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Preface

Sparsity has become an important concept in recent years in applied mathematics,
especially in mathematical signal and image processing, in the numerical treatment
of partial differential equations, and in inverse problems. The key idea is that many
types of functions arising naturally in these contexts can be described by only a small
number of significant degrees of freedom. This feature allows the exact recovery of
solutions from a minimal amount of information. The theory of sparse recovery ex-
hibits fundamental and intriguing connections with several mathematical fields, such
as probability, geometry of Banach spaces, harmonic analysis, calculus of variations
and geometric measure theory, theory of computability, and information-based com-
plexity. The link to convex optimization and the development of efficient and robust
numerical methods make sparsity a concept concretely useful in a broad spectrum of
natural science and engineering applications.
The present collection of four lecture notes is the very first contribution of this

type in the field of sparse recovery and aims at describing the novel ideas that have
emerged in the last few years. Emphasis is put on theoretical foundations and nu-
merical methodologies. The lecture notes have been prepared by the authors on the
occasion of the Summer School “Theoretical Foundations and Numerical Methods for
Sparse Recovery” held at the Johann Radon Institute for Computational and Applied
Mathematics (RICAM) of the Austrian Academy of Sciences on August 31 – Septem-
ber 4, 2009. The aim of organizing the school and editing this book was to provide a
systematic and self-contained presentation of the recent developments. Indeed, there
seemed to be a high demand of a friendly guide to this rapidly emerging field. In
particular, our intention is to provide a useful reference which may serve as a text-
book for graduate courses in applied mathematics and engineering. Differently from a
unique monograph, the chapters of this book are already in the form of self-contained
lecture notes and collect a selection of topics on specific facets of the field. We tried
to keep the presentation simple, and always start from basic facts. However, we did
not neglect to present also more advanced techniques which are at the core of sparse
recovery from probability, nonlinear approximation, and geometric measure theory as
well as tools from nonsmooth convex optimization for the design of efficient recovery
algorithms. Part of the material presented in the book comes from the research work
of the authors. Hence, it might also be of interest for advanced researchers who may
find useful details and use the book as a reference for their work. An outline of the
content of the book is as follows.
The first chapter by Holger Rauhut introduces the theoretical foundations of com-

pressive sensing. It focuses on `1-minimization as a recovery method and on struc-
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tured random measurement matrices, such as the random partial Fourier matrix and
partial random circulant matrices. A detailed presentation of the basic tools of proba-
bility and more advanced techniques, such as scalar and noncommutative Khintchine
inequalities, Dudley’s inequality, and Rudelson’s lemma, is provided. This chapter
contains some improvements and generalizations of existing results, which have not
yet appeared elsewhere in the literature.
The second chapter by Massimo Fornasier starts by addressing numerical methods

for `1-minimization for compressive sensing applications. The analysis of the
homotopy method, the iteratively re-weighted least squares method, and iterative
hard thresholding is carefully outlined. Numerical methods for sparse optimiza-
tion in Hilbert spaces are also provided, starting from the analysis of iterative
soft-thresholding and continuing with a discussion on several improvements and
acceleration methods. Numerical techniques for large scale computing based on
domain decomposition methods are discussed in detail.
The focus of the third chapter by Ronny Ramlau and Gerd Teschke is on the

regularization theory and on numerical methods for inverse and ill-posed problems
with sparse solutions. The emphasis is on regularization properties of iterative
algorithms, in particular convergence rates to exact solutions. Adaptive techniques
in soft-shrinkage and projected gradient methods are carefully analyzed. The chapter
starts with a friendly guide to classical linear inverse problems and then addresses
more advanced techniques for nonlinear inverse problems with sparsity constraints.
The results are illustrated also by numerical examples inspired by single photon
emission computed tomography (SPECT) and in nonlinear sensing.
Besides sparsity with respect to classical bases, e.g., wavelets or curvelets, one may

facilitate the robust reconstruction of images from only partial linear or nonlinear mea-
surements by imposing that the interesting solution is the one which matches the given
data and also has few discontinuities localized on sets of lower dimension, i.e., it is
sparse in terms of its derivatives. As described in the mentioned chapters, the mini-
mization of `1-norms occupies a fundamental role for the promotion of sparsity. This
understanding furnishes an important interpretation of total variation minimization,
i.e., the minimization of the L1-norm of derivatives, as a regularization technique for
image restoration. The fourth and last chapter by Antonin Chambolle, Vicent Caselles,
Daniel Cremers, Matteo Novaga and Thomas Pock, addresses various theoretical and
practical topics related to total variation based image reconstruction. The chapter first
focuses on basic theoretical results on functions of bounded variation, and on more
advanced results on fine properties of minimizers of the total variation. Standard and
more sophisticated minimization algorithms for the total variation in a finite-difference
setting are carefully presented. A series of applications from simple denoising to
stereo, or deconvolution issues are discussed. More exotic applications of total varia-
tion minimization are also considered, like the solution of minimal partition problems.

Linz, April 2010 Massimo Fornasier
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1 Introduction

Compressive sensing is a recent theory that predicts that sparse vectors in high di-
mensions can be recovered from what was previously believed to be incomplete in-
formation. The seminal papers by E. Candès, J. Romberg and T. Tao [19, 23] and
by D. Donoho [38] have caught significant attention and have triggered enormous re-
search activities after their appearance. These notes make an attempt to introduce to
some mathematical aspects of this vastly growing field. In particular, we focus on
`1-minimization as recovery method and on structured random measurement matrices
such as the random partial Fourier matrix and partial random circulant matrices. We
put emphasis on methods for showing probabilistic condition number estimates for
structured random matrices. Among the main tools are scalar and noncommutative
Khintchine inequalities. It should be noted that modified parts of these notes together
with much more material will appear in a monograph on compressive sensing [55] that
is currently under preparation by the author and Simon Foucart.
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The main motivation for compressive sensing is that many real-world signals can be
well-approximated by sparse ones, that is, they can be approximated by an expansion
in terms of a suitable basis, which has only a few non-vanishing terms. This is the
key why many (lossy) compression techniques such as JPEG or MP3 work so well.
To obtain a compressed representation one computes the coefficients in the basis (for
instance a wavelet basis) and then keeps only the largest coefficients. Only these will
be stored while the rest of them will be put to zero when recovering the compressed
signal.

When complete information on the signal or image is available this is certainly a
valid strategy. However, when the signal has to be acquired first with a somewhat
costly, difficult, or time-consuming measurement process, this seems to be a waste of
resources: First one spends huge efforts to collect complete information on the signal
and then one throws away most of the coefficients to obtain its compressed version.
One might ask whether there is a more clever way of obtaining somewhat more di-
rectly the compressed version of the signal. It is not obvious at first sight how to do
this: measuring directly the large coefficients is impossible since one usually does not
know a-priori, which of them are actually the large ones. Nevertheless, compressive
sensing provides a way of obtaining the compressed version of a signal using only
a small number of linear and non-adaptive measurements. Even more surprisingly,
compressive sensing predicts that recovering the signal from its undersampled mea-
surements can be done with computationally efficient methods, for instance convex
optimization, more precisely, `1-minimization.

Of course, arbitrary undersampled linear measurements – described by the so-called
measurement matrix – will not succeed in recovering sparse vectors. By now, neces-
sary and sufficient conditions are known for the matrix to recover sparse vectors using
`1-minimization: the null space property and the restricted isometry property. Basi-
cally, the restricted isometry property requires that all column submatrices of the mea-
surement matrix of a certain size are well-conditioned. It turns out to be quite difficult
to check this condition for deterministic matrices – at least when one aims to work
with the minimal amount of measurements. Indeed, the seminal papers [19, 38] ob-
tained their breakthrough by actually using random matrices. While the use of random
matrices in sparse signal processing was rather uncommon before the advent of com-
pressive sensing, we note that they were used quite successfully already much earlier,
for instance in the very related problem from Banach space geometry of estimating
Gelfand widths of `N1 -balls [54, 57, 74].

Introducing randomness allows to show optimal (or at least near-optimal) condi-
tions on the number of measurements in terms of the sparsity that allow recovery of
sparse vectors using `1-minimization. To this end, often Gaussian or Bernoulli matri-
ces are used, that is, random matrices with stochastically independent entries having a
standard normal or Bernoulli distribution.

