, (7) = Tr |y (21 + Pax(n — 21 — u2)) -
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Hence the element € Vi is a limit of the corresponding fixed point iteration for
m > 0,

n®evi, suppn® =T, 7Y = (Tr )" Tr |p, <Z1 + Poxc(n'™ — 21 — uz))
(5.209)
Here is defined as in Section 5.2, i.e.,

K= {divp:pe H, Ip(z)|, <1 forallz e Q}

To compute the projection on/ in the oblique thresholding we use an algorithm
proposed by Chambolle in [14]. His algorithm is based on considerations of the con-
vex conjugate of the total variation and on exploiting the corresponding optimality
condition. It amounts to computi,x(g) approximately by div p(™, wherep(™ is
thent” iterate of the following semi-implicit gradient descent algorithm:

Chooser > 0, letp(® = 0 and, for anyn > 0, iterate

P (@) + 7(V(divp™) — g/a))(z) _

(n+1) ) =
p (x) 1+7 ‘(V(divp(”) —g/a))(wﬂ

For r > O sufficiently small, i.e.7 < 1/8, the iterationa divp(™ was shown
to converge taP,x(g) asn — oo (compare [14, Theorem 3.1]). Let us stress that
we propose this algorithm here just for the ease of its presentation; its choice for the
approximation of projections is of course by no means a restriction and one may want
to implement other recent, and perhaps faster strategies, e.g., [15, 26,49, 68, 83].

Q2

I

I'y

921
Figure 5.2 Overlapping domain decomposition in 1D.

Domain decompositions

In one dimension the domaif is a set of N equidistant points on an interval, b],
ie.,Q = {a=ux,...,xny = b} and is split into two overlapping interval3; and
Q. Let Q1 N Q| =: G be the size of the overlap 6f; and2,. Then we sef); =
{a=mz1,...,2p,} and Q2 = {&p,—cy1,...,2n = b} with |Q1] := nq = [%W
The interfaced’; andI'; are located in = n1 + 1 andni — G respectively (cf. Figure
5.2). The auxiliary functiong1 andy» can be chosen in the following way (cf. Figure
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5.3):
1 T € Ql \ QZ?
Xl(wi) = 1.
1-5@—(n1—G+1) z€ QN
1 T; € QZ \ Ql>
x2(wi) = 1. .
a(l—(nl—G—Fl)) T € Q1N 0,

Note thaty1(z;) + x2(x;) = 1forallz; € Q (.eforalli =1,..., N).

15F

0.5F

chil
chi2

-05 T L L L L L L L
10 20 30 40 50 60 70 80 90 100

Figure 5.3 Auxiliary functionsy; andy» for an overlapping domain decomposition with two
subdomains.

In two dimensions the domai, i.e., the set ofV; x N, equidistant points on the
2-dimensional rectangli, b] x [c,d], is split in an analogous way with respect to its
rows. In particular we havé); and(2, consist of equidistant points da, z,,] x [c, d]
and[z,,—a+1,b] X [c, d] respectively. The splitting in more than two domains is done
similarly. The auxiliary functiong;; can be chosen in an analogous way as in the one
dimensional case.

Numerical experiments

In the following we present numerical examples for the sequential algorithm (5.190)
in two particular applications: signal interpolation/image inpainting, and compressed
sensing [85].

In Figure 5.4 we show a partially corrupted 1D signal on an intet~af 100 sam-
pling points, with a loss of information on an interv@l C €2. The domainD of the
missing signal points is marked in green. These signal points are reconstructed by
total variation interpolation, i.e., minimizing the functiondl in (3.82) witha, = 1
andKu = 1o\ p - u, where b, p is the indicator function of2 \ D. In Figure 5.4 we
also illustrate the effect of implementing the BUPU within the domain decomposition
algorithm.
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Figure 5.4 Here we present two numerical experiments related to the interpolation of a 1D
signal by total variation minimization. The original signal is only provided outside of the green

subinterval. On the left we show an application of algorithm (5.190) when no correction with
the partition of unity is provided. In this case, the sequence of the local iteratﬁ(ﬁhmé”)
is unbounded. On the right we show an application of algorithm (5.190) with the use of the

partition of unity which enforces the uniform boundedness of the local iteraﬁiﬁﬁsué”).

Figure 5.5 shows an example of the domain decomposition algorithm (5.190) for
total variation inpainting. As for the 1D example in Figure 5.4 the operétois
a multiplier, i.e., Ku = 1q\p - u, where) denotes the rectangular image domain
and D C (2 the missing domain in which the original image content got lost. The
regularization parameteris fixed at the value 1. In Figure 5.5 the missing domain
D is the black writing which covers parts of the image. Here, the image domain
of size 449x 570 pixels is split into five overlapping subdomains with an overlap
sizeG = 28 x 570. Finally, in Figure 5.6 we illustrate the successful application
of our domain decomposition algorithm (5.190) for a compressed sensing problem.
Here, we consider a medical-type image (the so-cadllsghn-Shepp phantgrand its
reconstruction from only partial Fourier data. In this case the linear opekaterS o
F, whereF denotes the 2 Fourier matrix andS is adownsampling operatowhich
selects only a few frequencies as output. We miningizeith « set at 04 x 1072, In
the application of algorithm (5.190) the image domain of size 2266 pixels is split
into four overlapping subdomains with an overlap gize- 20 x 256.
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Abstract. Within this chapter we present recent results on sparse recovery algorithms for in-
verse and ill-posed problems, i.e. we focus on those inverse problems in which we can assume
that the solution has a sparse series expansion with respect to a preassigned basis or frame.
The presented approaches to approximate solutions of inverse problems are limited to itera-
tive strategies that essentially rely on the minimization of Tikhonov-like variational problems,
where the sparsity constraint is integrated through £, norms. In addition to algorithmic and
computational aspects, we also discuss in greater detail regularization properties that are re-
quired for cases in which the operator is ill-posed and no exact data are given. Such scenarios
reflect realistic situations and manifest therefore its great suitability for “real-life” applications.
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1 Introduction

The aim of this chapter is to present technologies for the recovery of sparse signals in
situations in which the given data are linked to the signal to be reconstructed through an
ill-posed measurement model. In such scenarios one is typically faced with regulariza-
tion issues and the construction of suitable methods that allow a stable reconstruction
of sparse signals.

1.1 Road map of the chapter

Nowadays there exist a great variety of schemes realizing sparse reconstructions. Most
of them are well-suited for finite or infinite dimensional problems but where the un-
derlying physical model is well-posed. More delicate are those cases in which ill-
posed operators are involved. So far, for linear ill-posed problems, there are numerous
schemes available that perform quite well sparse reconstructions, e.g. [2, 14, 18, 19,
24,25, 52]. The majority of these approaches rely on iterative concepts in which ade-
quate sparsity constraints are involved. Within this chapter we do not discuss the pros
and cons of all these methods. In the context of linear problems we just concentrate
on one new approach that involves a complete different but very powerful technology
- that is adaptive approximation. The second focus of this chapter is on the generaliza-
tion of conventional iterative strategies to nonlinear ill-posed problems.

Therefore the road map for this chapter is as follows: In Section 2 we collect the ba-
sics on inverse problems. To elaborate the differences between well- and ill-posedness
and the concepts of regularization theory as simple as possible we limit ourselves in
this introductory section to linear problems. After this preliminary part we continue in
Section 3 with linear problems and present a sparse recovery principle that essentially
relies on the theory of adaptive approximation. The main ingredient that ensures stable
recovery are sophisticated refinement strategies. In Section 4 we turn then to nonlinear
ill-posed problems and discuss in greater detail Tikhonov regularization with sparsity
constraints. The established regularization properties include convergence results and
convergence rates for a-priori as well as for a-posteriori parameter rules. After the
general discussion on Tikhonov regularization we focus within the following Sections
5 and 6 on the development of implementable algorithms to numerically realize sparse
recovery. The first method presented in Section 5 relies on the surrogate functional
technology. This approach results in a Landweber-type iteration where a shrinkage
operation is applied in each iteration step. This method can be generalized to general
sparsity constraints, but fails to be numerically efficient. To overcome this deficiency,
we introduce in Section 6 a slightly modified concept leading to a very similar it-
eration, but where in each iteration a projection on a preassigned ¢; ball is applied.
Moreover, this new iteration is designed with an adaptive step length control resulting
in a numerically very efficient method.
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1.2 Remarks on sparse recovery algorithms

As mentioned above, we discuss in this chapter two different species of sparse recovery
algorithms. The first species developed for linear inverse problems relies on nonlinear
approximation, the second species designed for nonlinear inverse problems relies on
linear approximation.

In principle, when it comes to numerical realizations, we are faced with the prob-
lem that we can only treat finite index sets. Therefore one has to answer the question
which coefficients should be involved in the reconstruction process and which can be
neglected. Linear approximation simply suggests a truncation of the infinite index set.
In a wavelet framework this would mean to limit the number resolution scales. For
many problems in which the solution is supposed to have a certain Sobolev smooth-
ness, this proceeding might yield reasonable results. Nevertheless, there are still cases
in which linear approximation fails to yield optimal results. Then often nonlinear ap-
proximation concepts are much better suited. The reason why nonlinear strategies
perform better than standard linear methods is due to the properties of the solution and
the operator. To clarify this statement, we introduce by x the best N-term approxi-
mation of the solution x. Considering bases or frames of sufficiently smooth wavelet
type (e.g. wavelets of order d), it is known that if both

t
0<s < ——,
n
where n is the space dimension and ¢ denoting the the smoothness of the Sobolev
space, and z is in the Besov space BS" (L, (Q)) with 7 = (1/2 + s5)~!, then

sup N¥||z —zn]|| < 00
NeN

The condition z € B"(L.(Q)) is much milder than requiring z € H*"™(Q) that
would be needed to guarantee the same rate of convergence with linear approximation.
However, for inverse problems it is in general not always possible to estimate the regu-
larity of the solution from the regularity of the right hand side due to the presence of the
noise. Therefore, special a-priori information about & and/or the operator is required.
In certain cases, e.g. the tomographic reconstruction problem analyzed in [35], this
information can be derived. A suitable model class for the tomographic reconstruction
problem are piecewise constant functions with jumps along smooth manifolds. It is
shown that such functions belong to the Sobolev space H*¢(Q) with sd < 1/2. An
adaptive approximation of such functions (when carried out in L,(Q)) pays off if the
Besov regularity in the scale B3¢(L,(Q)), 7 = (s+1/2) ! is significantly higher. This
issue is discussed in [50, Rem. 4.3] and indeed such functions belong to B:%(L,(Q))
with sd < 1/7 = s+ 1/2. For the two-dimensional case, which is the case of this
application, we therefore have that the solution = belongs to H*¥(Q) for s < 1/4
and to B24(L.(Q)) for s < 1/2. Consequently, the Besov regularity is indeed higher
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than the Sobolev regularity and nonlinear approximation pays off. How nonlinear ap-
proximation strategies can be realized for linear inverse and ill-posed problems shall
be discussed in great detail in Section 3. As Besov regularity directly translates into
sparsity, the elaborated adaptive Landweber-type scheme performs a sparse recovery
for z.

Sparse recovery algorithms for nonlinear inverse problems rely so far on linear ap-
proximation concepts that originate from the minimization of Tikhonov-like function-
als. These concepts were originally developed for linear inverse problems within the
last decade, see e.g. [2, 14, 18, 19, 24, 25, 52], and have led to many breakthroughs in
a broad field of applications. They are due to its simple nature very easy to use and can
be applied in various reformulations. The generalization of these methods to nonlinear
problems has permitted an algorithmic realization of sparse recovery for problems that
were by then not feasible. The main ingredients are a proper variational formulation
of the data misfit term and an adequate involvement of the sparsity constraint either
through an extra penalty term or an restriction of the possible solution set. These two
concepts shall be elaborated in Sections 5 and 6 which are furnished with associated
numerical experiments.

2 Classical Inverse Problems

In many applications in the natural sciences, medicine or imaging one has to determine
the cause x of a measured effect y. A classical example is Computerized Tomography
(CT), a medical application, where a patient is screened using x - rays. The observed
damping of the rays is then used to reconstruct the density distribution of the body. In
order to achieve such a reconstruction, the measured data and the searched for quan-
tity have to be linked by a mathematical model, which we will denote by F' (or A, if
the model is linear). In an abstract setting, the determination of of the cause x can be
stated as follows: Solve an operator equation

Flz) =y, @.1)

F: X — Y, where X,Y are Banach (Hilbert) spaces. For the CT problem, the oper-
ator describing the connection between the measurements and the density distribution
(in 2 dimensions) is given by the Radon transform,

y(s,w) = (Az)(s,w) = /m(strtwL)dt, scR,weS.
R

As in practice the observed data stems from measurements, one never has the exact
data 7 available, but rather a noisy variant . In the following we might assume that
at least a bound ¢ for the noise is available (e.g. if the accuracy of the measurement
device is known):

ly —°l <6
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In connection with Inverse Problems, the following questions arise:
(1) Does there exist a solution of equation (2.1) for given exact y?
(i1) Is the solution unique?
(iii) If the solution is determined from noisy data, how accurate is it?
(iv) How to solve (2.1)?

2.1 Preliminaries

In order to give a first idea on the problems that may be encountered for ill-posed prob-
lems, we will now consider a linear operator equation in finite dimensions. Assume
A € R™ ", and we want to solve the linear system Az = y from noisy data ¢°. If we
assume that A is invertible on range(A) and also y° € range(A) (which is already a
severe restriction), then we can define

= A‘ly
0 = ATl

With 2f — 29 = A=!(y — %) the distance between z° and x' can be estimated as
follows,
o — 2| 1A= ly = »°1

2.2
JA1s. *2

IA A

If we additionally assume that A is symmetric and positive definite with [|A]] < 1,
then A has an eigensystem (\;, x;) with eigenvalues 0 < A; < 1 and associated
eigenvectors x;. Moreover we have

1 1)
IA7! = — = |lzf = 2’| <
Amin min
Therefore, the reconstruction quality is of the same order O(J) as the data error, magni-
fied only by the norm of the inverse operator. However, it turns out that O(0) estimates
are only possible in a finite dimensional setting: Indeed, if we define the operator

Az = Z Ailx, zi)a;
i=1

with orthonormal basis x; and \; — 0, then it is easily to see that the right hand side of
estimate (2.2) explodes. In fact, for inverse problems with dim range(A) = oo and,
e.g., compact operator, it is in general impossible to obtain convergence rates. Under
additional assumptions on the solution of the equation Az = y, the best possible
convergence rate is given by

|z — 2% = O®*%), s<I. (2.3)
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The above considerations were based on the assumption y° € range(A). As we will
see in the following example, this is a severe restriction that will not hold in practice:
Let us consider the integral equation

S
y(s) = / x(t)dt 0<s<1.
0
If 2 € C°[0, 1], then it immediately follows that y € C'[0, 1] and

z(s) =y'(s), y(0)=0.

For noisy measurements this condition will not hold, as the noise will not only alter
the initial value but also the smoothness of y‘s , as the data noise is usually not differen-
tiable. The same also holds for Computerized Tomography: It can be shown [35] that
the exact CT data belongs to the Sobolev space H'/ 2(R x S'), but for the noisy data
we only have 30 € L,.

Now let us define well-posed and ill-posed problems.

Definition 2.1. Let A : X — Y linear operator and X, Y be topological spaces. Then
the problem (A4, X, Y") is well-posed if condition (i)-(iii) are fulfilled at the same time,

(i) Ax = y has a solution for eachy € Y
(ii) the solution is unique

(iii) the solution depends continuously on the data, i.e.
Yn — Y, Yp = Axp,—> x, —zand Az =y .
If one of the conditions is violated, then the problem is ill posed.

Roughly speaking, well-posed problems allow for an error estimate as in (2.2),
whereas the best possible rate for ill posed problems is as in (2.3).

Let us denote by L(X,Y") the set of all linear and continuous operators A : X — Y.
An important class of operators that lead to ill-posed problems are compact operators.

Definition 2.2. An operator A € L(X,Y") is compact, if it maps bounded sets to rela-
tive compact sets. Or equivalently, for any bounded sequence (x,,)nenN, the sequence
yn = Ax,, has a convergent subsequence.

Integral operators are an important class of examples for compact operators.

Definition 2.3. Let G € IR™ be a bounded set and k£ : G x G — G. We define the
integral operator K by

(Kz)(s) = /G (s, ()t -
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Proposition 2.4. Let k € C(G, G) and K be an integral operator considered between
any of the spaces L,(G) and C(G). Then K is compact. If k € Ly(G,G), then the
integral operator K : L,(G) — L,(G) is compact.

Another example for compact operators are Sobolev embedding operators. For
bounded G and a real number s > 0, let us consider the map

is : H(G) — L»(G), whichis defined by isz =z .
Here H?® denotes the standard Sobolev space. Then we have
Proposition 2.5. The Sobolev embedding operator i is compact.

Proposition 2.6. Compact operators with dim range(K) = oo are not continuously
invertible, i.e. they are ill-posed.

Now let us assume that a given operator A : H® — H*", s> 0,t > 0, is continu-
ously invertible. As pointed out above, the measured data will not belong to H*** but
rather to L,. Therefore, we have to consider the operator equation between H?® and
L,, i.e. the equation y = i4;(Az). As a combination of a continuous and a compact
operator, i; o A is also compact and therefore not continuously invertible - regardless
of the invertibility of A.

A key ingredient for the stable inversion of compact operators is the spectral de-
composition:

Proposition 2.7. Let K : X — X, X be a Hilbert space and assume that K is
compact and self-adjoint (i.e, ( Kz,y) = (z,Ky) Vx,y € X). By (\j,u;) denote
the set of eigenvalues \; and associated eigenvectors u; with Ku; = A\ju;. Then
Aj — 0 (if dim range(K) = co) and the functions w; form an orthonormal basis of
range(K) with

oo

Kz = Z)\Ax,uZ)ul

i=1
The eigenvalue decomposition can be generalized to compact operators that are not

self-adjoint. Let K : X — Y be given. The adjoint operator K* : Y — X is formally
defined by the equation

(Kx,y)=(z,K'y) Va,y.
We can then define the operator K*K : X — X and find

(K*Kz,y) = (Kz,Ky)=(z,K*'Ky),
(K*Kz,z) = (Kz,Kz)=|Kz|?,
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i.e., K*K is selfadjoint and positive semi-definite, which also guarantees that all
eigenvalues \; of K* K are nonnegative. Therefore we have

K'Kx = Z)\Z<J;,uz)uz

()

Defining

o = +V/\i

Ku; = o,

we find that the functions v; also form an orthonormal system for X:

1
<Ui7,U]'> = O_’LO_J<KUMKU]>
1 *
= (K" Kug,uj)
003
g; lin
= —(ujuj) =05 = R
0,]<u u]> J {OZ#]

Kz = K(Z(:c,ul)uz) = Z(:c,uﬁKuz = Zm(x,ui}vi,

i

i
Ky = > oiy,vi)u .
5

The above decomposition of K is called the singular value decomposition and {o;, z;, y; }
is the singular system of K. The generalized inverse of K is defined as follows:

Definition 2.8. The generalized inverse KT of K is defined as

dom(K") = range(K) ® range(K)*
KTy = ol
o = argmin [y~ Ko |

If the minimizer z' of the functional ||y — Kz|* is not unique then the one with
minimal norm is taken.

Proposition 2.9. The generalized solution x' has the following properties
() ' is the unique solution of K* Kz = K*y,

(i) Kzt = Pr(k)y, where Pr) denotes the orthogonal projection on the range of
K,
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(ili) «' can be decomposed w.rt. the singular system as

1
T — E AV
T = i U'<y,vl)uz, 2.4

1

(iv) the generalized inverse is continuous if and only if range(K) is closed.

A direct consequence of the above given representation of z' is the so-called Picard
condition:

|2
yGrange(K)(:)E M<oo.
o
1 K]

The condition states that the moments of the right hand side y (w.r.t. to the system
{v;}) have to tend to zero fast enough in order to compensate the growth of 1/0;.

What happens if we apply noisy data to formula (2.4)? Assume y € range(K),
y = Kz, and y;s = y + dv;. Then for all [

ly =Pl <6,
but with

7

1
1,’5 — Z ;<yl§, Ui>ui
K3
we obtain

) 0
lz = a|1> =Y (o vi)P = = — ocasl — oo,
— 0; gj

which shows that the reconstruction error can be arbitrarily large even if the noisy data
is close to the true data.

2.2 Regularization Theory

In order to get a reasonable reconstruction, we have to introduce different methods
that ensure a good and stable reconstructions. These methods are often defined via
functions of operators.

Definition 2.10. Let f : Rt — R. For compact operators, we define
FK)z =" floi) (@, ui v .

Of course, this definition is only well-defined for functions f for which the sum
converges. We can now define regularization methods.
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Definition 2.11. A regularization of an operator K is a family of operators (Ra)a>0,
R,:Y—-X

with the following properties: there exists a map o = «/(d, y5) such that for all y €
dom(KT) and all y° € Y with ||y — y°|| < 6.

. b
lim Ry (500 = "
and
lim a(3,5°) = 0.
lim a(3, %)
The parameter « is called regularization parameter.

In the classical setting, regularizing operators R, are defined via filter functions Fj:
_ -1 )
= Zgi Fo(oi)(y’, vi)u; .
i€N

The requirements of Definition 2.11 have some immediate consequences on the admis-
sible filter functions. In particular, dom(R,) = Y enforces |o; ' Fy(0;)| < C for all i,
and the pointwise convergence of R,, to KT requires lim,_.o F,(t) = 1. Well-known
regularization methods are:

(i) Truncated singular value decomposition:

Zo y v; )

In this case, the filter function is given by

1 ifo>a«
0ife<a

Folo) == {

(ii) Truncated Landweber iteration: For § € (0 ) and m € N, set

K
Fijm(A) = 1= (1= X%)"
Here, the regularization parameter « = 1/m only admits discrete values.
(iii) Tikhonov regularization: Here, the filter function is given by
2

g
ol4+a’

F,(o) =

The regularized solutions of Landweber’s and Tikhonov’s method can also be charac-
terized as follows:
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Proposition 2.12. The regularized solution due to Landweber, x‘ls o is also given by
the m-th iterate of the Landweber iteration given by

2" = 2" 4 K*(y° — Ka™), witha® =0
The regularization parameter is the reciprocal of the stopping index of the iteration.

Proposition 2.13. The regularized solution due to Tikhonov,

2
5. g;
Ty 1= 5
~ 07+«
3

is also the unique minimizer of the Tikhonov functional

'U;1<y67vi>ui7

Ja(a) = |ly’ — Kz||* + afj|? (2.5)
which is minimized by the unique solution of the equation
(K*K + al)z = K*y° .

Tikhonov’s variational formulation (2.5) is important as it allows generalizations
towards nonlinear operators as well as to sparse reconstructions. As mentioned above,
regularization methods also require proper parameter choice rules.

Proposition 2.14. The Tikhonov regularization combined with one of the parameter
choice rules

a) a(6,y°) — 0and -0

52
a(6,y?)
b) . (d,9°) s.t. ||y° — Kaci* || = 76 for fixed T > 1 (discrepancy principle)

is a regularization method.

Proposition 2.15. Let T > 1. If the Landweber iteration is stopped after m.. iterations,
where m is the first index with

ly? — Kz™| <76 < ||ly° — K™ Y| (discrepancy principle)

then the iteration is a regularization method with R 1 y° = ™.

Mk

The last two propositions show that the regularized solutions for Tikhonov’s or
Landweber’s method converge towards the true solution provided a proper parameter
choice rule was applied. However, no result on the speed of convergence is provided.
Due to Bakhushinsky one rather has

Proposition 2.16. Let a:g = Ray’, Ry be a regularization method. Then the conver-
gence ofxg — zt can be arbitrary slow.
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To overcome this drawback, we have to assume a certain regularity of the solution.
Indeed, convergence rates can be achieved provided the solution fulfills a so-called
source-conditions. Here we limit ourselves to the Holder-type source conditions,

ol = (K*K)7w, ie z' € range(K*K)? C dom(K) = X,v > 0.

Definition 2.17. A regularization method is called order optimal if for a given param-
eter choice rule the estimate

T = 20 5 0|l = O(F7T) (2.6)
holds for all 2 = (K*K)2w and [y° — y|| < 6.

It turns out that for 27 = (K*K) 2w this is actually the best possible convergence
rate, no method can do better. Also, we have §»+1 > ¢ for § < 1, i.e., we always loose
some information in the reconstruction procedure.

Proposition 2.18. Tikhonov regularization and Landweber iteration together with the
discrepancy principle are order optimal.

3 Nonlinear Approximation for Linear Ill-Posed Problems

Within this section we consider linear inverse problems and construct for them a
Landweber-like algorithm for the sparse recovery of the solution x borrowing "leafs"
from nonlinear approximation. The classical Landweber iteration provides in com-
bination with suitable regularization parameter rules an order optimal regularization
scheme (for the definition, see Eq. (2.6)). However, for many applications the im-
plementation of Landweber’s method is numerically very intensive. Therefore we
propose an adaptive variant of Landweber’s iteration that significantly may reduce the
computational expense, i.e. leading to a compressed version of Landweber’s iteration.
We lend the concept of adaptivity that was primarily developed for well-posed oper-
ator equations (in particular, for elliptic PDE’s) essentially exploiting the concept of
wavelets (frames), Besov regularity, best /N-term approximation and combine it with
classical iterative regularization schemes. As the main result we define an adaptive
variant of Landweber’s iteration from which we show regularization properties for ex-
act and noisy data that hold in combination with an adequate refinement/stopping rule
(a-priori as well as a-posteriori principles). The results presented in this Section where
first published in [47]

3.1 Landweber Iteration and Its Discretization

The Landweber iteration is a gradient method for the minimization of ||/® — Az||> and
is therefore given through

2"t = 2"y A* (Y — Az (3.1)
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As it can be retrieved, e.g. in [28], iteration (3.1) is for 0 < v < 2/||A||? a linear
regularization method as long as the iteration is truncated at some finite index n,. In
order to identify the optimal truncation index n., one may apply either an a-priori
or an a-posteriori parameter rule. The Landweber method (3.1) is an order optimal
linear regularization method, see [28], if the iteration is truncated at the a-priori chosen
iteration index

1 2/(v+1
T = w(z%e)”/(”+ >(§) L (3.2)
where the common notation |p| denotes the smallest integer less or equal p. Here,
we have assumed that the solution 2 of our linear equation admits the smoothness
condition

zl = (AT A) /Dy, o]l < p.

If n, is chosen as suggested in (3.2), then optimal convergence order with respect to z
can be achieved. This proceeding, however, needs exact knowledge of the parameters
v, p in the source condition. This shortfall can be avoided when applying Morozov’s
discrepancy principle. This principle performs the iteration as long as

|Az™ — 30| > 76 (3.3)
holds with 7 > 1, and truncates the iteration once
|Az™ — °|| <716 (3.4)

is fulfilled for the first time. The regularization properties of this principle were inves-
tigated in [20]. The authors have shown that, as long as (3.3) holds, the next iterate will
be closer to the generalized solution than the previous iterate. This property turned out
to be very fruitful for the investigation of discretized variants of (3.1). This can be
retracted in details in [38] where a discretization of the form

" =g 4 ’yA:(;(n)(yé — Aps(pyT") (3.5)

was suggested. The basic idea in [38] is the introduction of approximations Aré(m) to
the operator A that are updated/refined in dependence on a specific discrepancy prin-
ciple.