Applications, however, often do not allow the use of “completely” random matri-
ces, but put certain physical constraints on the measurement process and limit the
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amount of randomness that can be used. For instance, when sampling a trigonomet-
ric polynomial having sparse coefficients one might only have the freedom to choose
the sampling points at random. This leads then to a structured random measurement
matrix, more precisely, a random partial Fourier type matrix. Indeed, such type of ma-
trices were already investigated in the initial papers [19, 23] on compressive sensing.
These notes will give an introduction on recovery results for `1-minimization that can
be obtained using such structured random matrices. A focus is put on methods for
probabilistic estimates of condition numbers such as the noncommutative Khintchine
inequalities and Dudley’s inequality.

Although we will not cover specific applications in these notes, let us mention that
compressive sensing may be applied in imaging [44, 109], A/D conversion [133], radar
[69, 49] and wireless communication [126, 95], to name a few.

These notes contain some improvements and generalizations of existing results, that
have not yet appeared elsewhere in the literature. In particular, we generalize from ran-
dom sampling of sparse trigonometric polynomials to random sampling of functions
having sparse expansions in terms of bounded orthonormal systems. The probability
estimate for the so-called restricted isometry constants for the corresponding matrix is
slightly improved. Further, also the sparse recovery result for partial random circulant
and Toeplitz matrices presented below is an improvement over the one in [105].

These lecture notes only require basic knowledge of analysis, linear algebra and
probability theory, as well as some basic facts about vector and matrix norms.

2 Recovery via `1-minimization

2.1 Preliminaries and Notation

Let us first introduce some notation. For a vector x = (x1, . . . , xN ) ∈ CN , the usual
p-norm is denoted

‖x‖p :=

(
N∑
`=1

|x`|p
)1/p

, 1 ≤ p <∞,

‖x‖∞ := max
`∈[N ]

|x`|,

where [N ] := {1, 2, . . . , N}. For a matrixA = (ajk) ∈ Cm×N we denoteA∗ = (akj)
its conjugate transpose. The operator norm of a matrix from `p into `p is defined as

‖A‖p→p := max
‖x‖p=1

‖Ax‖p.
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For the cases p = 1, 2,∞ an explicit expression for the operator norm of A is given by

‖A‖1→1 = max
k∈[N ]

m∑
j=1

|ajk|, (2.1)

‖A‖∞→∞ = max
j∈[m]

N∑
k=1

|ajk|,

‖A‖2→2 = σmax(A) =
√
λmax(A∗A),

where σmax(A) denotes the largest singular value of A and λmax(A
∗A) ≥ 0 is the

largest eigenvalue of A∗A. Clearly, ‖A‖1→1 = ‖A∗‖∞→∞. It follows from the Riesz-
Thorin interpolation theorem [118, 7] that

‖A‖2→2 ≤ max{‖A‖1→1, ‖A‖∞→∞}. (2.2)

The above inequality is sometimes called the Schur test, and it can also be derived
using Hölder’s inequality, see for instance [64]; or alternatively using Gershgorin’s
disc theorem [8, 71, 135]. In particular, if A = A∗ is hermitian, then

‖A‖2→2 ≤ ‖A‖1→1. (2.3)

All eigenvalues of a hermitian matrix A = A∗ ∈ Cn×n are contained in

{〈Ax,x〉 : x ∈ Cn, ‖x‖2 = 1} ⊂ R.

In particular, for hermitian A = A∗,

‖A‖2→2 = sup
‖x‖2=1

|〈Ax,x〉|. (2.4)

For real scalars α1, . . . , αn ∈ R and vectors z1, . . . , zn ∈ Cm the matrix
∑n

j=1 αjzjz
∗
j

is hermitian and we have

‖
n∑
j=1

αjzjz
∗
j‖2→2 = sup

‖x‖2=1

∣∣∣∣∣∣
〈

n∑
j=1

αjzjz
∗
jx,x

〉∣∣∣∣∣∣ = sup
‖x‖2=1

∣∣∣∣∣∣
n∑
j=1

αj |〈zj ,x〉|2
∣∣∣∣∣∣

≤ max
k∈[n]
|αk| sup

‖x‖2=1

n∑
j=1

|〈zj ,x〉|2 = ‖
n∑
j=1

zjz
∗
j‖2→2 max

k∈[n]
|αk|. (2.5)

Also the Frobenius norm will be of importance. For a matrix A = (ajk) it is defined
as

‖A‖F :=
√∑

j,k

|ajk|2 =
√

Tr(A∗A),
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where Tr denotes the trace. The Frobenius norm is induced by the inner product
〈A,B〉F = Tr(B∗A). The Cauchy Schwarz inequality for the trace states that

|〈A,B〉F | = |Tr(B∗A)| ≤ ‖A‖F ‖B‖F . (2.6)

The null space of a matrix A ∈ Cm×N is denoted by kerA = {x ∈ CN , Ax = 0}.
We usually write a` ∈ Cm, ` = 1, . . . , N , for the columns of a matrix A ∈ Cm×N .
The column submatrix of A consisting of the columns indexed by S will be written
AS = (aj)j∈S . If S ⊂ [N ], then for x ∈ CN we denote by xS ∈ CN the vector
that coincides with x on S and is set to zero on Sc = [N ] \ S. Similarly, xS ∈ CS
denotes the vector x restricted to the entries in S. The support of a vector is defined as
suppx = {`, x` 6= 0}. We write Id for the identity matrix. The complement of a set
S ⊂ [N ] is denoted Sc = [N ] \ S, while |S| is its cardinality.

IfA ∈ Cm×n,m ≥ n, is of full rank (i.e. injective), then its Moore-Penrose pseudo-
inverse is given by

A† = (A∗A)−1A∗. (2.7)

In this case, it satisfiesA†A = Id ∈ Cn×n. We refer to [8, 71, 59] for more information
on the pseudo inverse.

All the constants appearing in this note – usually denoted by C orD – are universal,
which means that they do not depend on any of the involved quantities.

2.2 Sparse Recovery

Let x ∈ CN be a (high-dimensional) vector that we will sometimes call signal. It is
called s-sparse if

‖x‖0 := |suppx| ≤ s. (2.8)

The quantity ‖ · ‖0 is often called `0-norm although it is actually not a norm, not even
a quasi-norm.

In practice it is generally not realistic that a signal x is exactly s-sparse, but rather
that its error of best s-term approximation σs(x)p is small,

σs(x)p := inf{‖x− z‖p, z is s-sparse}. (2.9)

(This is the standard notation in the literature, and we hope that no confusion with the
singular values of a matrix will arise.)

Taking linear measurements of x is modeled as the application of a measurement
matrix A ∈ Cm×N ,

y = Ax. (2.10)

The vector y ∈ Cm is called the measurement vector. We are interested in the case of
undersampled measurements, that is, m � N . Reconstructing x amounts to solving
(2.10). By basic linear algebra, this system of equations has infinitely many solutions
(at least if A has full rank). Hence, it seems impossible at first sight to guess the
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correct x among these solutions. If, however, we impose the additional requirement
(2.8) that x is s-sparse, the situation changes, as we will see. Intuitively, it is natural to
search then for the solution with smallest support, that is, to solve the `0-minimization
problem

min
z∈CN

‖z‖0 subject to Az = y. (2.11)

The hope is that the solution x# of this optimization problem coincides with x. Indeed,
rather easy recovery conditions on A ∈ Cm×N and on the sparsity s can be shown,
see for instance [28]. There exist matrices A ∈ Cm×N such that 2s ≤ m suffices to
always ensure recovery; choose the columns of A in general position.

Unfortunately, the combinatorial optimization problem (2.11) is NP hard in general
[35, 88]. In other words, an algorithm that solves (2.11) for any matrix A and any
vector y must be intractable (unless maybe the famous Millenium problem P = NP
is solved in the affirmative, on which we will not rely here). Therefore, (2.11) is
completely impractical for applications and tractable alternatives have to be found.
Essentially two approaches have mainly been pursued: greedy algorithms and convex
relaxation. We will concentrate here on the latter and refer the reader to the literature
[40, 58, 78, 90, 91, 103, 131, 127] for further information concerning greedy methods.