Iteration (3.5) acts in the infinite dimensional Hilbert space X. To treat (3.5) nu-
merically, we have to discretize the inverse problem which means that we have to find
a discretized variant of (3.1) through the discretization of the corresponding normal
equation of ||y° — Az||>. To this end, we assume that we have for the underlaying
space X a preassigned countable system of functions {¢) : A € A} C X at our dis-
posal for which there exist constants C'}, C with 0 < C'} < (5 < oo such that for all
reX,

Cillzlx <) [z, oa)* < Callal k- (3.6)
AEA
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For such a system, which is often referred to as a frame for X, see [6] for further
details, we may consider the operator F : X — f, viaxz — ¢ = {{z, ¢) }rea With
adjoint 7* : o — X via ¢ +— )., cx¢x. The operator F is often referred in
the literature to as the analysis operator, whereas J* is referred to as the synthesis
operator. The composition of both, F*F, is called the frame operator which is by
condition (3.6) an invertible map; guaranteeing that each z € X can be reconstructed
from its moments (x, ¢, ). Moreover, there is for every x € X at least one sequence ¢
such that z = F*c. Consequently, we can define

S=FA*AF*, z=Fc and ¢® = FA*°
leading to the discretized normal equation
Se=¢’. (3.7)

An approximate solution for (3.7) can then be derived by the corresponding sequence
space Landweber iteration,

=g’ — St (3.8)

Note that the operator S : {5(A) — ¢>(A) is symmetric but through the ill-posedness
of A not boundedly invertible on £, (A) (even on the subspace Ran F'). This is one ma-
jor difference to [50] in which the invertibility of S on Ran F' was substantially used
to ensure the convergence of the Landweber iteration. Since we can neither handle the
infinite dimensional vectors ¢” and g nor apply the infinite dimensional matrix S, it-
eration (3.8) is not a practical algorithm. To this end, we need to study the convergence
and regularization properties of the iteration in which ¢”, ¢° and S are approximated
by finite length objects. Proceeding as suggested [50], we assume that we have the
following three routines at our disposal:

« RHS_[y]| — g.. This routine determines a finitely supported g. € ¢>(A) satis-

fying
lge — FA™y|| <e.

« APPLY .[c] — w.. This routine determines, for a finitely supported ¢ € {5(A)
and an infinite matrix S, a finitely supported w, satisfying

|lwe — Sef| <e.

« COARSE.[c] — c.. This routine creates, for a finitely supported with ¢ €
0>(A), a vector ¢, by replacing all but N coefficients of ¢ by zeros such that

lec =l <e,

whereas N is at most a constant multiple of the minimal value N for which the
latter inequality holds true.



Sparse Recovery in Inverse Problems. 15

For the detailed functionality of these routines we refer the interested reader to [10, 50].
For the sake of more flexibility in our proposed approach, we allow (in contrast to clas-
sical setup suggested in [50]) € to be different within each iteration step and sometimes
different for each of the three routines. Consequently, we set ¢ = €% for the routine
RHS.[], ¢ = ¢ for APPLY .[] and, finally, ¢ = ¢§ for COARSE.[]. The
subscript n of the created error tolerance or so-called refinement sequences {$ },en,
{e}nex and {ef},en will be related to the iteration index by specific refinement
strategies of the form
r9: N — N.

In principle, the refinement sequences are converging to zero and have to be selected
in advance; the map r° represents a specific integer to integer map (constructed below)
that allows an adjustment of the reconstruction accuracy within each iteration step
m. As a simple example consider the refinement rule r°(n) = n that chooses for
each iteration n the preselected error tolerances 55, 57‘? and 65. Choosing proper
refinement strategies 7 (n) enables us to establish convergence results and, thanks to
the introduced subtleness, several desired regularization results.

C,A,R}

For ease of notation we write, if not otherwise stated, instead of eré(n) just the

index r%(n), i.e. we abbreviate

COARSE c ), and RHS 5[]
ro( T

[, APPLY s
o (n)

n) n)

by
COARSET(s(n)H, APPLYTB(n)H, and RHST(s(n) H .

Note, this does not mean the same accuracy for all three routines, it just means the
same index for the accuracy/refinement sequences.

Summarizing the last steps results in the following inexact/approximative variant of
(3.8)

¢""' = COARSE,s,)[¢" — YAPPLY ,5(,)[¢"] + YRHS 5,y [y°]] . (3.9)

3.2 Regularization Theory for A-Priori Parameter Rules

As mentioned above, the a-priori parameter rule (3.2) for the exact Landweber iteration
(3.1) yields an order optimal regularization scheme. The natural question is whether
the same holds true for the inexact (nonlinear and adaptive) Landweber iteration (3.9).
A positive answer of the latter question essentially relies on the construction of a suit-
able refinement strategy 1°.

In order to achieve an optimal convergence rate, we have to establish some prelimi-
nary results describing the difference between the exact iteration (3.1) and the inexact
iteration (3.9).
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Lemma 3.1. Assume, I = ¢0. Then, foralln >0,

et —en | < ’YZ(I + S]] )i(ﬁffs(n,i)/v + 6;35(7171‘) + 8g(n—i))' (3.10)
=0

The latter lemma allows now to prove that the truncated inexact Landweber iteration
(3.9) is an order optimal regularization method. The regularization method R,, can be
described with the help of an adequate refinement map r° and the a-priori parameter
rule (3.2).

Definition 3.2 (Regularization method with a-priori parameter rule).

i) Given sequences of error tolerances {EnC’A’R} tnen and routines COARSE,
APPLY and RH S defined as above,

ii) for § > 0 with [|y® — y|| < & derive the truncation index n.(d, p) as in (3.2),
iii) define the quantities

n

Crps = Y (AN (E5 sy + B iy + i) 5
i=0

iv) choose the map 9 such that C,,,—1 40 satisfies

C

nsx—1,7

5 < 5u/(1/+])p1/(1/+1) ,

v) define the regularization
Rog’ = F*&9,

with regularization parameter o = 1/n.(d, p).

Theorem 3.3 (Regularization result). Let the truncation index n, = n.(J, p) be as in
(3.2). Then, the inexact Landweber iteration (3.9) truncated at index n, and updated
with the refinement strategy 1° (satisfying iv) in Definition 3.2) yields for a(d, p) =
1/n.(6, p) a regularization method R, which is for allv > 0 and 0 < ~ < 2/||S||?
order optimal.

3.3 Regularization Theory by A-Posteriori Parameter Rules

The exact Landweber iteration (3.1) combined with the discrepancy principle (3.3) and
(3.4) yields a regularization method. In what follows we show how this result carries
over to (3.9).

The application of the discrepancy principle (3.3) and (3.4) requires a frequent eval-
uation of the residual discrepancy ||Az"™ — °||. Therefore, we have to propose a
function that is numerical implementable and approximates the residual, preferably by
means of APPLY and RHS.
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Definition 3.4. For some y € Y, ¢ € ¢5(A) and some n > 0 the approximate discrep-
ancy is defined by

(RES,[c,y])” := (APPLY ,[d,¢) = 2(RHS, [y}, ¢) + ||y|*. (3.11)

The following lemma gives a result on the distance between the exact function space
residual discrepancy || Az — y|| and its inexact version RES),[c, y].

Lemma 3.5. For ¢ € {,(A) with Fc =z, y € Y and some integer n > 0 it holds

| | Az — y||* — (RES,[c,y])? | < (i + 2B ||| (3.12)

To achieve convergence of (3.9), we have to elaborate under which conditions a decay
of the approximation errors ||&,, — c'|| can be ensured.

Lemma 3.6. Ler 6 > 0,0 <c < 1,0 <~ <2/(3|5]) and ng > 1. If there exists for
0 < n < ng a refinement strategy r°(n) such that RES s,)[e", 0] fulfills

8+ Crs(n)(é ™)

, (3.13)
L= 3718l

C(REST6<7.L) [5 n y5])2 >

then, for 0 < n < ny, the approximation errors ||&" — c'|| decrease monotonically.

The above Lemma 3.6 holds in particular for exact data, i.e. § = 0. In this case,
condition (3.13) simplifies to

~ C’l‘ n (E n)
(RES, ([ m, ) > —2

_— 3.14
Z1- 58] G149

To prove convergence, we follow the suggested proceeding in [38] and introduce an
updating rule (U) for the refinement strategy r:
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U(i) Let r(0) be the smallest integer > 0 with
C (0)(5 0)
(RES,()[¢0,y])* = —5 o (3.15)
"o 1= 3]SI’
if 7(0) with (3.15) does not exist, stop the iteration, set ng = 0.
U(ii) if forn > 1
Cr(n l)(~n)
(RES,(,_1)[E",y])* > —5"—— (3.16)
ey M
setr(n) =r(n—1)
U(ii) if
C (n 1)(~ n)
(RES,(,_1)[e"y])* < —5——7, (3.17)
ny M
setr(n) =r(n — 1) + j, where j is the smallest integer with
Cr(n l)+j(~ n)
A(RES, (_1)44e ", y])* > -, (3.18)
o T
U(iv) if there is no integer j with (3.18), then stop the iteration, set ng = n.

Lemma 3.7. Let § = 0 and {¢"}, .\ be the sequence of iterates (3.9). Assume the
updating rule (U) for r was applied. Then, if the iteration never stops,

oo

1
RES, [¢™, y])? < &m — |2, (3.19)
nzzo( mle"™ yl) B0 =0 =50 e =

If the iteration stops after ng steps,

no—1

en ! g0 — % :

Combining the monotone decay of the approximation errors and the uniform bound-
edness of the accumulated discrepancies enables strong convergence of iteration (3.9)
towards a solution of the inverse problem for exact data y° = .

Theorem 3.8. Let x' denote the generalized solution of the given inverse problem.
Suppose ¢ " is computed (3.9) with exact data y in combination with updating rule
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(U) for the refinement strategy r. Then, for arbitrarily chosen &° the sequence &"
converges in norm, i.e.
lim " = ¢f

with
ol = Frel .

The convergence of the inexact Landweber iteration for noisy data relies on a com-
parison between the individual noise free and noisy iterations. For a comparison it
is essential to analyze the d-dependence of COARSE, APPLY and RHS; in
particular for § — 0. For a given error level |[v° — v|| < § the routines (here just
exemplarily stated for COARS E, but must hold for all three routines) should fulfill
for any fixede > 0

|ICOARSE.(v’) — COARSE.(v)|| — 0 as 6 — 0. (3.21)

To ensure (3.21), the three routines as proposed in [50] must be slightly adjusted,
which is demonstrated in great details for the COARSE routine only but must be
done for APPLY and RH S accordingly.

The definition of COARSFE as proposed in [50] (with a slight modified ordering
of the output entries) is as follows

COARSE._[v] — v
i) Let V be the set of non-zero coefficients of v, ordered by their original
indexing in v. Define ¢ := {log(wﬂ.
ii) Divide the elements of V' into bins V', ..., V,, where for0 < k < ¢

Vii={v e V275 || < v <27%|v| 1}, (3.22)

and possible remaining elements are put into V,. Let the elements of a
single V', be also ordered by their original indexing in v. Denote the vector
obtained by subsequently extracting the elements of Vg, ...,V by v(v).

iii) Create v, by extracting elements from ~(v) and putting them at the original
indices, until the smallest [ is found with

lo—vel®> =D h(w)* <& (3.23)
i>1

The integer ¢ in i) is chosen such that ) v, lvi|* < €2, i.e. the elements of V,
are not used to build v, in iii).

Keeping the original order of the coefficients of v in V', the output vector of
COARSE becomes unique. This “natural” ordering does not cause any extra com-
putational cost.
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The goal is to construct a noise dependent output vector that converges to the noise
free output vector as & — 0. To achieve this, the uniqueness of COARSE must
be ensured. The non-uniqueness of COARSE is through the bin sorting procedure
which is naturally non-unique as long as the input vectors are noisy (i.e. different
noisy versions of the same vector result in significantly different output vectors). This
leads to the problem that the index in *y(v‘s) of some noisy element vf can differ to
the index in v(v) of its noise free version v;. To overcome this drawback for (at least)
sufficiently small §, we define a noise dependent version COARSE?.

COARSE’[v%) — 9

£

i) Let V' be the set of non-zero coefficients of v ordered by their indexing
in v’. Define ¢° = Pog(WH _

ii) Divide the elements of V' into bins Vg, cee Vg5, where for 0 < k < ¢°

V3= {0} e VP2 B (1)) 4 8) + 6 < o < 27F ()10 +6) + 6},
(3.24)
and possible remaining elements are put into Vg(;. Again, let the elements

of a single Vi be ordered by their indexing in v°. Denote the vector ob-
tained by the bin sorting process by 7% (v?).

iii) Create v by extracting elements from 7°(v%) and putting them on the orig-
inal places, until the first index 19 is found with

[ =02l = 17— Y 1P ()P < €=+ 1)8(2[|v°]| +5).  (3.25)
1<i<id

The latter definition of CO ARS E° enables us to achieve the desired property (3.21).

Lemma 3.9. Given ¢ > 0 and 6 > 0. For arbitrary finite length vectors v, v° € {,
with |[v® — v|| < 6, the routine COARSE? is convergent in the sense that

ICOARSE?[+’] - COARSE_[v]|| =0 as § — 0. (3.26)

Achieving convergence of the inexact iteration, we introduce as for the noise free
situation an updating rule which we denote (D). The updating rule (D) is based on the
refinement strategy r°(n).
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D(i) Let7°(0) be the smallest integer > 0 with
82+ Crs()(€9)
«(RES,s[c,1°])? > ———— ", (3.27)
o =381
if 70 (0) does not exist, stop the iteration, set n, = 0.
D(i) if forn > 1
5 + Cr5(n—l)(é lrsz)
C(RES,,.& n—1 [627y6})2 > ’ (328)
ey 1= 381s]
set7°(n) =ro(n — 1)
D(ii) if
8+ Cron1)(@9)
o(RES, s, ¢, y°])? < T o (3.29)
e 1- 35181
set 7°(n) = r%(n — 1) + j, where j is the smallest integer with
52 + C 6( _1)+'(66)
(RES, s, 1 .:¢%,4°])% > S e AL (3.30)
e 1- 385
and
Crsm—1y45(E5,) > c16”. (3.31)
D(v) if (3.629) holds and no 5 with (3.30),(3.31) exists, then stop the iteration,
set nd = n.