The `1-minimization problem

min
z∈CN

‖z‖1 subject to Az = y (2.12)

can be understood as convex relaxation of (2.11). Sometimes (2.12) is also referred to
as basis pursuit [25]. In contrast to (2.11), the `1-minimization problem can be solved
with efficient convex optimization methods. In the real-valued case (2.12) can be
rewritten as a linear program and can be solved with linear programming techniques,
while in the complex-valued case (2.12) is equivalent to a second order cone program
(SOCP), for which also efficient solvers exist [15]. We refer the interested reader to
[32, 33, 34, 43, 47, 76] for further efficient algorithms for `1-minimization.

Of course, our hope is that the solution of (2.12) coincides with the one of (2.11).
One purpose of these notes is to provide an understanding under which conditions this
is actually guaranteed.

2.3 Null Space Property and Restricted Isometry Property

In this section we present conditions on the matrix A that ensure exact reconstruction
of all s-sparse vectors using `1-minimization. Our first notion is the so-called null
space property.

Definition 2.1. A matrix A ∈ Cm×N satisfies the null space property of order s if for
all subsets S ⊂ [N ] with |S| = s it holds

‖vS‖1 < ‖vSc‖1 for all v ∈ kerA \ {0}. (2.13)
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Remark 2.2. We deal here with the complex case. For real-valued matrices one might
restrict the kernel to the real-valued vectors and define an obvious real-valued analogue
of the null space property above. However, it is not obvious that the real and the
complex null space property are the same for real-valued matrices. Nevertheless this
fact can be shown [52].

Based on this notion we have the following recovery result concerning `1-mini-
mization.

Theorem 2.3. Let A ∈ Cm×N . Then every s-sparse vector x ∈ CN is the unique
solution of the `1-minimization problem (2.12) with y = Ax if and only if A satisfies
the null space property of order s.

Proof. Assume first that every s-sparse vector x ∈ CN is the unique minimizer of ‖z‖1
subject toAz = Ax. Then, in particular, for any v ∈ kerA\{0} and any S ⊂ [N ] with
|S| = s, the s-sparse vector vS is the unique minimizer of ‖z‖1 subject to Az = AvS .
Observe that A(−vSc) = AvS and −vSc 6= vS , because A(vSc + vS) = Av = 0
and because v 6= 0. Therefore we must have ‖vS‖1 < ‖vSc‖1. This establishes the
null space property.

For the converse, let us assume that the null space property of order s holds. Then,
given an s-sparse vector x ∈ CN and a vector z ∈ CN , z 6= x, satisfying Az = Ax,
we consider v := x − z ∈ kerA \ {0} and S := supp(x). In view of the null space
property we obtain

‖x‖1 ≤ ‖x− zS‖1 + ‖zS‖1 = ‖xS − zS‖+ ‖zS‖1 = ‖vS‖1 + ‖zS‖1

< ‖vSc‖1 + ‖zS‖1 = ‖ − zSc‖1 + ‖zS‖1 = ‖z‖1.

This establishes the required minimality of ‖x‖1.

This theorem seems to have first appeared explicitly in [60], although it was used
implicitly already in [41, 48, 97]. The term null space property was coined by A.
Cohen, W. Dahmen, and R. DeVore in [28]. One may obtain also a stable version
of the above theorem by passing from sparse vectors to compressible ones, for which
σs(x)1 is small. Then the condition (2.13) has to be strengthened to ‖vS‖1 < γ‖vSc‖1
for some γ ∈ (0, 1).

The null space property is usually somewhat difficult to show directly. Instead, the
so called restricted isometry property [22], which was introduced by E. Candès and
T. Tao in [23] under the term uniform uncertainty principle (UUP), has become very
popular in compressive sensing.

Definition 2.4. The restricted isometry constant δs of a matrix A ∈ Cm×N is defined
as the smallest δs such that

(1− δs)‖x‖2
2 ≤ ‖Ax‖2

2 ≤ (1 + δs)‖x‖2
2 (2.14)
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for all s-sparse x ∈ CN .

We say that a matrix A satisfies the restricted isometry property (RIP) if δs is small
for reasonably large s (whatever "small" and "reasonably large" might mean in a con-
crete situation).

Before relating the restricted isometry property with the null space property let us
first provide some simple properties of the restricted isometry constants.

Proposition 2.5. Let A ∈ Cm×N with isometry constants δs.

(a) The restricted isometry constants are ordered, δ1 ≤ δ2 ≤ δ3 ≤ · · · .

(b) It holds

δs = max
S⊂[N ],|S|≤s

‖A∗SAS − Id‖2→2

= sup
x∈Ts
|〈(A∗A− Id)x,x〉|,

where Ts = {x ∈ CN , ‖x‖2 = 1, ‖x‖0 ≤ s}.

(c) Let u,v ⊂ CN with disjoint supports, suppu ∩ suppv = ∅. Let s = |suppu|+
|suppv|. Then

|〈Au, Av〉| ≤ δs‖u‖2‖v‖2.

Proof. Since an s-sparse vector is also s+ 1-sparse the statement (a) is immediate.
The definition (2.14) is equivalent to∣∣‖Ax‖2

2 − ‖x‖2
2
∣∣ ≤ δs‖x‖2

2 for all S ⊂ [N ], |S| ≤ s, for all x ∈ CN , suppx ⊂ S.

The term on the left hand side can be rewritten as |〈(A∗A − Id)x,x〉|. Taking the
supremum over all x ∈ CN with suppx ⊂ S and unit norm ‖x‖2 = 1 yields the
operator norm ‖A∗SAS − Id‖2→2 by (2.4). Taking also the maximum over all subsets
S of cardinality at most s completes the proof of (b).

For (c) we denote S = suppu,Ξ = suppv and let ũ, ṽ denote the vectors u,v
restricted to their supports. Then we write

〈Au, Av〉 = ũ∗A∗SAΞṽ = (ũ∗, 0∗Ξ)A
∗
S∪ΞAS∪Ξ(0∗S , ṽ

∗)∗

= (ũ∗, 0∗Ξ)(A
∗
S∪ΞAS∪Ξ − Id)(0∗S , ṽ

∗)∗,

where 0S is the zero-vector on the indices in S. Therefore, one may estimate

|〈Au, Av〉| ≤ ‖A∗S∪ΞAS∪Ξ − Id‖2→2‖u‖2‖v‖2.

Applying part (b) completes the proof.
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Part (b) shows that the restricted isometry property requires in particular that all
column submatrices of A of size s are well-conditioned. Indeed, all eigenvalues of
A∗SAS should be contained in the interval [1− δs, 1+ δs], which bounds the condition

number of A∗SAS by 1+δs
1−δs and therefore the one of AS by

√
1+δs
1−δs .

The restricted isometry property implies the null space property as stated in the next
theorem.

Theorem 2.6. Suppose the restricted isometry constants δ2s of a matrix A ∈ Cm×N
satisfies

δ2s <
1
3
, (2.15)

then the null space property of order s is satisfied. In particular, every s-sparse vector
x ∈ CN is recovered by `1-minimization.

Proof. Let v ∈ kerA be given. It is enough to consider an index set S0 of s largest
modulus entries of the vector v. We partition the complement of S0 as Sc0 = S1∪S2∪
. . ., where S1 is an index set of s largest absolute entries of v in [N ] \ S0, S2 is an
index set of s largest absolute entries of v in [N ]\ (S0∪S1) etc. In view of v ∈ kerA,
we have A(vS0) = −A(vS1 + vS2 + · · · ), so that

‖vS0‖
2
2 ≤ 1

1− δ2s
‖A(vS0)‖

2
2 =

1
1− δ2s

〈A(vS0), A(−vS1) +A(−vS2) + · · · 〉

=
1

1− δ2s

∑
k≥1

〈A(vS0), A(−vSk)〉. (2.16)

Proposition 2.5(c) yields then

〈A(vS0), A(−vSk)〉 ≤ δ2s‖vS0‖2‖vSk‖2. (2.17)

Substituting (2.17) into (2.16) and dividing by ‖vS0‖2 gives

‖vS0‖2 ≤
δ2s

1− δ2s

∑
k≥1

‖vSk‖2.

Since the s entries of vSk do not exceed the s entries of vSk−1 for k ≥ 1, we have

|vj | ≤
1
s

∑
`∈Sk−1

|v`| for all j ∈ Sk

and therefore

‖vSk‖2 =

∑
j∈Sk

|vj |2
1/2

≤ 1√
s
‖vSk−1‖1.
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We obtain by the Cauchy–Schwarz inequality

‖vS0‖1 ≤
√
s‖vS0‖2 ≤

δ2s

1− δ2s

∑
k≥1

‖vSk−1‖1 ≤
δ2s

1− δ2s
(‖vS0‖1 + ‖vSc‖1) (2.18)

as announced. Since δ2s
1−δ2s

< 1/2 by assumption, the null space property follows.

The restricted isometry property also implies stable recovery by `1-minimization for
vectors that can be well-approximated by sparse ones, and it further implies robustness
under noise on the measurements. This fact was first noted in [23, 21]. The sufficient
condition on the restricted isometry constants was successively improved in [18, 28,
53, 51]. We present without proof the so far best known result [51, 55] concerning
recovery using a noise aware variant of `1-minimization.

Theorem 2.7. Assume that the restricted isometry constant δ2s of the matrix A ∈
Cm×N satisfies

δ2s <
3

4 +
√

6
≈ 0.465. (2.19)

Then the following holds for all x ∈ CN . Let noisy measurements y = Ax + e be
given with ‖e‖2 ≤ η. Let x# be a solution of

min
z∈CN

‖z‖1 subject to ‖Az− y‖2 ≤ η. (2.20)

Then

‖x− x#‖2 ≤ cη + d
σs(x)1√

s

for some constants c, d > 0 that depend only on δ2s.

Note that the previous theorem ensures exact recovery of s-sparse signals using
`1-minimization (2.12) under condition (2.19) in the noise-free case η = 0.

In contrast to the null space property, the restricted isometry property is not neces-
sary for sparse recovery by `1-minimization. Indeed, the null space property of A is
invariant under multiplication from the left with an invertible matrix U ∈ Cm×m as
this does not change the null space, while the restricted isometry property is certainly
not invariant (simply take a matrix U with large condition number).

We will soon see examples of measurement matrices with small restricted isometry
constants.

2.4 Recovery of Individual Vectors

We will later need also a condition ensuring sparse recovery which not only depends
on the matrix A but also on the sparse vector x ∈ CN to be recovered. The follow-
ing theorem is due to J.J. Fuchs [56] in the real-valued case and was extended to the
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complex-valued case by J. Tropp [128]. Its statement requires introducing the sign
vector sgn(x) ∈ CN having entries

sgn(x)j :=


xj
|xj |

if xj 6= 0,

0 if xj = 0,
j ∈ [N ].

Theorem 2.8. Let A ∈ Cm×N and x ∈ CN with S := supp(x). Assume that AS is
injective and that there exists a vector h ∈ Cm such that

A∗Sh = sgn(xS),

|(A∗h)`| < 1, ` ∈ [N ] \ S. (2.21)

Then x is the unique solution to the `1-minimization problem (2.12) with y = Ax.

Proof. Let h ∈ Cm be the vector with the described property. We have

‖x‖1 = 〈A∗h,x〉 = 〈h, Ax〉.

Thus, for z ∈ CN , z 6= x, such that Az = y, we derive

‖x‖1 = 〈h, Az〉 = 〈A∗h, z〉 = 〈A∗h, zS〉+ 〈A∗h, zSc〉
≤ ‖(A∗h)S‖∞‖zS‖1 + ‖(A∗h)Sc‖∞‖zSc‖1 < ‖zS‖1 + ‖zSc‖1 = ‖z‖1.

The strict inequality follows from ‖zSc‖1 > 0, which holds because otherwise the
vector z would be supported on S and the equality Az = Ax would then be in con-
tradiction with the injectivity of AS . We have therefore shown that the vector x is the
unique minimizer of ‖z‖1 subject to Az = y, as desired.

The above result makes clear that the success of sparse recovery by `1-minimization
only depends on the support set S and on the sign pattern of the non-zero coefficients
of x.

Choosing the vector h =
(
A†S

)∗
sgn(xS) leads to the following corollary, which

will become a key tool later on.

Corollary 2.9. Let A ∈ Cm×N and x ∈ CN with S := supp(x). If the matrix AS is
injective and if

|〈A†Sa`, sgn(xS)〉| < 1 for all ` ∈ [N ] \ S, (2.22)

then the vector x is the unique solution to the `1-mininimization problem (2.12) with
y = Ax.

Proof. The vector h =
(
A†S

)∗
sgn(xS) satisfies A∗Sh = A∗SAS(A

∗
SAS)

−1sgn(xS) =

sgn(xS), and the condition (2.22) translates into (2.21). Hence, the statement follows
from Theorem 2.8.
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2.5 Coherence

A classical way to measure the quality of a measurement matrix A with normalized
columns, ‖aj‖2 = 1, j ∈ [N ], is the coherence [39, 40, 60, 61, 127], defined by

µ := max
j 6=k
|〈aj ,ak〉|.

If the coherence is small than the columns of A are almost mutually orthogonal. A
small coherence is desired in order to have good sparse recovery properties.

A refinement of the coherence is the 1-coherence function or Babel function, defined
by

µ1(s) := max
`∈[N ]

max
S⊂[N ]\{`}
|S|≤s

∑
j∈S
|〈aj ,a`〉| ≤ sµ.

The following proposition lists simple properties of µ and µ1 and relates the coherence
to the restricted isometry constants.

Proposition 2.10. Let A ∈ Cm×N with unit norm columns, coherence µ, 1-coherence
function µ1(s) and restricted isometry constants δs. Then

(a) µ = δ2,

(b) µ1(s) = maxS⊂[N ],|S|≤s+1 ‖A∗SAS − Id‖1→1,

(c) δs ≤ µ1(s− 1) ≤ (s− 1)µ.

Proof. (a) If S = {j, `} has cardinality two then

A∗SAS − Id =

(
0 〈aj ,a`〉

〈a`,aj〉 0

)
,

by the normalization ‖aj‖2 = ‖a`‖2 = 1. The operator norm of this matrix equals
|〈aj ,a`〉|. Taking the maximum over all two element subsets S shows that δ2 = µ by
Proposition 2.5(b).

(b) Again by normalization, the matrix A∗SAS − Id has zeros on the diagonal. The
explicit expression (2.1) for the operator norm on `1 then yields

‖A∗SAS − Id‖1→1 = max
j∈S

∑
k∈S\{j}

|〈aj ,ak〉|.

Taking also the maximum over all S ⊂ [N ] with |S| ≤ s+ 1 gives

max
S⊂[N ],|S|≤s+1

‖A∗SAS − Id‖1→1 = max
S⊂[N ],|S|≤s+1

max
j∈S

∑
k∈S\{j}

|〈aj ,ak〉|

= max
j∈[N ]

max
S⊂[N ]\{j},|S|≤s

∑
k∈S
|〈aj ,ak〉| = µ1(s),
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which establishes (b).
For (c) observe that by Proposition 2.5(b) and inequality (2.3) for hermitian matrices

δs = max
S⊂[N ],|S|≤s

‖A∗SAS − Id‖2→2 ≤ max
S⊂[N ],|S|≤s

‖A∗SAS − Id‖1→1 = µ1(s− 1)

≤ (s− 1)µ (2.23)

by part (b).

In combination with Theorem 2.6 (or Theorem 2.7) we see that s − 1 ≤ 1/(3µ)
or µ1(s − 1) ≤ 1/3 implies exact recovery (and also stable recovery) of all s-sparse
vectors by `1-minimization. We note that the slightly weaker sufficient conditions

µ1(s− 1) + µ1(s) < 1 (2.24)

or (2s − 1)µ < 1 ensuring recovery by `1-minimization can be shown by working
directly with the coherence or the 1-coherence function [39, 60, 127, 129] instead of
the restricted isometry constants. It is worth noting that (2.24) also implies recovery
by the greedy algorithm (orthogonal) matching pursuit [127, 62].

A simple example of a matrix A ∈ Cm×2m with small coherence is a concatenation
of the identity with a Fourier matrix F ∈ Cm×m, i.e., A = (Id|F ), where the entries
of F are given by

Fj,k =
1√
m
e2πijk/m.