Theorem 3.10. Let z' be the solution of the inverse problem for exact datay € Ran A.
Suppose that for any 6 > 0 and y° with ||y° — y|| < & the adaptive approximation ¢,
is derived by the inexact Landweber iteration (3.9) in combination with rule (D) for rd

and stopping index nl. Then, the family of R, defined through

1
Roy® := F*e fl‘i with o = a(0,y°) = v
*

yields a regularization of the ill-posed operator A, i.e. | Ry’ —zt||x — 0 as § — 0.

4 Tikhonov Regularization with Sparsity Constraints

In this section we turn now to nonlinear inverse and ill-posed problems. The focus
is on the generalization of Tikhonov regularization as it was introduced in Section 2
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(see formula (2.5)) to nonlinear problems. In particular, we consider those operator
equations in which the solution x has a sparse series expansion z = ) -, ca@y With
respect to a preassigned basis or frame, i.e. the series expansion of = has only a very
small number of non-vanishing coefficients c), or that = is compressible (meaning that
x can be well-approximated by a sparse series expansion).

4.1 Regularization Result for A-Priori Parameter Rules

We consider the operator equation F'(x) = y and assume F is possibly ill-posed and
maps between Hilbert spaces X and Y and we suppose there are only noisy data 3/°
with ||y — y|| < § available. The natural generalization of Tikhonov’s variational
formulation is then given by

Ja() = | F(2) = y°|I* + o] (4.1)

The second term determines the properties of the solution. In the given setting the
penalty term is a quadratic Hilbert space norm ensuring finite energy of the solution.
The minimizer is due to the convexity and differentiability of || - || also very easy
to compute. However, for certain classes of inverse problems, e.g. in medical or as-
trophysical imaging or signal peak analysis, such Hilbert space constraints seem not
to be best suited, because they lead to over-smoothed solutions implying that jumps
and edges cannot be nicely reconstructed. Therefore, alternatives are required that
can perform much better. An alternative that may circumvent the mentioned draw-
backs are so-called sparsity measures. Prominent examples of sparsity measures are
{p-norms, 0 < p < 2, on the coefficients of the series expansions of the solution to be
reconstructed. But also much more general constraints such as the wide class of con-
vex, one-homogeneous and weakly lower semi-continuous constraints are possible,
see e.g. [3, 33, 34, 36, 49] or [9, 11].

In what follows we restrict ourselves to £,-norm constraints. Once a frame is preas-
signed, we know that for every x € X there is a sequence ¢ such that z = F*¢, and
therefore the given operator equation can be expressed as F'(F*c) = y. Consequently,
we can define, for a given a-priori guess ¢ € ¢,(A), an adequate Tikhonov functional
by

Ja(c) = [|F(F*c) = | + a¥(c, ?) 4.2)
with minimizer
) .
:=arg min J,(c).
Ca g cez;m) (c)

To specify ¥, we define

1/p
Wpuw(c) == (Z w)\CA|p> :

AEA
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where w = {w)}xea is a sequence of weights with 0 < C < wy. A popular
choice for the ansatz system {¢) : A € A} are wavelet bases or frames. In par-
ticular, for orthonormal wavelet bases and for properly chosen weights w one has
Wpw(c) ~ [l B; . where By , denotes a standard Besov space. In this section we
restrict the analysis to either ¥(c, ¢) = ¥, ,(c — €) or ¥(c, ¢) = Wb w(c — €).

For c‘sa as a minimizer of (4.2) we can achieve for any of the introduced sparsity
measures regularization properties if the following assumptions hold true:

(i) F is strongly continuous, i.e. ¢* % ¢ = F(c") — F(c),
(ii) a-priori parameter available with (6) — 0 and 6% /a(8) — O as § — 0,
(iii) z' as well & have finite value of ¥, .

Here, we denote by the symbol — the weak convergence.

Theorem 4.1. Suppose (i) and (iii) hold and that we are given a sequences 6, — 0 and
«(dy) with (ii). Then the sequence of minimizers cg’;c has a convergent subsequence
that converges with respect to ¥ towards a solution of F(F*c) = y. If the solution is
unique, the whole sequence converges with respect to ¥, i.e.

kg&TE%—65=0- (4.3)

Consequently, the variational Tikhonov approach with properly chosen sparsity con-
straints is a regularization method.

4.2 Convergence Rates for A-Priori Parameter Rules

The convergence in (4.3) can be arbitrarily slow. Therefore, conditions for establishing
convergence rates need to be achieved. As the analysis that is required for nonlinear
operator equations can be under several conditions on the operator F' reduced to the
study of the linear operator case, we limit the discussion to the linear case for which
convergence rates can be shown. The results within this Section have been first pub-
lished in [48].

Consider the linear and ill-posed operator equation

Az = ¢ 4.4)
A 0 Xy — La(Q).

Here, X, ,, denotes a Banach space which is a subspace of L, (Q), with parameters p €
(1,2) and w = {wy}xen, where Q is a bounded open subset of RY, with d > 1, and
A is an index set of (possibly tuples of) integer indices. Although one could employ
more general separable Hilbert spaces than L,(Q), we consider here the Lebesgue
space case, for simplicity.
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We are in particular interested in the reconstruction of solutions of (4.4) that admit
a sparse structure with respect to a given basis in the Banach space X, ,,. In these
cases it is desirable to choose a regularization method that also promotes a sparse
reconstruction. For instance, suitable choices for the spaces X, ,, are the Besov spaces
B, , withp € (1,2), in case of a sufficiently smooth wavelet basis and properly chosen
weights - see, e.g., [5], [37] for detailed discussions.

Instead of solving the above equation in a function space setting, we will transform it
into a sequential setting. By choosing a suitable orthonormal basis ® = {¢ : A € A}
for the space L(Q), both  and Az can be expressed with respect to ®. Thus,

Az =" "z, 0) (Adr, 1) by - 4.5)
PP
Defining the infinite dimensional matrix A and vectors ¢, y by
A= ((Adx, dx))avens ¢ = (¢, 0x))rens ¥ = ((9: B2))aea » (4.6)
equation (4.4) can be reformulated as an (infinite) linear system
Ac=b. 4.7

To specify the spaces X, ,,, we define for a given orthonormal basis ® and positive
weights w
€ Xpuw <= ) wal{z, 42)P < o0,
A
i.e. c belongs to the weighted sequence space £, ,,, Where

1
p
bpw = c={exhren : llcllpw = (Z waxI’”) < oo
A
Since ¢, C £4 with ||c[|q < ||¢||p for p < ¢, one also has £, ,, C €4, forp < g and
w’ < w. In particular, if the sequence of weights is positive and bounded from below,
ie., 0 < C < w)y for some C' > 0, then £, ,, C £, forp < 2.
With the above discretization, we consider the sequence space operator equation

Ac=y 4.8)
Ailyy — b,
where A is a linear and bounded operator. Now we are prepared to investigate conver-

gence rates for Tikhonov regularization with sparsity constraints, where the approxi-
mation of the solution is obtained as a minimizer of

Ja(c) = |[Ac — y°|* + 202, (c) , (4.9)

with regularization parameter o > 0. Note that the function P} ,, is strictly convex
since the p-powers of the norms are so. In addition, the function ¥} w 18 Fréchet differ-
entiable. In order to obtain convergence rates we need the following source conditions,
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(SC) W5,/ (ch) = A*v, for some v € 4.
(SCD Wb, (ch) = A* A, for some & € £, .

For the above given source conditions we get the following convergence rates:

Proposition 4.2. Assume that the noisy data y° fulfill ||y —y°|| < & and that p € (1,2).
i) If (SC) and o ~ 0, then the following error estimates hold for the minimizer cg of
(4.9):
1
e, = cMllpw = O(67),  [|A), =yl = O().

i) If (SCT) and o ~ 677, then
_pP_
b, = cM[[pw = O@7T), | Ac) —yl| = O(9).

Recently it is shown in [26] that under the assumption that c' is sparse and (SC)

holds, the convergence rate is O(d i) for p € [1,2) (thus, up to O(J)) with respect to
the ¢, norm of ci — ¢l (which is weaker than the £p norm for p < 2). These rates
are already higher, when p < 1.5, than the “superior limit” of O(¢ %) established for
quadratic regularization. This indicates that the assumption of sparsity is a very strong
source condition. Next we give a converse results for the first source condition, which

shows that the above given convergence rate can only hold if the source condition is
fulfilled.

Proposition 4.3. If |y — y°|| < 8, the rate | AcS, — y|| = O(6) holds and ¢, converges
to ¢! in the Ly weak topology as 6 — 0 and o ~ 0, then ‘Pg,w’(cT) belongs to the
range of the adjoint operator A*.

In what follows, we characterize sequences that fulfill the source condition (SC I).
To this end we introduce the power of a sequence by

w' = {wi}ren, tER,
and will consider the operator
Aly — by (4.10)

Please note that || - ||, is still used as penalty and that p, p’ and w, w’ are allowed to
be different, respectively. In the sequel, the dual exponents to the given p, p’ will be
denoted by ¢, ¢'. Consider first the case p,p’ > 1.

Proposition 4.4. Let p,p’ > 1, the operator A and P} ., be given as above, and assume
that p < p', w' < w holds true. Then a solution ¢! of Ac = y fulfilling A*v =
wh ' (ct) satisfies

C]L S é(p—l)q’,(w’)*q'/l"~w‘1' . “4.11)
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The previous result states only a necessary condition. In order to characterize
the smoothness condition in terms of spaces of sequences, we relate the spaces to
range(A*):

Proposition 4.5. Let p,p’ > 1, the operator A and V%, , be given as above, and assume
that p < p', w' < w holds true. Moreover, assume

range(A*) =L g-a/5 C Eq,@,,q//pr
for some p, § > 1. Then each sequence

CT S E(p—l) (412)

G w—4/Pwi
fulfills the smoothness condition (SC).

The above derived conditions on sequences fulfilling a source condition (SC) mean
in principle that the sequence itself has to converge to zero fast enough. They can
also be interpreted in terms of smoothness of an associated function: If the function
system @ in (4.5), (4.6) is formed by a wavelet basis, then the norm of a function in
the Besov space B, ,, coincides with a weighted £, norm of its wavelet coefficients and
properly chosen weights [8]. In this sense, the source condition requires the solution to
belong to a certain Besov space. The assumption on range(A*) in Proposition 4.5 then
means that the range of the dual operator equals a Besov space. Similar assumptions
were used for the analysis of convergence rates for Tikhonov regularization in Hilbert
scales, see [31, 30, 27].

4.3 Regularization Result for A-Posteriori Parameter Rules

We deal with Morozov’s discrepancy principle as an a-posteriori parameter choice
rule for Tikhonov regularization with general convex penalty terms . The results
presented in this Section were first published in [1]. In this framework it can be shown
that a regularization parameter « fulfilling the discprepancy principle exists, whenever
the operator I’ satisfies some basic conditions, and that for suitable penalty terms the
regularized solutions converge to the true solution in the topology induced by V. It is
illustrated that for this parameter choice rule it holds & — 0, 67/ — 0 as the noise
level 6 goes to 0.

We assume the operator F' : dom(F) C X — Y between reflexive Banach spaces
X,Y, with 0 € dom(F), to be weakly continuous, ¢ > 0 to be fixed, and that the
penalty term W(x) fulfills the following condition.

Condition 4.6. Let ¥ : D(¥) C X — R™, with 0 € dom('¥), be a convex functional
such that

(i) ¥(z) =0if and only if z = 0,
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(i) ¥ is weakly lower semicontinuous (w.r.t. the Banach space topology on X),

(iii) W is weakly coercive, i.e. ||z,| — oo = ¥(z,) — oc.

We want to recover solutions 2 € X of F(z) = y, where we are given 3° with
Iy =yl < 6.

Definition 4.7. As before, our regularized solutions will be the minimizers :cg of the
Tikhonov-type variational functionals

F(z) = |9+ a¥(z) ifz € dom(¥) N dom(F
Ju(@) :{ IF(2) =917 + a¥(@) ifw € dom(¥) N dom(F)
+00 otherwise.
For fixed 3, we denote the set of all minimizers by M,, i.e.
M, ={2) e X : Ju(25) < Jo(z), V& € X} (4.14)

We call a solution z! of equation F (z) = y an W-minimizing solution if
¥(z") = min {¥(z): F(z) =y},

and denote the set of all W-minimizing solutions by £. Throughout this paper we
assume that £ # ().

Morozov’s discrepancy principle goes now as follows.
Definition 4.8. For 1 < 71 < 7 we choose a = (9, y5) > 0 such that
716 < |F(a3) — || <726 (4.15)
holds for some z%, € M,,.
Condition 4.9. Assume that y° satisfies
ly —4°] <8 < md < [|F(0) — 3], (4.16)
and that there is no « > 0 with minimizers x, xy € M, such that
1F (1) =9°| <18 <726 < |[F(2) —¢°)l.
Then we have the following

Theorem 4.10. If Condition 4.9 is fulfilled, then there are a« = «(3,y°) > 0 and
xl ¢ M 5,5y such that (4.15) holds.

Based on this existence result, we are able to establish regularization properties.
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Condition 4.11. Let (2"),en C X be such that 2" % Z € X and ¥(2") — ¥(Z) <
o0, then =" converges to Z with respect to ¥, i.e.,

Y(z" — %) — 0.

Remark 4.12. Choosing weighted /,-norms of the coefficients with respect to some
frame {¢) : A € A} C X as the penalty term, i.e.

1/p
Ppu(@) = Jallup = (D wil@enlP) " 1<p<2, @D
AEA

where 0 < C' < w,, satisfies Condition 4.11. Therefore the same automatically holds
for W5 ., (z). Note that these choices also fulfill all the assumptions in Condition 4.6.

Theorem 4.13. Let 6, — 0 and F,¥ satisfy the Conditions 4.6, 4.11. Assume that
y5" fulfills Condition 4.9 and choose o, = (0y, y‘s"), Tn € M,, such that (4.15)
holds, then each sequence x,, has a subsequence that converges to an element of L
with respect to V.

Remark 4.14. If instead of Condition 4.11 the penalty term ¥(z) satisfies the Kadec
property, i.e., T, — & € X and ¥(z,,) — ¥(Z) < oo imply ||z, — Z| — 0, then the

convergence in Corollary 4.13 holds with respect to the norm.

Condition 4.15. For all zT € £ (see Definition 4.7) we assume that

lim inf
t—0t

IF((1—t)z) —y)1| _o. (4.18)
t

The following Lemma provides more insight as to the nature of Condition 4.15.

Lemma 4.16. Let X be a Hilbert space and q > 1. If F(z) is differentiable in the
directions ' € L and the derivatives are bounded in a neigbourhood of =¥, then
Condition 4.15 is satisfied.

Theorem 4.17. Let I,V satisfy the Conditions 4.6, 4.15. Moreover, assume that data
y?, & € (0,8%), are given such that Condition 4.9 holds, where §* > 0 is an arbi-
trary upper bound. Then the regularization parameter « = «(J, ya) obtained from
Morozov’s discrepancy principle (see Definition 4.8) satisfies

— 0 as 0 — 0.

a(d,1°) — 0 and
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Remark 4.18. In the proof of Theorem 4.17 we have used that || F'(0) — y|| > 0, which
is an immediate consequence of (4.16). On the other hand, whenever ||F'(0) — y|| > 0

we can choose |

™+ 1
and for all 0 < & < §* and y° satisfying ||y — y°|| < & we obtain

0<d*<

1£(0) = yll

1F(0) = Il = [1F(0) = yll = lly = Il = |1F(0) = || = & > 76,

which is (4.16). Therefore (4.16) can be fulfilled for all § smaller than some §* > 0,
whenever y # F(0).

4.4 Convergence Rates for A-Posteriori Parameter Rules

Finally, we establish convergence rates with respect to the generalized Bregman dis-
tance.

Definition 4.19. Let 0¥ (x) denote the subgradient of ¥ at x € X. The generalized
Bregman distance with respect to ¥ of two elements z, z € X is defined as

Dy(z,2) = {Dy(x,2) : € € O¥(2) # 0},

where
DS (x,2) = W(x) — W(2) — (&2 — 2).

Condition 4.20. Let x' be an arbitrary but fixed ¥-minimizing solution of F(z) = .
Assume that the operator F' : X — Y is Gateaux differentiable and that there is
w € Y* such that

F'(zh)*w e o¥(zh). (4.19)

Throughout the remainder of this section let w € Y™ be arbitrary but fixed fulfilling
(4.19) and & € O¥(xT) be defined as

€= F'(a")w. (4.20)

Moreover, assume that one of the two following non-linearity conditions holds:
(i) There is ¢ > 0 such that for all x, z € X it holds that

(w, F(z) = F(z) = F'(2)(z = 2)) < cllwly-|

F(z) — F(2)|. (4.21)
(ii) There are p > 0, ¢ > 0 such that for all z € dom(F) N B,(x1),
|F(z) = F(ah) = F'(af) (@ — ah)|| < e Di(a,2h), (4.22)

and it holds that
cllwlly= < 1. (4.23)
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Here, B, (") denotes a ball around ' with radius p.

Theorem 4.21. Let the operator I’ and the penalty term ¥ be such that Condtions 4.6
and 4.20 hold. For all 0 < § < & assume that the data v° fulfill Condition 4.9, and
choose o = a(9, y5) according to the discrepancy principle in Definition 4.8. Then

IF () = Fa')| = 0(),  Dy(ad,a’) = O(). (4.24)

5 Iterated Shrinkage for Nonlinear Ill-Posed Problems

This section is devoted to the elaboration of a numerical scheme to derive a minimizer
of
Ju(c) = |F(F*c) = °|* + a¥(Bc) , (5.1)

for some given o > 0 and where we have assumed (for simplicity) that ¢ = 0 motivat-
ing the shorthand notation to ¥(c) for ¥(c,0) and where B is an isometric mapping.
But, in contrast to Section 4, in which the choice of ¥ was restricted to weighted /-
norms, we allow in this section a much broader range constraints, namely the wide
range of positive, one—homogeneous, lower semi—continuous and convex penalty con-
straints, where the £, norm is just one famous example. Further important cases
such as the T'V measure can be found in [3, 33, 34, 36, 49]. Since we focus here
on constraints that work on the basis of frame coefficients, 7'V —like constraints are
not directly applicable here. But there is a remarkable relation between T’V penal-
ties and frame coefficient-oriented constraints which can be explained by the inclusion
Bll’1 C BV C Bi1 — weak (in two dimensions), see for further Harmonic analy-
sis on BV [9, 11]. This relation yields a wavelet-based near BV reconstruction when
limiting to Haar frames and using a Bil constraint, see for further elaboration [16, 17].
One additional important condition that is necessary for our further analysis is

llelle, < W(Be). (5.2)

To derive a minimizer of (5.1), we follow the strategies developed for nonlinear
problems with quadratic penalties suggested in [44]. These concepts seem to be also
adequate when dealing with sparsity, or more general, with one—-homogeneous con-
straints. The idea goes as follows: we replace (5.1) by a sequence of functionals from
which we hope that they are easier to treat and that the sequence of minimizers con-
verge in some sense to, at least, a critical point of (5.1). To be more concrete, for some
auxiliary a € ¢,, we introduce the a surrogate functional

Ji(c,a) == Jo(c) + Cllc — allg, — |F(F*c) — F(F*a)|3 (5.3)

and create an iteration process by:

(i) Pick ® and some proper constant C' > 0
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(i) Derive a sequence (c"),—o,1,... by the iteration:

A =argmin J¥(c,c") n=0,1,2,... 5.4

As a minor but relatively common restriction, convergence of iterations (5.4) can
only be established when the class of operators F' is restricted to (twice)Frechét differ-
entiable operators fulfilling

" w = F(f-*cn) N F(f*c*) ’ (5.5)
F'(F*c")*y — F'(F*c*)*y forally , and (5.6)
|F'(F*e) — F'(F*)|| < LCh|le = ¢ - (5.7

These conditions are essentially necessary to establish weak convergence. If I is not
equipped with conditions (5.5)-(5.7) as an operator from X — Y, this can be achieved
by assuming more regularity of z, i.e. changing the domain of F' a little (hoping that
the underlying application still fits with modified setting). To this end, we then assume
that there exists a function space X °, and a compact embedding operator :° : X° — X.
Then we may consider ' = F 04 : X® — Y. Lipschitz regularity is preserved.
Moreover, if now 2" — x* in X%, then 2""—z* in X and, moreover, F’ (™) — yad (%)
in the operator norm. This argument applies to arbitrary nonlinear continuous and
Fréchet differentiable operators ' : X — Y with continuous Lipschitz derivative as
long as a function space X ® with compact embedding 7° into X is available.

At a first glance the made assumptions on F' might seem to be somewhat restrictive.
But compared to usually made assumptions in nonlinear inverse problems they are in-
deed reasonable and are fulfilled by numerous applications.

All what follows in the remaining section can be comprehensively retraced (includ-
ing all proofs) in [46].

5.1 Properties of the Surrogate Functional

By the definition of .JZ in (5.3) it is not clear whether the functional is positive definite
or even bounded from below. This will be the case provided the constant C' is chosen
properly.

For given o > 0 and ¢ we define a ball K, := {c € ¢, : ¥(Bc) < r}, where the
radius r is given by

s * 0Y]]2 0
— F(F 2a¥(B
ol = PR + 209 (B 58
2
This obviously ensures ¢’ € K,.. Furthermore, we define the constant C' by

2
C :=2C; max { < sup ||F'(]-'*c)||> ,L\/JQ(CO)} , (5.9

ceK,
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where L is the Lipschitz constant of theFrechét derivative of F' and ', the upper frame
bound in (3.6). We assume that ¢ was chosen such that < oo and C' < .

Lemma 5.1. Let v and C' be chosen by (5.8), (5.9). Then, for all c € K,
Clle = I, = |1F(Fe) = F(F*)|3 2 0
and thus, Jo(c) < J5(c, ).
In our iterative approach, this property carries over to all of the iterates.

Proposition 5.2. Let ¥, v be given and r, C be defined by (5.8), (5.9). Then the func-
tionals J5(c, c™) are bounded from below for all ¢ € £y and all n € N and have thus
minimizers. For the minimizer c"*' of J(c, c") holds ¢! € K,.

The proof of the latter Proposition 5.2 directly yields

Corollary 5.3. The sequences (Jo(c))nen and (J5 (<", ")) nen are non-increasing.

5.2 Minimization of the Surrogate Functionals

To derive an algorithm that approximates a minimizer of (5.1), we elaborate the nec-
essary condition.

Lemma 5.4. The necessary condition for a minimum of J:(c, a) is given by
0€ —FF(Fe)(y’ — F(F*a)) +Cc— Ca+aB*0¥(Bc) . (5.10)

This result can be achieved when introducing the functional ® via the relation v €
00(c) & Bv € 0¥(Bc); then one obtaines in the notion of subgradients,

dJE(¢c,a) = —2FF'(F*e)*(y° — F(F*a)) +2C ¢ — 2C a + 2a00(c) .
Lemma 5.5. Let M (c,a) := FF'(F*c¢)*(y° — F(F*a))/C + a. The necessary con-

dition (5.10) can then be casted as

C
c= %B* (I Pp) <aBM(c, a)) , (5.11)

where P¢ is an orthogonal projection onto a convex set C.

To verify Lemma 5.5, one has to establish the relation between W and C. To this
end, we consider the Fenchel or so—called dual functional of ¥, which we will denote
by W*. For a functional ¥ : X — 7R, the dual function ¥* : X* — R is defined by

W (27) = sup {{2", z) — W(x)} .
zeX
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Since we have assumed ¥ to be a positive and one homogeneous functional, there ex-
ists a convex set C such that W* is equal to the indicator function x¢ over C. Moreover,
in a Hilbert space setting, we have total duality between convex sets and positive and
one homogeneous functionals, i.e. ¥ = (x¢)*.

Consequently, with the shorthand notation M (¢, a) we may rewrite (5.10),

M(e,a) —

B € cow(Be),

a

c

and thus, by convex analysis standard arguments,

ch c gaty* (B]\/[(C,a)—c> )
o «

[

C

In order to have an expression by means of projections, we expand the latter formula
as follows

pMlea) _ pMea) —c Cpu (BM(c,a) - c)

&7 &3

% C C
_ <I + Ca‘{'*) <BM(C’3> - C) ,
a c

which is equivalent to

<I+ Saw*)l (BM(S’ a)> _pMlea —c

o

C

C

Again, by standard arguments, (for more details, see [46])it is known that (I + %8‘1‘*) !
is nothing than the orthogonal projection onto a convex set C, and hence the assertion
(5.11) follows.

Lemma 5.5 states that for minimizing (5.3) we need to solve the fixed point equation
(5.11). To this end, we introduce the associated fixed point map ®, ¢ with respect to
some « and C, i.e.

®yc(c,a) = %B*(I ~P) <BM(§’ “)> .

In order to ensure contractivity of ®, ¢ for some generic a we need two standard
properties of convex sets, see [7].

Lemma 5.6. Let K be a closed and convex set in some Hilbert space X, then for all
u € X and all k € K the inequality (u — Prgu, k — Pru) < 0 holds true.
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Lemma 5.7. Let K be a closed and convex set, then for all u,v € X the inequality
lu—v— (Pgu— Pgo)|| < [Ju—v
holds true.

Thanks to Lemmata 5.6 and 5.7 we obtain

Lemma 5.8. The mapping I — F¢ is non—expansive.

The latter statement provides contractivity of @, ¢ (-, a).

Lemma 5.9. The operator ®, ¢ (-, a) is a contraction, i.e.

Cal

1Pacle,a) = PaclCa)lle < glle—clle, i a:=—5

Jo(a) < 1.
This consequently leads to

Proposition 5.10. The fixed point map @, c(c, ¢™) that is applied in (5.11) to compute
c is due to definition (5.9) for alln = 0,1,2, ... and all o > 0 and C a contraction.

The last proposition guarantees convergence towards a critical point of J3 (-, c").
This can be sharpened.

Proposition 5.11. The necessary equation (5.11) for a minimum of the functional
JE(+, ") has a unique fixed point, and the fixed point iteration converges towards
the minimizer.

By assuming more regularity on F, the latter statement can be improved a little.

Proposition 5.12. Let F' be a twice continuously differentiable operator. Then the
Sunctional J5(-, ") is strictly convex.

5.3 Convergence Properties

Within this section we establish convergence properties of (¢™),en. In particular, we
show that (¢"),cn converges strongly towards a critical point of .J,,.

Lemma 5.13. The sequence of iterates (c")ncn has a weakly convergent subsequence.

This is an immediate consequence of Proposition 5.2, in which we have shown that
forn =0,1,2,... the iterates ¢" remain in K,. Moreover, with the help of Corollary
5.3, we observe the following lemma that is essentially used in the convergence proof.

Lemma 5.14. For the iterates c™ holds lim,, . ||c"™! — ¢*||,, = 0.
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To arrive at weak convergence, we need the following preliminary lemmatas. They
state properties involving the general constraint ®. To achieve strong convergence the
analysis is limited to the class of constraints given by weighted £, norms.

Lemma 5.15. Let © be a convex and weakly lower semi—continuous functional. For
sequences v — v and " > ¢, assume v € 0O(c") for alln € N. Then, v € 00(c).

Thanks to last Lemma 5.15 we therefore have weak convergence.

Lemma 5.16. Every subsequence of (¢")nen has a weakly convergent subsequence
(c™)1en with weak limit ¢, that satisfies the necessary condition for a minimizer of
Ja

FF' (F*ct)* (v — F(F*c)) € ad®(cr) . (5.12)

Lemma 5.17. Let (¢™)1en C (¢™)nen with ¢ =5 c&. Then, lim;_,o ©(c™) = O(c)

Combining the previous lemmatas and restricting the constraints to weighted ¢,
norms, we can achieve strong convergence of the subsequence (¢™);en.