It is well known that F is unitary and it is easy to see that µ = 1√
m

and µ1(s) =
s√
m

for s = 1, . . . ,m− 1. It follows that

δs ≤
s− 1√
m
. (2.25)

Hence, if

s <

√
m

6
+ 1 (2.26)

then recovery by `1-minimization is ensured. There exist also matrices with many
more columns still having coherence on the order 1/

√
m. Indeed, [2, 121] give exam-

ples of matrices A ∈ Cm×m2
satisfying

µ =
1√
m

(and one can also check that µ1(s) =
s√
m

for s = 1, . . . ,m− 1 for those matrices).
The drawback of these results is that the sparsity s is required to be tiny compared

to the number m of measurements in (2.26). Or in other words, the number m of
samples (measurements) required to recover an s-sparse vector scales quadratically in
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s. As we will see, there exists (random) matrices for which the quadratic scaling can
be improved to a much better linear scaling (up to log-factors). However, such results
cannot be obtained by analyzing the coherence or the 1-coherence function as follows
from the lower bounds in the next theorem.

Theorem 2.11. LetA ∈ Cm×N with normalized columns, coherence µ and 1-coherence
function µ1(s). Then

(a) µ ≥
√

N−m
m(N−1) ,

(b) µ1(s) ≥ s
√

N−m
m(N−1) whenever s ≤

√
N − 1.

The inequality in part (a) is also called Welch bound and can be found in [121, 111].
The proof of Part (b) is contained in [119]. Note that the case s >

√
N − 1 is of minor

importance to us, since then µ1(s) >
√
N − 1

√
N−m
m(N−1) =

√
N
m − 1 which will be

larger than 1 provided N ≥ 2m. The latter will be the case in all situations where
compressive sensing is interesting. Then Proposition 2.10 implies only that δs ≤ 1,
which does not allow any conclusion concerning `1-minimization.

For large enough N — say N ≥ 2m — the above lower bound for the coherence
scales like 1√

m
, while the one for µ1(s) scales like s√

m
. Hence, those bounds explain

to some extent why it is difficult to obtain significantly better recovery bounds than
(2.26) for deterministic matrices. Indeed, the estimate (2.3) – or Gershgorin’s theorem
[8, 71, 135] that is often applied in the sparse approximation literature [127, 37] –
which is used to establish Propostion 2.10(c), seems to be the optimal estimate one may
obtain by taking into account only the absolute values of the Gramian matrix A∗A. In
particular, it is not possible to improve on (2.25) by using Gershgorin’s disc theorem,
or by using Riesz-Thorin interpolation between ‖ · ‖1→1 and ‖ · ‖∞→∞ (Schur’s test).

Hence, to overcome the ’quadratic bottleneck’ (2.25) or (2.26), that is, m ≥ Cs2,
one should take into account cancellations that result from the signs of the entries of
the Gramian A∗A. This task seems to be rather difficult, however, for deterministic
matrices. The major breakthrough for beating the “quadratic bottleneck” was obtained
using random matrices [19, 23, 38]. The problem of exploiting cancellations in the
Gramian matrix is handled much easier with probabilistic methods than with deter-
ministic techniques. And indeed, it is presently still an open problem to come up with
deterministic matrices offering the same performance guarantees for sparse recovery
as the ones for random matrices we will see below.

2.6 Restricted Isometry Property of Gaussian and Bernoulli Random
Matrices

By now, many papers deal with Gaussian or Bernoulli random matrices in connection
with sparse recovery, or more generally, subgaussian random matrices, [5, 23, 38,
42, 87, 114, 116]. The entries of a random Bernoulli matrix take the value + 1√

m
or
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− 1√
m

with equal probability, while the entries of a Gaussian matrix are independent
and follow a normal distribution with expectation 0 and variance 1/m. With high
probability such random matrices satisfy the restricted isometry property with a (near)
optimal order in s, and therefore allow sparse recovery using `1-minimization.

Theorem 2.12. Let A ∈ Rm×N be a Gaussian or Bernoulli random matrix. Let ε, δ ∈
(0, 1) and assume

m ≥ Cδ−2(s ln(N/s) + ln(ε−1)) (2.27)

for a universal constant C > 0. Then with probability at least 1 − ε the restricted
isometry constant of A satisfies δs ≤ δ.

There are by now several proofs of this result. In [5] a particularly nice and sim-
ple proof is given, which, however, yields an additional log(δ−1)-term. It shows in
connection with Theorem 2.6 that with probability at least 1 − ε all s-sparse vectors
x ∈ CN can be recovered from y = Ax using `1-minimization (2.12) provided

m ≥ C ′(s ln(N/s) + ln(ε−1)). (2.28)

Moreover, Theorem 2.7 predicts also stable and robust recovery under this condition.
Note that choosing ε = exp (−cm) with c = 1/(2C ′), we obtain that recovery by
`1-minimization is successful with probability at least 1− e−cm provided

m ≥ 2C ′s ln(N/s). (2.29)

This is the statement usually found in the literature.
The important point in the bound (2.29) is that the number of required samples only

scales linearly in s up to the logarithmic factor ln(N/s) – in contrast to the quadratic
scaling in the relation m ≥ 36(s − 1)2 deduced from (2.26). Moreover, the ambient
dimension N enters only very mildly into (2.29), and if N is large and s is rather
small then m can be chosen significantly smaller than N and still allow for recovery
by `1-minimization. In particular, an s-sparse x can be reconstructed exactly although
at first sight the available information seems highly incomplete.

Let us note that (2.29) is optimal as can be shown by using lower bounds for Gelfand
widths of the `N1 ball [54, 57]. In particular, the factor ln(N/s) cannot be improved.

3 Structured Random Matrices
While Gaussian and Bernoulli matrices ensure sparse recovery via `1-minimization
with the optimal bound (2.28) on the number of measurements, they are of somewhat
limited use in applications for several reasons. Often the design of the measurement
matrix is subject to physical or other constraints of the application, or it is actually
given to us without having the freedom to design anything, and therefore it is often
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not justifiable that the matrix follows a Gaussian or Bernoulli distribution. Moreover,
Gaussian or other unstructured matrices have the disadvantage that no fast matrix mul-
tiplication is available, which may speed up recovery algorithms significantly, so that
large scale problems are not practicable with Gaussian or Bernoulli matrices. Even
storing an unstructured matrix may be difficult.

From a computational and an application oriented view point it is desirable to have
measurement matrices with structure. Since it is hard to rigorously prove good recov-
ery conditions for deterministic matrices as outlined above, we will nevertheless allow
randomness to come into play. This leads to the study of structured random matrices.

We will consider basically two types of structured random matrices. The larger
part of these notes will be devoted to the recovery of randomly sampled functions that
have a sparse expansion in terms of an orthonormal system {ψj , j = 1, . . . , N} with
uniformly bounded L∞-norm, supj∈[N ] ‖ψj‖∞ = supj∈[N ] supx |φj(x)| ≤ K. The
corresponding measurement matrix has entries (ψj(t`))`,j , where the t` are random
sampling points. So the structure is determined by the function system ψj , while the
randomness comes from the sampling locations.

The random partial Fourier matrix, which consists of randomly chosen rows of the
discrete Fourier matrix can be seen as a special case of this setup and was studied
already in the very first papers on compressive sensing [19, 23]. It is important to note
that in this case the fast Fourier transform (FFT) algorithm can be used to compute a
fast application of a partial Fourier matrix in O(N log(N)) operations [30, 59, 137] –
to be compared with the usual O(mN) operations for a matrix vector multiply with
an m × N matrix. Commonly, m ≥ Cs log(N) in compressive sensing, so that an
O(N log(N)) matrix multiply implies a substantial complexity gain.

The second type of structured random matrices we will study are partial random
circulant and Toeplitz matrices. They arise in applications where convolutions are
involved. Since circulant and Toeplitz matrices can be applied efficiently using again
the FFT, they are also of interest for computationally efficient sparse recovery.

Other types of structured random matrices, that will not be discussed here in detail,
are the following.

• Random Gabor System. On Cm a time-shift or translation is the circular shift
operator (Tkg)j = gj−k mod m, while a frequency shift is the modulation opera-
tor (M`g)j = e2πi`j/mgj . Now fix a vector g and construct a matrix A = Ag ∈
Cm×m2

by selecting its columns as the time-frequency shifts M`Tkg ∈ Cm,
`, k ∈ [m]. Here the entries of g are chosen independently and uniformly at
random from the torus {z ∈ C, |z| = 1}. Then A = Ag is a structured random
matrix called a random Gabor system. Corresponding sparse recovery results can
be found in [95, 96].