Theorem 5.18. Let (¢")jen C (€")nen with ¢ =5 c&. Assume, moreover, that

1/p

B(c) =¥(c) = ij\cjlp

with w; > 1 > 0and 1 < p < 2. Then the subsequence (c™);cN converges also in
norm.

In principle, the limits of different convergent subsequences of ¢ may differ. Let
" — & be a subsequence of ¢, and let ¢’ the predecessor of ¢™ in ¢, i.e.
¢ = ctand ¢’ = =1, Then we observe, J5(c™,c™') — Ju(ck). Moreover,
as we have J3 (¢! ) < J3(c", ¢ 1) for all m, it turns out that the value of the
Tikhonov functional for every limit ¢, of a convergent subsequence remains the same,
ie. Jo(ch) = const .

We summarize our findings and give a simple criterion that ensures strong conver-
gence of the whole sequence (¢"),eN towards a critical point of J,.

Theorem 5.19. Assume that there exists at least one isolated limit ¢}, of a subsequence
c™ of ¢ Then c™ — ¢}, as n — oo. The accumulation point ¢, is a minimizer for the
functional J5 (-, ct,) and fulfills the necessary condition for a minimizer of J,.

Moreover, we obtain, J5(ck + h, k) > Ji(ck, ch) + % |2|* and with Lemma 5.12
the second assertion in the theorem can be shown. The first assertion of the theorem
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can be directly taken from [44].

As a summary of the above reasoning we suggest the following implementation of
the proposed Tikhonov-based projection iteration.

Iterated (generalized) Shrinkage

for nonlinear ill-posed and inverse problems with sparsity constraints

Given operator I, its derivative F’, matrix B, data y‘s, some ini-
tial guess A and o > 0

Initialization K, ={c€ty:¥(Bc) <r}withr = J,(c?)/(2a),
C =2C; max{sup e [|[F'(F*c)||*, L/ Ja(c)}

Iteration for n = 0,1,2,... until a preassigned precision / maxi-
mum number of iterations

L. = 2B - Pe) (£BM(c™, )
by fixed point iteration, and where
M(CnH,C") ="+ %]_—F/(}—*Cnﬂ)*(yé _ F(]:*C”))

end

5.4 Application of Sparse Recovery to SPECT

This section is devoted to the application of the developed theory to a sparse recov-
ery problem in the field of single photon emission computed tomography (SPECT).
SPECT is a medical imaging technique where one aims to reconstruct a radioactivity
distribution f from radiation measurements outside the body. The measurements are
described by the attenuated Radon transform (ATRT)

y=A(f,p)(s,w) = / flswb +tw)e I plswtrw)dr gy (5.13)
R

As the measurements depend on the (usually also unknown) density distribution g
of the tissue, we have to solve a nonlinear problem in (f, ). A throughout analysis
of the nonlinear ATRT was presented by Dicken [22], and several approaches for its
solution were proposed in [4, 29, 56, 57, 43, 40, 41, 42]. If the ATRT operator is
considered with

D(A) = Hy'(Q) x Hy*(Q)
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Figure 1. Activity function f* (left) and attenuation function p* (right). The activity
function models a cut through the heart.

Figure 2. Generated data g(s,w) = A(f*, u*)(s,w).

where H§(Q) denotes a Sobolev space over a bounded area Q with zero boundary
conditions and smoothness s, then the operator is twice continuous Fréchet differen-
tiable with Lipschitz continuous first derivative, if sy, s, are chosen large enough. A
possible choice for these parameters that also reflects the smoothness properties of ac-
tivity and density distribution is s; > 4/9 and s, = 1/3. For more details we refer to
[41, 21]. Additionally, it has been shown that conditions (5.5), (5.7) hold [39]. For our
test computations, we will use the so called MCAT - phantom [51], see Figure 1. Both
functions were given as 80 x 80 pixel images. The sinogram data was gathered on 79
angles, equally spaced over 360 degree, and 80 samples. The sinogram belonging to
the MCAT phantom is shown in Figure 2.

At first, we have to choose the underlaying frame or basis on which we put the spar-
sity constraint. Since a wavelet expansion might sparsely represent images/functions
(better than pixel basis), we have chosen a wavelet basis (here Daubechies wavelets of
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Figure 3. Reconstructions with 5% noise and o = 350: sparsity constraint (left) and
Hilbert space constraint (right).

Figure 4. Reconstruction with sparsity constraint and 5% noise. The regularization pa-
rameter (o = 5) was chosen such that ||y® — A(f*, u*)|| ~ 26

order two) to represent (f, i), i.e.

(fim) = Zc(f)k¢0,k+ Z A5t » ZC(M)k¢o,k+ Z d(p)s x¥hn

k §>0,ik k §>0,ik

For more details we refer the reader to [12]. For our implementation we have chosen
B =Tand¥(-) = ||-||s,- As an observation, the speed of convergence depends heavily
on the choice of the constant C'in (5.3). According to our convergence analysis, it has
to be chosen reasonably large. However, a large C' speeds up the convergence of
the inner iteration, but decreases the speed of convergence of the outer iteration. In
our example, we needed only 2-4 inner iteration, but the outer iteration required about
5000 iterations. As the minimization in the quadratic case needed much less iterations,
this suggests that the speed of convergence also increases with p.

According to (5.2), the functional ¥ will always have a bigger value than || - ||¢,. If
¥(c) is not too large, then it will also dominate HcHﬁz, which also represents the classi-
cal L,—norm, and we might conclude that reconstructions with the classical quadratic
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Figure 5. Values of the reconstructed activity function through the heart (left) and well

below the heart (right). Solid line: reconstruction with sparsity constraint, dashed line:
quadratic Hilbert space penalty

Figure 6. Histogram plot of the wavelet coefficient of the reconstructions. Left: sparsity
constraint, Right: quadratic Hilbert space constraint.

Hilbert space constraint and sparsity constraint will not give comparable results if the
same regularization parameter is used. As ¥ is dominant, we expect a smaller (op-
timal) regularization parameter in the case of the penalty term W. This is confirmed
by our first test computations: Figure 3 shows the reconstructions from noisy data
where the regularization parameter was chosen as o = 350. The reconstruction with
the quadratic Hilbert space penalty (we have used the L, norm) is already quite good,
whereas the reconstruction for the sparsity constraint is still far off. In fact, if we
consider Morozov’s discrepancy principle, then the regularization parameter in the
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quadratic case has been chosen optimal, as we observe

ly® — A(fS, 1) = 25 .

To obtain a reasonable basis for comparison, we adjusted the regularization parameter
« such that the residual had also a magnitude of 24 in the sparsity case, which occurred
for « = 5. The reconstruction can be seen in Figure 4.

A visual inspection shows that the reconstruction with sparsity constraint yields
much sharper contours. In particular, the absolute values of f in the heart are higher
in the sparsity case, and the artifacts are not as bad as in the quadratic constraint case,
as can be seen in Figure 5. It shows a plot of the values of the activity function for
both reconstructions along a row in the image in Figures 3 and 4 respectively. The left
graph shows the values at a line that goes through the heart, and right graph shows
the values along a line well outside the heart, where only artifacts occur. Clearly, both
reconstructions are different, but it certainly needs much more computations in order
to decide in which situations a sparsity constraint has to be preferred. A histogram plot
of the wavelet coefficients for both reconstructions shows that the reconstruction with
sparsity constraint has much more small coefficients - it is, as we did expect, a sparse
reconstruction, see Figure 6.

6 Projected Accelerated Steepest Descent for Nonlinear
IlI-Posed Problems

In the previous section we have discussed the iterated generalized shrinkage method
given by

Gl = %B*(I ~ R (SB {c" + FF(Fr ) (o — F(f*c"))/c}> .
For special choices of ¥ (e.g. ¥(c) = ||c||¢,), this iteration then allows due its simple
nature an easy to implement recovery algorithm. But the convergence is rather slow
and does not change substantially through different choices of ¥. One first serious step
to accelerate such types of iterations (but for linear problems) was suggested in [15], in
which the authors “borrowed a leaf” from standard linear steepest descent methods by
using an adaptive step length. In addition to this, the authors concluded from a detailed
analysis of the characteristic dynamics of the iterated soft-shrinkage that the algorithm
converges initially relatively fast, then it overshoots the ¢; penalty, and it takes very
long to re-correct back. The proposed way to circumvent this “external” detour is to
force the iterates to remain within a particular ¢; ball Br := {c € {;]c||,, < R}.
This has led to the constrained optimization problem

min || AF*c — 3°|? (6.1)
ceEBR
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resulting in a significantly different proceeding. The shrinkage operation is replaced
by a projection Pg,, (where the projection P¢(c) is defined for any closed convex set
C and any c as the unique point in C for which the ¢, distance to c is minimal) leading
for properly chosen v > 0 to the following iteration,

= Py (" 4 FA* (Y — AFTC")), 6.2)

However, the speed of convergence remained very slow. Therefore, as mentioned
above, the authors suggested to introduce an adaptive “descent parameter” 7" > 0 in
each iteration yielding

I =Py (" +ANFA (Y — AF ). (6.3)

The authors of [15] referred to this modified algorithm as the projected gradient iter-
ation or the projected steeptest descent method. They have determined how large one
can choose the successive 7" and have shown weak as well as strong convergence of
the method (with and without acceleration). Alternative approaches for sparse recov-
ery that are closely related to the introduced method are the schemes presented in [32]
and [55]. The analysis in [55] is limited to finite dimensions and the strategy provided
in [32] is suited for linear inverse problems. The principle there is to reformulate the
minimization problem as a bounded constrained quadratic program, and then apply
iterative project gradient iterations.

In this section we show that iteration (6.3) (and also more general formulations) can
be directly extended to the nonlinear situation resulting in

= Py (¢ 4 A FF (FRET) (g — F(FRC)). (6.4)

Again, as in the previous section, weak as well as strong convergence can only be
achieved, if F' is equipped with conditions (5.5)-(5.7). We also assume twice continu-
ous Fréchet differentiability of F'. But note that at the cost of more technicalities most
of the results can also be achieved if F' is only one time Fréchet differentiable.

Another issue that is of great importance but was neither considered in [15] nor
somewhere else is to verify regularizing properties of (6.4). Elaborations on this topic,
however, are not provided so far. Nevertheless, we wish to briefly mention the theory
that is still provided in the literature, which is so far unfortunately limited to linear
problems, see, e.g., [23, Section 5.4]. Therefore, the concepts summarized in [23] not
directly apply here and need to be extended. In any case, the question arises whether
the convex constraint stabilize the problem or if it is still necessary to regularize the
inverse problem. In general it seems to be meaningful to assume ill-posedness. There-
fore, we need to introduce an additional stabilization. The iteration (6.4) can be viewed
as iteration scheme to approach the Br-best-approximate solution CE, which we define
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as the minimizer of || F'(F*c) — y||*> on Bg, i.e.

|F(F k) —yl = inf{|F(F*c) ~y|, c € Br} and

ek min{||c||, [|F(F*¢) — y|| = || F(F*ck) — ylland c € Bg} .

Since CTR € Bp, itis natural to require that the regularized solutions are in B, as well.
If ¢t denotes the generalized solution of the unconstrained problem and if CE = cf,
then all “standard results” concerning stability, convergence, and convergence rates
hold also for the constrained case. If CTR # ¢f, one might select a different regulariza-
tion method, e.g.,

min ||[F(F*¢) —yl* +nlle]?
ceEBR

for some n > 0.

6.1 Preleminaries

Once a frame is selected for X, the computation of a solution « translates into finding
a corresponding sequence ¢ € ¢;(A). Hence, the operator under consideration can
be written as F' o F* : ¢,(A) — Y. Thus, for the ease of notation we write in the
remaining section (if not misleadingly used) only F' instead of F' o F™*.

Before analyzing the proposed projected steepest descent (6.4), we provide some
analysis of ¢, projections onto ¢ balls. The listed properties can be retraced in [15, 53],
from where they are partially taken, or to some extent in [18, 19].

Lemma 6.1.Va € (,(A),Y7 > 0 : ||S;(a)||; is a piecewise linear, continuous, de-
creasing function of T; moreover, if a € £1(A) then ||So(a)|l1 = ||all1 and ||S+(a)
0 for T > max; |a;|.

=

Lemma 6.2. If ||al|y > R, then the {, projection of a on the {1 ball with radius R
is given by Pp,(a) = S,(a), where ;i (depending on a and R) is chosen such that
ISu(a)lli = R If ||ally < R then P, (a) = So(a) = a.

Lemma 6.1 and 6.2 provide a simple recipe for computing the projection Pp,, (a).
First, sort the absolute values of the components of a (an O(mlogm) operation if
#A = m is finite), resulting in the rearranged sequence (a;);—1,... m, With aj > a; >
0; VI. Next, perform a search to find k such that

k—1

ISaz (@)1 = (af —a}) <R <
=1 l

M=

(a7 = ajy1) = [Saz,, (@)1 -
1
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The complexity of this step is again O (m log m). Finally, set v := k= (R— [Saz (a)]1),
and p := aj, — v. Then

k
S max(jai] - 1.0) = > (af — )

1EA =1
k—1

= Y (af —a;) + kv =[S (a)li + kv =R.
=1

1Su(@)lls

In addition to the above statements, also the still provided Lemmata 5.6 (setting K =
Br), 5.7, and 5.8 apply to Pg,, and allow therewith the use of several standard argu-
ments of convex analysis.

6.2 Projected Steepest Descent and Convergence

We have now collected some facts on the projector P, and on convex analysis issues
that allow for convergence analysis of the projected steepest descent method defined
in (6.3). In what follows, we essentially proceed as in [15]. But as we shall see,
several serious technical changes (including also a weakening of a few statements) but
also significant extensions of the nice analysis provided in [15] need to be made. For
instance, due to the nonlinearity of F', several uniqueness statements proved in [15]
do not carry over in its full glory. Nevertheless, the main propositions on weak and
strong convergence can be achieved (of course, at the cost of involving much more
technicalities).