• Random Demodulator. This type of random matrix is motivated by analog to
digital conversion. We refer to [133] for details.
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3.1 Nonuniform versus Uniform Recovery

Showing recovery results for `1-minimization in connection with structured random
matrices is more delicate than for unstructured Gaussian matrices. Nevertheless, we
will try to get as close to the recovery condition (2.28) as possible. We will not be
able to obtain precisely this condition, but we will only suffer from a slightly larger
log-term. Our recovery bounds will have the form

m ≥ Cs logα(N/ε)

(or similar) for some α ≥ 1, where ε ∈ (0, 1) corresponds to the probability of failure.
In particular, the important linear scaling of m in s up to log-factors is retained.

We will pursue different strategies in order to come up with rigorous recovery re-
sults. In particular, we distinguish between uniform and nonuniform recovery guar-
antees. A uniform recovery guaranty means that once the random matrix is chosen,
then with high probability all sparse signals can be recovered. A nonuniform recovery
result states only that each fixed sparse signal can be recovered with high probability
using a random draw of the matrix. In particular, such weaker results allow in princi-
ple that the small exceptional set of matrices for which recovery may fail is dependent
on the signal, in contrast to a uniform statement. Clearly, uniform recovery implies
nonuniform recovery, but the converse is not true.

It is usually easier to obtain nonuniform recovery results for structured random ma-
trices, and the provable bounds on the maximal allowed sparsity (or on the minimal
number of measurements) are usually slightly worse for uniform recovery.

Uniform recovery is clearly guaranteed once we prove that the restricted isometry
property of a random matrix holds with high probability. Indeed, the corresponding
Theorems 2.6 or 2.7 are purely deterministic and guarantee recovery of all s-sparse
signals once the restricted isometry constant δ2s of the measurement matrix is small
enough.

In order to obtain nonuniform recovery results we will use the recovery condition
for individual vectors, Corollary 2.9. If the signal is fixed then also its support is
fixed, and hence, applying Corollary 2.9 means in the end that only a weaker property
than the restricted isometry property has to be checked for the random matrix. In
order to simplify arguments even further we can also choose the signs of the non-zero
coefficients of the sparse vector at random.

4 Random Sampling in Bounded Orthonormal Systems
An important class of structured random matrices is connected with random sampling
of functions in certain finite dimensional function spaces. We require an orthonormal
basis of functions which are uniformly bounded in the L∞-norm. The most prominent
example consists of the trigonometric system [19, 102, 104, 78]. In a discrete setup,
the resulting matrix is a random partial Fourier matrix, which actually was the first
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structured random matrix investigated in connection with compressive sensing [19,
23, 116].

4.1 Bounded Orthonormal Systems

Let D ⊂ Rd be endowed with a probability measure ν. Further, let ψ1, . . . , ψN be an
orthonormal system of complex-valued functions on D, that is, for j, k ∈ [N ],∫

D
ψj(t)ψk(t)dν(t) = δj,k =

{
0 if j 6= k,

1 if j = k.
(4.1)

The orthonormal system will be assumed to be uniformly bounded in L∞,

‖ψj‖∞ = sup
t∈D
|ψj(t)| ≤ K for all j ∈ [N ]. (4.2)

The smallest value that the constant K can take is K = 1. Indeed,

1 =

∫
D
|ψj(t)|2dν(x) ≤ sup

t∈D
|ψj(t)|2

∫
D
dν(t) = K2.

In the extreme case K = 1 we necessarily have |ψj(t)| = 1 for ν-almost all t ∈ D.

Remark 4.1. (a) Note that some bound K can be found for most reasonable sets of
functions ψj , j ∈ [N ]. The crucial point of the boundedness condition (4.2) is
that K = supj∈[N ] ‖ψj‖∞ should ideally be independent of N , or at least depend
only mildly on N , such as K ≤ C lnα(N) for some α > 0. Such a condition
excludes for instance that the functions ψj are very localized in small regions of
D.
Expressed differently, the quotients ‖ψj‖∞/‖ψj‖2 should be uniformly bounded
in j (in case that the functions ψj are not yet normalized); or at least grow only
very slowly.

(b) It is not essential that D is a (measurable) subset of Rd. This assumption was
only made for convenience. In fact, D can be any measure space endowed with a
probability measure ν.

We consider functions of the form

f(t) =

N∑
k=1

xkψk(t), t ∈ D (4.3)

with coefficients x1, . . . , xN ∈ C.
Let t1, . . . , tm ∈ D be some points and suppose we are given the sample values

y` = f(t`) =
N∑
k=1

xkψk(t`) , ` = 1, . . . ,m.
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Introducing the sampling matrix A ∈ Cm×N with entries

A`,k = ψk(t`) , ` = 1, . . . ,m, k = 1, . . . , N, (4.4)

the vector y = (y1, . . . , ym)
T of sample values (measurements) can be written in the

form
y = Ax, (4.5)

where x is the vector of coefficients in (4.3).
Our task is to reconstruct the polynomial f — or equivalently its vector x of coef-

ficients — from the vector of samples y. We wish to perform this task with as few
samples as possible. Without further knowledge this is clearly impossible if m < N .
As common in compressive sensing we therefore assume sparsity.

A polynomial f of the form (4.3) is called s-sparse if its coefficient vector x is
s-sparse. The problem of recovering an s-sparse polynomial from m sample values
reduces then to solving (4.5) with a sparsity constraint, where A is the matrix in (4.4).
We consider `1-minimization for this task.

Now we introduce randomness. We assume to this end that the sampling points
t1, . . . , tm are selected independently at random according to the probability measure
ν. This means in particular that P(t` ∈ B) = ν(B), ` = 1, . . . ,m, for a measurable
subset B ⊂ D. The matrix A in (4.4) becomes then a structured random matrix.

Let us give examples of bounded orthonormal systems.

(i) Trigonometric Polynomials. Let D = [0, 1] and for k ∈ Z set

ψk(t) = e2πikt, t ∈ [0, 1].

The probability measure ν is taken to be the Lebesgue measure on [0, 1]. Then
for all j, k ∈ Z, ∫ 1

0
ψk(t)ψj(t)dt = δj,k. (4.6)

The constant in (4.2) is clearly K = 1. For a subset Γ ⊂ Z of size N we then
consider the trigonometric polynomials of the form

f(t) =
∑
k∈Γ

xkψk(t) =
∑
k∈Γ

xke
2πikt.

A common choice is Γ = {−q,−q + 1, . . . , q − 1, q} resulting in trigonometric
polynomials of degree at most q (thenN = 2q+1). We emphasize, however, that
an arbitrary choice of Γ ⊂ Z of size |Γ| = N is possible. Introducing sparsity on
the coefficient vector x ∈ CN then leads to the notion of s-sparse trigonometric
polynomials.
The sampling points t1, . . . , tm will be chosen independently and uniformly at
random from [0, 1]. The entries of the associated structured random matrix A are
given by

A`,k = e2πikt` , ` = 1, . . . ,m , k ∈ Γ, (4.7)
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Such A is a Fourier type matrix, sometimes also called a nonequispaced Fourier
matrix.
This example extends to multivariate trigonometric polynomials on [0, 1]d, d ∈
N. Indeed, the monomials ψk(t) = e2πi〈k,t〉, k ∈ Zd, t ∈ [0, 1]d, form an
orthonormal system. For readers familiar with abstract harmonic analysis we
mention that this example can be further generalized to characters of a compact
commutative group. The corresponding measure will be the Haar measure of the
group [50, 117].
The matrix A in (4.7) has a fast (approximate) matrix multiplication algorithm,
called the non-equispaced fast Fourier transform (NFFT) [46, 101]. Similarly to
the FFT, it has complexity O(N log(N)).

(ii) Real Trigonometric Polynomials. Instead of the complex exponentials above
we may also take the real functions

ψ2k(t) =
√

2 cos(2πkt), k ∈ N0, ψ0(t) = 1,

ψ2k+1(t) =
√

2 sin(2πkt), k ∈ N. (4.8)

They also form an orthonormal system on [0, 1] with respect to the Lebesgue
measure and the constant in (4.2) is K =

√
2. The samples t1, . . . , tm are chosen

again according to the uniform distribution on [0, 1].

(iii) Discrete Orthonormal Systems. Let U = (Utk) ∈ CN×N be a unitary matrix.
The normalized columns

√
Nuk ∈ CN , k ∈ [N ], then form an orthonormal

system with respect to the discrete uniform probability measure on [N ], ν(B) =
|B|/N for B ⊂ [N ]; written out, this means

1
N

N∑
t=1

√
Nuk(t)

√
Nu`(t) = 〈uk,u`〉 = δk,` , k, ` ∈ [N ].

Here, uk(t) = Utk denotes the tth entry of the kth column of U . The bounded-
ness condition (4.2) requires that the normalized entries of U are bounded, i.e.,

√
N max

k,t∈[N ]
|Utk| = max

k,t∈[N ]
|
√
Nuk(t)| ≤ K. (4.9)

Choosing the points t1, . . . , tm independently and uniformly at random from [N ]
corresponds then to creating the random matrix A by selecting its rows indepen-
dently and uniformly at random from the rows of

√
NU , that is,

A =
√
NRTU ,

where RT : CN → Cm denotes the random subsampling operator

(RT z)` = zt` , ` = 1, . . . ,m. (4.10)
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Compressive sensing in this context yields the situation that only a small portion
of the entries of ỹ =

√
NUx ∈ CN are observed of a sparse vector x ∈ CN . In

other words, y = RT ỹ ∈ Cm, and we wish to recover x from the undersampled
y.
Note that it may happen with non-zero probability that a row of

√
NU is se-

lected more than once because the probability measure is discrete in this example.
Hence, A is allowed to have repeated rows. One can avoid this effect by passing
to a different probability model where the subset {t1, . . . , tm} ⊂ [N ] is selected
uniformly at random among all subsets of [N ] of cardinality m. This probability
model requires a slightly different analysis than the model described above, and
we refer to [19, 23, 20, 55, 116, 130] for more information. The difference be-
tween the two models, however, is very slight in practice and the corresponding
recovery results are almost the same.

(iv) Partial Discrete Fourier Transform. Our next example uses the discrete Fourier
matrix F ∈ CN×N with entries

F`,k =
1√
N
e2πi`k/N , `, k = 1, . . . , N. (4.11)

It is well-known (and easy to see) that F is unitary. The constant in (4.2) or
(4.9) is clearly K = 1. The result x̂ = Fx of a applying F to a vector is
called the Fourier transform of x. Applying the setup of the previous example
to this sitatuation results in the problem of reconstructing a sparse vector x from
m random entries of its Fourier transform x̂, that are independent and uniformly
distributed on ZN := { kN , k = 1, . . . , N}. The resulting matrix A is called
random partial Fourier matrix. Such a matrix can also be seen as a special case of
the non-equispaced Fourier type matrix in (4.7) with the points t` being chosen
from the grid ZN instead of from the whole interval [0, 1]. Note that the discrete
Fourier matrix in (4.11) can also be extended to higher dimensions, i.e., to grids
ZdN for d ∈ N.
A crucial point for applications is that the Fourier transform has a fast algorithm
for matrix-vector multiplication, the so called fast Fourier transform (FFT) [30,
137]. It computes the Fourier transform of a vector x ∈ CN in complexity
O(N log(N)).

(v) Incoherent Bases. Let V,W ∈ CN×N be two unitary matrices. Their columns
(v`)

N
`=1 and (w`)

N
`=1 form two orthonormal bases of CN . Assume that a vector

z ∈ CN is sparse with respect to the basis (v`) rather than the canonical basis,
that is, z = V x for a sparse vector x. Further, assume that z is sampled with
respect to the basis (w`), i.e., we obtain measurements

yk = 〈z,wtk〉, k = 1, . . . ,m

with T := {t1, . . . , tm} ⊂ [N ]. In matrix vector form this can be written as

y = RTW
∗z = RTW

∗V x,
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where RT is again the random sampling operator (4.10). Defining the unitary
matrix U = W ∗V ∈ CN×N we are back to the situation of the third example.
The condition (4.9) now reads

√
N max

`,k∈[N ]
|〈v`,wk〉| ≤ K. (4.12)

The quantity on the left hand side (without the
√
N ) is known as the mutual

coherence of the bases (v`), (w`), and they are called incoherent if K can be
chosen small. The two previous examples also fall into this setting by choosing
one of the bases as the canonical basis, W = Id ∈ CN . The Fourier basis and the
canonical basis are actually maximally incoherent, since then K = 1.

(vi) Haar-Wavelets and Noiselets. This example is a special case of the previous
one, which is potentially useful for image processing applications. It is conve-
nient to start with a continuous description of Haar-wavelets and noiselets [29],
and then pass to the discrete setup via sampling. The Haar scaling function on R
is defined as the characteristic function of the interval [0, 1),

φ(x) = χ[0,1)(x) =

{
1 if x ∈ [0, 1),
0 otherwise.

(4.13)

The Haar wavelet is then defined as

ψ(x) = φ(2x)− φ(2x− 1) =


1 if x ∈ [0, 1/2),
−1 if x ∈ [1/2, 1),
0 otherwise.

(4.14)

Further, denote

ψj,k(x) = 2j/2ψ(2jx−k), φk(x) = φ(x−k), x ∈ R, j ∈ Z, k ∈ Z. (4.15)

It is well-known [138] (and can easily be seen) that, for n ∈ N, the Haar-wavelet
system

Ψn := {φk, k ∈ Z} ∪ {ψj,k, k = 0, . . . , 2j − 1, j = 0, . . . , n− 1} (4.16)

forms an orthonormal basis of

Vn = {f ∈ L2([0, 1]) : f is constant on [k2−n, (k+1)2−n), k = 0, . . . , 2n−1}.

Now let N = 2n for some n ∈ N. Since the functions ψj,k, j ≤ n − 1, are
constant on intervals of the form [2−nk, 2−n(k+1)) we conclude that the vectors
φ̃, ψ̃(j,k) ∈ CN , j = 0, . . . , n− 1, k = 0, . . . , 2j − 1, with entries

φ̃t = 2−n/2φ(t/N), t = 0, . . . , N − 1

ψ̃
(j,k)
t = 2−n/2ψj,k(t/N), t = 0, . . . , N − 1
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form an orthonormal basis of CN . We collect these vectors as the columns of a
unitary matrix Ψ ∈ CN×N .
Next we introduce the noiselet system on [0, 1]. Let g1 = φ = χ[0,1) be the Haar
scaling function and define, for r ≥ 1, recursively the complex-valued functions

g2r(x) = (1− i)gr(2x) + (1 + i)gr(2x− 1),

g2r+1(x) = (1 + i)gr(2x) + (1− i)gr(2x− 1).

It is shown in [29] that the functions {2−n/2gr, r = 2n, . . . , 2n+1 − 1} form an
orthonormal basis of Vn. The key property for us consists in the fact that they are
maximally incoherent with respect to the Haar basis. Indeed, Lemma 10 in [29]
states that∣∣∣∣∫ 1

0
gr(x)ψj,k(x)dx

∣∣∣∣ = 1 provided r ≥ 2j − 1, 0 ≤ k ≤ 2j − 1. (4.17)

For the discrete noiselet basis on CN , N = 2n, we take the vectors

g̃
(r)
t = 2−ngN+r(t/N), r = 0, . . . , N − 1, t = 0, . . . , N − 1.

Again, since the functions gN+r, r = 0, . . . , N − 1, are constant on intervals of
the form [2−nk, 2−n(k + 1)) it follows that the vectors g̃(r), r = 0, . . . , N − 1,
form an orthonormal basis of CN . We collect these as columns into a unitary
matrix G ∈ CN×N . Due to (4.17) the unitary matrix U = G∗Ψ ∈ CN×N
satisfies (4.9) with K = 1 – or in other words, the incoherence condition (4.12)
for the Haar basis and the noiselet basis holds with the minimal constant K = 1.
Due to the their recursive definition, both the Haar wavelet transform and the
noiselet transform, that is, the application of Ψ and G and their adjoints, come
with a fast algorithm that computes a matrix vector multiply in O(N log(N))
time.
As a simple signal model, images or other types of signals are sparse in the Haar
wavelet basis. The described setup corresponds to randomly sampling such func-
tions with respect to noiselets. For more information on wavelets we refer to
[27, 31, 83, 138].