First, we derive the necessary condition for a minimizer of D(c) := ||F(c) — y||?
on Bp.

Lemma 6.3. If the vector ¢ € {5 is a minimizer of D(c) on By then for any ~ > 0,
P, (Cr +vF'(Cr)"(y — F(Cr)) = Cr ,
which is equivalent to
(F'(r)*(y — F(éR)),w — &r) <0, forallw e Bg.
This result essentially relies on the Fréchet differentiability of F' (see, e.g., [S9, 58])

and summarizes the following reasoning.
With the help of the first order Taylor expansion given by

F(c+h)=F(c)+ F'(c)h+ R(c,h) with |R(c,h)| < §||h||2
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one has for the minimizer ¢z of D on Br and all w € Br and all ¢ € [0, 1]
D(ér) < =D(Er+t(w—2g))=||F(@Er+tw—2gr)) -yl
= ||[F(er) =y + F'(er)t(w — Er) + R(Zr, t(w — 2r))|
= D(¢r) +2(F'(¢r)"(F(Cr) — y),t(w — CR))
+2(F(Cr) — y, R(Zr, t(w — Cr)))
+|F'(r)t(w — Er) + R(Zr, t(w — 2r))|* -
This implies
(F'(er)"(y — F(Cr)),w —Cr) <0,
and therefore, for all v > 0,
(Cr+F'(er)"(y — F(¢r)) — Cr,w — Cg) <0,

which verifies the assertion.
Lemma 6.3 provides just a necessary condition for a minimizer ér of D on Bpg.
The minimizers of D on Br need not be unique. Nevertheless, we have

Lemma 6.4. If & ¢ € Bg, if @ minimizes D and if ¢ — & € kerF'(w) for all w € By
then & minimizes D as well.

In what follows we elaborate the convergence properties of (6.4). In a first step
we establish weak convergence and in a second step we extend weak to strong con-
vergence. To this end, we have to specify the choice of ™. At first, we introduce a
constant ,

r:=max{2 sup |[F'(¢)|*, 2Ly/D(c")}, (6.5)

ceEBRr
where ¢? denotes a initial guess for the solution to be reconstructed. One role of the
constant  can be seen in the following estimate which is possible by the first order
Taylor expansion of F,
[F(e™) = F(e)|? < sup [F/(@)[P e = "2 < Sfle™ ! =
cEBR 2

We define now with the help of (6.5) a sequence of real numbers which we denote
by (" that specifies the choice 4™ by setting 4™ = ™ /r (as we shall see later in this
section).

Definition 6.5. We say that the sequence (5"),en satisfies Condition (B) with respect
to the sequence (c™),en if there exists ng such that:

(B1) B :=sup{B";n € N} <o and inf{f";n€ N} >1
(B2)  A|E(c) - F

(B3)  5"LyD(e" <

—

cn)HZ < chn+1 _ anZ n > no

N3
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By condition (B1) we ensure
[F (™) = F(e)|P < BM[F(e) = F(e")|1?.
The idea of adding condition (B2) is to find the largest number 3" > 1 such that

0 < —||F(Cn+1) _ F(Cn)||2 + n+l Cn||2

r
25m lle
is as small as possible. The reason can be verified below in the definition of the sur-
rogate functional ®3 in Lemma 6.6. The goal is to ensure that ®g» is not too far off
D(c™). The additional restriction (B3) is introduced to ensure convexity of ®» and
convergence of the fixed point map ¥ in Lemma 6.7 (as we will prove below).

Because the definition of ¢"*! involves 3" and vice versa, the inequality (B2) has
an implicit quality. In practice, it is not straightforward to pick 8" adequately. This
issue will be discussed later in Subsection 6.3.

In the remaining part of this subsection we prove weak convergence of any subse-
quence of (¢"),en towards weak limits that fulfill the necessary condition for mini-
mizers of D on Bg.

Lemma 6.6. Assume I to be twice Fréchet differentiable and 3 > 1. For arbitrary
fixed ¢ € Bg assume $L+/D(c) < r/2 and define the functional ®5(-, c) by

@s(w.c) = | F(w) ~ | = |Fw) = F + Slw—cl’. (66

Then there exists a unique w € Bpr that minimizes the restriction to Bg of ®g(w, c).
We denote this minimizer by ¢ which is given by

5F%rw—F@0.

r
The essential strategy of the proof goes as follows. First, since F' is twice Fréchet
differentiable one verifies that ®g(-, ¢) is strictly convex in w. Therefore there exists a
unique minimizer ¢ and thus we have for all w € Br and all ¢ € [0, 1]

Ps(é,c) < Pg(é+t(w —¢),c) .
With the short hand notation J(-) := ®g(-, ¢) it therefore follows that
0 < JEe+tw—2e)—JE)=tJ'(e)(w—2¢)+ ptiw—2))

= 2HF(c) -y, F'(&)(w — &) + z%(e —e,w— &)

é:PBR <C+

2t{<F(c) oy, F'(@)(w— &)y + %(A— e w — é>}

r L r
22— Zlw—2e|* + =|lw—2¢|?} .
+ { 25L2”w é|| +ﬂ||w ¢ }

IN
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This implies for all ¢ € [0, 1]

3t
0 < {24P@) 5 PO - 0) 4 (e - cow =} + -l
Consequently, we deduce
B oty A N
e+ ZF(@)"(y - F(e)) - tw—2) <0
r
which is equivalent to
A\ B ot e
o =Py (e ZF(@)(y - F(0))

and the assertion is shown.

The unique minimizer ¢ is only implicitly given. We propose to apply a simple fixed
point iteration to derive ¢. The next lemma verifies that the corresponding fixed point
map is indeed contractive and can therefore be used.

Lemma 6.7. Assume 3L/ D(x) < r/2. Then the map
¥(2) :=Ppy(c+ B/rF' (&) (y — F(c)))

is contractive and therefore the fixed point iteration ¢! = ‘I—’(él) converges to a
unique fixed point.

The latter Lemma is a consequence of the Lipschitz continuity of F” and the non-
expansiveness of Pp,,. The last property that is needed to establish convergence is an
immediate consequence of Lemma 6.6.

Lemma 6.8. Assume ¢! is given by

Cn+l _ PBR <Cn + ﬁnF/<Cn+1)*(y _ F(Cn))> ,

o
where 1 is as in (6.5) and the 5" satisfy Condition (B) with respect to (¢")nen, then

the sequence D(c") is monotonically decreasing and lim,, .. ||c"*! — ¢"|| = 0.

Now we have all ingredients for the convergence analysis together. Since for all
the iterates we have by definition ¢" € Bp, we automatically have ||c" |, < R for all
n € N. Therefore, the sequence (c"),en must have weak accumulation points.

Proposition 6.9. If ¢* is a weak accumulation point of (¢")nen, then it fulfills the
necessary condition for a minimum of D(c) on Bg, i.e. for all w € Bp,

(F'(c¢*)*(y — F(c"),w—¢c*) <0. 6.7)
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Since this proposition is essential and combines all the above made statements, we
give the reasoning and arguments to verify (6.7) in greater detail. Since ¢ —— ¢*,
we have for fixed c and a

(F'(c)c",a) = (", F'(c)"a) — (", F'(¢)"a) = (F'(¢)c", a)

and therefore
F'(c)c 5 F'(c)c*. (6.8)

Due to Lemma 6.8, we also have ¢! =5 ¢*. Now we are prepared to show the
necessary condition for the weak accumulation point c¢*. As the iteration is given by

=Py (4 B rF () (y — F(c))
we have
(" + ﬁ"/rF/(c"H)*(y — F(c")) — A — c"“) <0 forallw € Bg.
Specializing this inequality to the subsequence (c™) e yields
(" 4 B [rF' (") (y — F(¢Y)) — ¢ w — %) <0 forallw € By .
Therefore we obtain (due to Lemma 6.8)

lim sup " /r(F' (") *(y — F(c™)),w — %) <0 forallw € Bg .

j—oo
To the latter inequality we may add
B r{(—F' () + F/ () (y = F(cV)),w — ™)

and
ﬁnj/T<F/(an)*(y _ F(cnj)), i 4 cnj+l>

resulting in

lim sup 8" /r{F'(c")*(y — F(c")),w — ") <0 forallw € B, (6.9)

j—00
which is possible due to
(= F/( ) 4 F/(&))y — F(¢™)),w — )]
< Ll =y — Pl — e T o
and
/() (y = F ("), =" 4 )|

< sup [|F'(0)*||lly = F(e™)|||e" — Y[ "== 0.
r€BR
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Let us now consider the inner product in (6.9) which we write as

(F'(")* y,w— ") — (F'(c")* F (), w— ") .

For the left summand we have by the weak convergence of (¢™);jcn or likewise
(F'(c¢*)c" ) jen and the assumption of F', F'(c")*y e F'(c")*y

(F' () yw =€) = (F(€)" = F'(e) + F/(¢) )y, w = )
= ()Y = F'(¢) yw =)+ (F() yw =)

Therefore (and since 1 < ™% < (3 and again by the weak convergence of (¢") JeN)
inequality (6.9) transforms to

lim sup [(F’(c*)*(y — F(e"),w — c*)

j—00
H(F' () F(c"),w— "+ — ) = (F'(M) F(d),w— )] <0
<~
limstJ[O)O [(F'(c*)*(y — F(c¢")),w — ¢¥)
P () — (&) F(e),w— )] <0
<~

(F'(c*)"(y = F(c),w — c¥)
+1lim sup (F'(c*)*F(c*) — F'(™)*F(c™),w — ") <0.

Jj—o0

It remains to show that the right summand in (6.10) is for all w € Bp zero. We have
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by the assumptions made on F’,

[(F" () F(c™),w —c")| =
[(F (C*)* ¢*) = FI(¢) F(c™) + F'(c")"F(c") = F'(¢™)"F(c"),w — )|
< [FU(S)F(r) = F'() F(c™),w = c™)|

HI(F' () F(c™) = /(™) F(c"),w — ¢")]

< sup IF' (I F(c*) = F(")]|[[lw — "]
+((F'(c")* = F'(c")")(F(c¢*) = F(¢") + F(c")),w — ¢"7)]
< sup IF' (I F(c*) = F(c")][[lw — "]
(' ()" = F'(") ) F () || lw — |
+L[|c* = || F (") = F(c")|l||w — ™|
=%

Consequently, for all w € Bg,
(F'(c)"(y = F(c"),w—c") <0.

After the verification of the necessary condition for weak accumulation points we show
that the weak convergence of subsequences can be strengthened into convergence in
norm topology. This is important to be achieved as in principle our setup is infinite
dimensional.

Proposition 6.10. With the same assumptions as in Proposition 6.9 and the assump-
. . . !

tions (5.6)-(5.7) on the nonlinear operator F, there exists a subsequence (c™)jen C
(¢")nen such that (¢™);ex converges in norm towards the weak accumulation point
.

cr, ie.

lim || —¢*|| =0.
[—o00

The proof of this proposition is in several parts the same as in [15, Lemma 12].
Here we only mention the difference that is due to the nonlinearity of F'. Denote by
(c™) jen the subsequence that was introduced in the proof of Proposition 6.9. Define
now ul 1= ¢ — ¢*, vJ = %! — ¢* and 37 := ™. Due to Lemma 6.8, we have
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lim;j oo ||u? — v7]| = 0. But we also have,

W - = w4 =P+ FF (W ) (y— F(ud 4 )

= +Pp,(¢" + B F () (y - F(c"))
—Pp, (v + &+ FF (0 + ) (y— Fud +¢)))

=l +Pp, (¢ + FF () (y — F(c"))
—Pp. (¢ + FF (v + ) (y — F(u! +c*) +u/)  (6.10)
+Pp, (" + FLF' (¢*)*(y — F(c*) + ) (6.11)
—Pp, (" + B F () (y — F(c)) + /)
+Pp, (" + B F () (y — F(w! + ) +u?) (6.12)
—Ppp(c* + FF' () (y — F(u! + ¢*)) +u?) (6.13)

*

where we have applied Proposition 6.9 (¢* fulfills the necessary condition) and Lemma
6.3,i.e. ¢* = Pp,(c*+ [ F'(c*)*(y— F(c*))). We consider now the sum of the terms
(6.11)+(6.13), and obtain by the assumptions on F' and since the 37 are uniformly
bounded,

[PBy(c* + B F' () (y — F(c") +u) —
P (c" + B F () (y — F(w! + c*)) + /)]
<|FF () (FW +¢) = F(e))
< B sup |[F'(@)||[|F(w +c*) — F(e)]| =% 0

r€BR
The sum of the terms (6.10)+(6.12) yields
[Py (¢ + B F' () (y = F(u + ) +u) -
Pp,(c* + B F (v) + *)*(y — F(u + ¢*)) +u?)||
< BLI(F ()" = F'(v) + ) )y = F(e)|
) —

HI(E' (") = F'(v) + ) (F(e") = F(u? +c))II}
< BUIE () = F'(@ + )y = F(e)
+ LI |[[F(er) = F(u + )|} =0,

Consequently, combining ||/ — v7|| == 0 and the two last statements, we observe
that

fim, 1P (" +67F' (¢*)* (y=F () +u! ) =Ppg (¢ +4 F' () (y=F(c"))) —u’ | = 0.
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The remaining arguments that verify the strong convergence towards zero of a subse-
quence of u/ are now the same as in [15, Lemma 12].

As mentioned in [15], one can prove at the cost of more technicalities that the whole
subsequence (¢ );jcn converges in norm towards c*. We summarize the findings in
the following proposition.

Proposition 6.11. Every weak accumulation point ¢* of the sequence (c")nenN defined
by (6.4) fulfills the necessary condition for a minimizer of D in Br. Moreover, there
exists a subsequence (c")jenx C (c")nen that converges in norm to c*.

In the next proposition we give a condition under which norm convergence of sub-
sequences carries over to the full sequence (¢™),en-

Proposition 6.12. Assume that there exists at least one isolated limit c* of a subse-
quence (") jen C (¢")nen. Then ¢ — c¢* holds.

A proof of this assertion can be directly taken from [45].

6.3 Some Algorithmic Aspects

In the previous subsection we have shown norm convergence for all 5" satisfying Con-
dition (B). This, of course, implies also norm convergence for 3" = 1 for all n € N,
which corresponds to the projected classical Landweber iteration. However, to accel-
erate the speed of convergence, we are interested in choosing, adaptively, larger values
for 8™. In particular, by the reasoning made after Definition 6.5, we like to choose 3"
as large as possible. The problem (even for linear operators A) is that the definition of
¢! involves 3" and the inequality (B2) to restrict the choice of 5™ uses ¢®*!. This
“implicit” quality does not allow for a straightforward determination of 3".

For linear problems, conditions (B1) and (B2) are inspired by classical length-step
in the steepest descent algorithm for the unconstrained functional || Az — y||?> leading
to an accelerated Landweber iteration 2! = 2™ + 4" A*(y — Az™), for which 4™ is
picked so that it gives a maximal decrease of || Az — y||?, i.e.

7= (1A (y — Az")|P|AAT(y — Az 72

For nonlinear operators this condition translates into a rather non-practical sugges-
tion for 4". In our situation, in which we have to fulfill Condition (B), we may derive
a much simpler procedure to find a suitable v™ (which is in our case 5" /r). Due to
Lemma 6.8 we have monotonicity of D with respect to the iterates, i.e.

L\/D(c") < L\/D(cv 1) <... < 3= max{ sup ||F'(c)||?, L/ D(c)} .

ceEBR
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Therefore (B3), which was given by
L\/D(c") < B"L\/D(c") < g

is indeed a nontrivial condition for 5™ > 1. Namely, the smaller the decrease of D,
the larger we may choose 3" (when only considering (B3)). Condition (B3) can be
recastas 1 < g™ < r/(2L+/D(c")) and consequently, by Definition (6.5), an explicit
(but somewhat “greedy”) guess for 5" is given by

[F'(@)|> [ D()

4" = max < sup , >1. (6.14)
veBr Ly/D(c)" || D(c")

If this choice fulfills (B2) as well, it is retained; if it does not, it can be gradually de-

creased (by multiplying it with a factor slightly smaller than 1 until (B2) is satisfied.

As a summary of the above reasoning we suggest the following implementation of
the proposed projected steepest descent algorithm.

Projected Steepest Descent Method

for nonlinear inverse problems

Given operator F, its derivative I’ (¢), data y, some initial guess 0, and
R (sparsity constraint ¢1-ball Bg)

Initialization | 7 = max{2sup.cp, [|F'(c)||*,2L/D(c")},
set ¢ = 0.9 (as an example)

Iteration forn =0,1,2,...until a preassigned precision / maximum num-

ber of iterations

n F'(c)||? D(c
15 = max {supec, LG /R

2 @ =Py, (e ZF () (y - F(e));
by fixed point iteration
3. verify (B2): B"|F(c"!) — F(c")|* < lle™*! — |
if (B2) is satisfied increase n and go to 1.

otherwise set 5" = ¢ - 5" and go to 2.
end
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6.4 Numerical Experiment: A Nonlinear Sensing Problem

The numerical experiment centers around a nonlinear sampling problem that is very
closely related to the sensing problem considered in [54]. The authors of [54] have
studied a sensing setup in which a continuous-time signal is mapped by a memoryless,
invertible and nonlinear transformation, and then sampled in a non-ideal manner. In
this context, memoryless means a static mapping that individually acts at each time in-
stance (pointwise behavior). Such scenarios may appear in acquisition systems where
the sensor introduces static nonlinearities, before the signal is sampled by a usual
analog-to-digital converter. In [54] a theory and an algorithm is developed that allow
a perfect recovery of a signal within a subspace from its nonlinear and non-ideal sam-
ples. In our setup we drop the invertibility requirement of the nonlinear transforma-
tion, which is indeed quite restrictive. Moreover, we focus on a subclass of problems
in which the signal to be recovered is supposed to have sparse expansion.

Let us specify the sensing model. Assume we are given a reconstruction space
A C X (e.g. Lr(R)) which is spanned by the frame {¢) : A € A} with frame bounds
0 < ¢ £ (5 < oo. With this frame we associate two mappings, the analysis and
synthesis operator,

F:A> f — {<f, QZS)\>})\€A c EQ(A) and F*: £2<A) ST — Z.’L‘)\(Z))\ .
AEA

We assume that the function/signal f we wish to recover has a sparse expansion in .A.
The sensing model is now determined by the nonlinear transformation M : A — Y
of the continuous-time function f that is point-wise given by the regularized modulus
function (to have some concrete example for the nonlinear transformation)

M:fe M(f)=|fle = VPt e

This nonlinearly transformed f is then sampled in a possibly non-ideal fashion by
some sampling function s yielding the following sequence of samples,

SM(f) = {(s(- = nT), M(f))y }nez,

where we assume that the family {s(- — nT;),n € Z} forms a frame with bounds
0 < S <5 < oo. The goal is to reconstruct f from its samples y = (S o M)(f).
Since f belongs to A, the reconstruction of f is equivalent with finding a sequence
csuch thaty = (S o M o F*)(c). As {¢) : A € A} forms a frame there might
be several different sequences leading to the same function f. Among all possible
solutions, we aim (as mentioned above) to find those sequences that have small ¢,
norm. As y might be not directly accessible (due to the presence of measurement
noise) and due to the nonlinearity of the operator M, it seems more practical not to
solve y = (S o M o F*)(c) directly, but to find an approximation ¢ such that

¢ =arg Crg}%l}% |F(c) —y|* and,
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where we have used the shorthand notation F' := S o M o F* and where the ¢; ball
Bp, restricts c to have a certain preassigned sparsity.

In order to apply our proposed accelerated steepest descent iteration,

n
CnJrl — PBR <Cn + &F/(CnJrl)*(y _ F<cn))> ’

r
to derive an approximation to &, we have to determine the constants r, see (6.5), and
the Lipschitz constant L. This requires a specification of two underlying frames (the
reconstruction and sampling frame). One technically motivated choice in signal sam-
pling is the cardinal sine function. This function can be defined as the inverse Fourier

transform of the characteristic function of the frequency interval [—, 7], i.e.

V2msine(rwt) = \/127_ /]RX[TFJT] (w)e™dw .

Therefore, the resulting function spaces are spaces of bandlimited functions. The
inverse Fourier transform of the L, normalized characteristic function \/%X[,Q’Q]
yields

1 1 y Q .
—_— —Y]_ w)e™dw = {/ — sinc(Qt
= | vea = sine(@)

leading to the following definition of L, normalized and translated cardinal sine func-
tions,

bn(t) = \/%asinc (ga(t—nTa)), i.e.Q:Dla and  (6.15)
su(t) = \/%Ssinc <gs(t—nTs)) : i.e.Q:Dls (6.16)

that determine the two frames. The parameters D, and D; are fixed and specify here
the frequency cut off, whereas T}, and 75 fix the time step sizes. For all n € 7 we have
l¢nll2 = lIsnll2 = 1. Moreover, it can be easily retrieved that

(bn, Pm) = sinc <7T(n - m)Ta> and (s, $;) = sinc (F(n — m)TS> .
D, Dy
(6.17)
As long as T,/D,,Ts/Ds € Z, the frames form orthonormal systems. The inner
products (6.17) are the entries of the Gramian matrices FF* and S'5*, respectively, for
which we have | FF*|| = || F||* = || F*||*> < C; and ||SS*|| = ||S||> = ||S*|*> < S-.
Let us now determine r and L. To this end we have to estimate sup.c |1F'(c)]%.
For given ¢ € Bp, it follows that

')l = sup [[F'(c)h]| = |SM'(F*c)F"h|
h€ly,||h]|=1

ISIHIM (Fr ) 17 -

IN
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Figure 7. The left image shows the sparsity to residual plot. The black diamonds cor-
respond to the accelerated iteration. For the non-accelerated iteration we have plotted
every 20th iteration (gray dots). The right image visualizes the sequence of 3™ (black)
for the accelerated iteration. The gray line corresponds to 3 = 1.

Figure 8. These images represent the residual evolution with respect to the number of
iterations (left) and the computational time (right). The black dotted curves represent the
residual evolution for the accelerated and the gray dotted curves for the non-accelerated
scheme.

Moreover, due to (6.15),

1M (F*e)|? sup || M (Fre)h?

heAy,||h[|=1

/]R (Fr)OPI(F e)(t)* + |7 h(t) Pt

: 2
e /R(Xn: leallén (D)2 [R(t)[Pdt < 5H201H)1a _

IN
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Therefore, we finally obtain

/ 2 2 2 ‘RZ ‘Rz
F < [|S]|7 |F* <$5C
CsequR || (C)H — || H || || €2Da — 2 2 €2Da

(6.18)

The Lipschitz continuity of F’ is characterized by || F'(¢) — F'(c)|| < L||& — ¢||, for
all ¢, ¢ € Bpr. In order to find the Lipschitz constant L, we directly derive

1F(&) = F'(c)l

sup  ||[F"(&)h — F'(c)h]

hely,||h]|=1
= sup  ||SM'(F*&)F*h — SM'(F*c)F*h|
< IS |M'(Fe) — M (F o)l IF, (6.19)

and with M"(f) = €2(f* + %)73/2 it follows
1M (F8) — M'(F*o)|?
= sup / |M'(F&(t)) — M'(F*e(t) P|h(t) Pt

h€L,,||h||=1
< sup / L\ Fea(t) - Fre)P h(o)Pdt
heLy,||h|=1

2
< s / (@0 — el [6a(0)] | 1R(t) Pt
heLz,HhH 1 1R52 (72

< sup /an )P (e) P ) — el

To finally bound the last quantity, we have to estimate Y., |¢n(t)|* independently
on t € R. With definition (6.15), we observe that

Z lpn()* = — Z sinc <t — FDZ;‘I) (6.20)

nez % nez

is a periodic function with period T;. Therefore it is sufficient to analyze (6.20) for
t € [0, Ty]. The sum in (6.20) is maximal for ¢ = 0 and ¢t = T,,. Consequently, with

Zsmc = 1+ Z sinc? <1+2D£ Z i
B D = T2 n?2
neZ\{0} n

4D?

w2 T2

- 14+
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we obtain by combining (6.19) and (6.20),

1 /1 4D,
|F'(@) ~ F'Oll < Llle— el , with L=~ [ 5+ 5S4 62D)

In our concrete example (visualized in Figure 9) the ansatz space A C Ly(R) is
spanned by functions a,, with D, = 0.4 and time step size 7,, = 0.1. The sampling
map S is determined by Dy = 0.2 and Ts = 0.1. The synthetic signal which we aim
to reconstruct is given by

f(t) = a_z(t) — 0.5(12,5(25) .

For the numerical implementation we have restricted the computations to the finite
interval [—10, 10] which was discretized by the grid t;, = —10 + 0.05k with £ =
0,1,2,... . The bounds A, and .S, are estimated by the eigenvalues of adequately
corresponding finite dimensional approximations of the Gramian matrices (a, a,)
and (s;, Sy, ). For the radius of the ¢; ball (determined the sparsity constraint) we have
picked R = 2. This choice of course includes some a-priori knowledge of the solution
to be reconstructed. Usually there is no a-priori information on R available. Even
if not proven so far, R plays the role of an regularization parameter (so far just with
numerical evidence). Therefore, we can observe in case of misspecified R a similar be-
havior as for inversion methods where the regularization parameter was not optimally
chosen. If R is chosen too large it may easily happen that the ¢; constraint has almost
no impact and the solution can be arbitrarily far off the true solution. Therefore, it was
suggested in [15] to choose a slowly increasing radius, i.e.

R" = (n+ 1)R/N,

where 7 is the iteration index and /N stands for a prescribed number of iterations. This
proceeding yields in all considered experiments better results. However, convergence
of a scheme with varying R" is theoretically not verified yet.

In Figure 7 (right image) one finds that 5" varies significantly from one to another
iteration. This verifies the usefulness of Condition (B). From the first iteration on, the
values for 3" are obviously larger than one and grow in the first phase of the itera-
tion process (for the accelerated method only the first 60 iterations are shown). But
the main impact manifests itself more in the second half of the iteration (n > 20)
where the non-accelerated variant has a much less decay of \/D(z"), see Figure 8.
There the values of 4" vary around 10° and allow that impressive fast and rapid de-
cay of v/ D(x™) of the accelerated descent method. For the non-accelerated method
we had to compute 10* iterations to achieve reasonable small residuals /D (z") (but
even then being far off the nice results achieved by the accelerated scheme). The
right plot in Figure 8 sketches the residual decay with respect to the overall com-
putational time that was practically necessary. Both curves (the black and the gray)
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Figure 9. This overview plot shows the used atoms ap and sy (1st row), the simulated
signal (2nd row), the nonlinearly and non-ideally sampled values (3rd row), and the final
approximation A*x% € A that was computed with accelerated iteration scheme.

were of course obtained on the same machine under same conditions. The achieved
time reduction is remarkable as the accelerated iteration method has required many
additional loops of the individual fixed point iterations in order to find the optimal
4", In particular, the final residual value after n = 10.000 iterations for the non-
accelerated method was /D (x19090) = 0.0172. This value was reached by the ac-
celerated method after n = 28 iteration steps (the final value after n = 60 iterations
was /D (2%0) = 0.0065). The overall computational time consumption of the non-
accelerated method to arrive at /D (219090) = 0.0172 was 45min and 2s, whereas
the time consumption for the accelerated method for the same residual discrepancy
was only 11.8s, i.e. 229 times faster. The finally resulting reconstruction including a
diagram showing the nonlinearly sampled data is given in Figure 9.
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Summarizing this numerical experiment, we can conclude that all the theoretical
statements of the previous sections can be verified. For this particular nonlinear sens-
ing problem we can achieve an impressive factor of acceleration. But this, however,
holds for this concrete setting. There is no proved guaranty that the same can be
achieved for other applications.
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