(vii) Legendre polynomials. The Legendre polynomials Pj are a system of orthogo-
nal polynomials, where Pj is a polynomial of precise degree j, and orthonormal-
ity is with respect to the normalized Lebesgue measure dx/2 on [−1, 1]. Their
supremum norm is given by ‖Pj‖∞ =

√
2j + 1, so considering the polynomi-

als Pj , j = 0, . . . , N − 1, yields the constant K =
√

2N − 1. Unfortunately,
K grows therefore rather quickly with N . This problem can be avoided with
a trick. One takes sampling points with respect to the “Chebyshev" measure
dν(x) = π−1(1 − x2)−1/2dx and uses a preconditioned measurement matrix.
We refer to [106] for details.
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Figure 1 shows an example of exact recovery of a 10-sparse vector in dimension 300
from 30 Fourier samples (example (iv) above) using `1-minimization. For comparison
the reconstruction via `2-minimization is also shown.
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Figure 1. (a) 10-sparse Fourier spectrum, (b) time domain signal of length 300 with
30 samples, (c) reconstruction via `2-minimization, (d) exact reconstruction via `1-
minimization

4.2 Nonuniform Recovery

We start with a nonuniform recovery result that additionally assumes that the signs of
the non-zero entries of the signal x are chosen at random.

Theorem 4.2. Let S ⊂ [N ] be of cardinality |S| = s and let εεε = (ε`)`∈S ∈ Cs be a
sequence of independent random variables that take the values ±1 with equal proba-
bility. Alternatively, the ε` may be uniformly distributed on the torus {z ∈ C, |z| = 1}.
Let x be an s-sparse vector with support S and sgn(xS) = εεε.

Let A ∈ Cm×N be the sampling matrix (4.4) associated to an orthonormal system
that satisfies the boundedness condition (4.2) for some constant K ≥ 1. Assume
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that the random sampling points t1, . . . , tm are chosen independently and distributed
according to the orthogonalization measure ν. Assume that

m ≥ CK2s ln2(6N/ε), (4.18)

where C ≈ 26.25. Set y = Ax. Then with probability at least 1 − ε the vector x is
the unique solution to the `1-minimization problem (2.12).

The proof will be contained in Chapter 7. With more effort (which we will not do
here), the exponent 2 at the log-term in (4.18) can be replaced by 1. More precisely,
one may obtain also the following sufficient recovery condition [55]

m ≥ C1K
2 max {s, C2 ln(6N/ε)} ln(6N/ε) (4.19)

with (reasonable) constants C1, C2 > 0. In the special case of a discrete orthonormal
system (see example (3) in the previous section), a version of Theorem 4.2 with recov-
ery condition (4.19) was shown in [20] under a slightly different probability model.

The constants provided in (4.18) and (4.19) are likely not optimal. Numerical ex-
periments suggest much better values. In the special case of the Fourier matrix (exam-
ples (1) and (4) in the previous section) indeed slightly better constants are available
[65, 102, 55]. However, we note that condition (4.19) gives an estimate that is valid
for any possible support set S of size |S| ≤ s. Clearly, it is impossible to test all such
subsets numerically. So only limited conclusions on the constants in (4.19) and (4.18)
can be drawn from numerical experiments.

In case of random sampling in the Fourier system (examples (1) and (4) in the
previous section) the assumption of randomness in the sign pattern of the non-zero
entries of x can be removed [19, 102].

Theorem 4.3. Let x ∈ CN be s-sparse. Assume A is the random Fourier type matrix
(4.7) or the random partial Fourier matrix of example (4) above. If

m ≥ Cs log(N/ε)

then x is the unique solution of the `1-minimization problem (2.12) with probability at
least 1− ε.

The techniques of the proof of this theorem [19, 102] heavily use the algebraic struc-
ture of the Fourier system and do not easily extend to general bounded orthonormal
systems. In fact, the general case is still open.

4.3 Uniform Recovery

Our main theorem concerning the recovery of sparse polynomials in bounded or-
thonormal systems from random samples reads as follows.
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Theorem 4.4. LetA ∈ Cm×N be the sampling matrix (4.4) associated to an orthonor-
mal system that satisfies the boundedness condition (4.2) for some constant K ≥ 1.
Assume that the random sampling points t1, . . . , tm are chosen independently at ran-
dom according to the orthogonalization measure ν. Suppose

m

ln(m)
≥ CK2s ln2(s) ln(N), (4.20)

m ≥ DK2s ln(ε−1), (4.21)

where C,D > 0 are some universal constants. Then with probability at least 1 − ε
every s-sparse vector x ∈ CN is recovered from the samples

y = Ax =

 N∑
j=1

xjφj(t`)

m

`=1

by `1-minimization (2.12).
Moreover, with probability at least 1− ε the following holds for every x ∈ CN . Let

noisy samples y = Ax+ e with

‖e‖2 =

√√√√ m∑
`=1

|e`|2 ≤ η
√
m

be given and let x∗ be the solution of the `1-minimization problem (2.20), where η is
replaced by η

√
m. Then

‖x− x∗‖2 ≤ c
σs(x)1√

s
+ dη

for suitable constants c, d > 0.

This result is proven in Chapter 8 by estimating the restricted isometry constants δs
of A. Thereby, also explicit constants are provided, see Theorem 8.4. The reader will
notice that its proof is considerably more involved than the one of Theorem 4.2.

Remark 4.5. We may choose ε such that there is equality in (4.21). Then condition
(4.20) implies recovery with probability at least

1−N−γ ln(m) ln2(s)

where γ = C/D. A condition that is easier to remember is derived by noting that
s ≤ N and m ≤ N (otherwise, we are not in the range of interest for compressive
sensing). Indeed,

m ≥ CK2s ln4(N) (4.22)

implies recovery by `1-minimization with probability at least 1−N−γ ln3(N).
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E. Candès and T. Tao [23] obtained the sufficient condition (4.22) in case of the
random partial Fourier matrix with an exponent 6 instead of 4 at the ln(N) term. M.
Rudelson and R. Vershynin [116] improved this to an exponent 5 at the ln(N)-term;
or alternatively to an exponent 4 for constant probability ε, see also Theorem 8.1 be-
low. The condition (4.22) with exponent 4 and super-polynomially decreasing failure
probability N−γ ln(N)3

is presently the best known result. (In the Fourier case this is
already contained in the proof of the main result in [104], but the author did not realize
at that time that this was actually a slight improvement over the estimate of Rudelson
and Vershynin in [116].) Our proof in Chapter 8 follows the ideas of Rudelson and
Vershynin in [116] with some modifications and the mentioned improvements.

5 Partial Random Circulant Matrices
This section will be devoted to a different type of structured random matrices, which
are important in applications such as wireless communications and radar, see [4, 68,
110]. We will study partial random circulant matrices and partial random Toeplitz ma-
trices. Presently, there are less recovery results available than for the structured ran-
dom matrices in the preceding section. In particular, a good estimate for the restricted
isometry constants is still under investigation at the time of writing. (The estimates in
[4, 68] only provide a quadratic scaling of the number of measurements in terms of the
sparsity, similar to (2.26).) Therefore, we will only be able to present a nonuniform
recovery result in the spirit of Theorem 4.2, which is a slight improvement of the main
result in [105]. We believe that the mathematical approach to its proof should be of
interest on its own.

We consider the following measurement matrices. For b = (b0, b1, . . . , bN−1) ∈
CN we define its associated circulant matrix Φ = Φ(b) ∈ CN×N by setting

Φk,j = bj−k mod N , k, j = 1, . . . , N.

Note that the application of Φ to a vector is the convolution,

(Φx)j = (x ∗ b̃)j =
N∑
`=1

x`b̃j−` mod N ,

where b̃j = bN−j . Similarly, for a vector c = (c−N+1, c−N+2, . . . , cN−1) its associ-
ated Toeplitz matrix Ψ = Ψ(c) ∈ CN×N has entries Ψk,j = cj−k, k, j = 1, . . . , N .

Now we choose an arbitrary subset Θ ⊂ [N ] of cardinality m < N and let the
partial circulant matrix ΦΘ = ΦΘ(b) ∈ Cm×N be the submatrix of Φ consisting
of the rows indexed by Θ. The partial Toeplitz matrix ΨΘ = ΨΘ(c) ∈ Cm×N is
defined similarly. For the purpose of this exposition we will choose the vectors b and
c as Rademacher sequences, that is, the entries of b and c are independent random
variables that take the value ±1 with equal probability. Standard Gaussian vectors or
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Steinhaus sequences (independent random variables that are uniformly distributed on
the complex torus) are possible as well.

It is important from a computational viewpoint that circulant matrices can be diago-
nalized using the discrete Fourier transform [59]. Therefore, there is a fast matrix vec-
tor multiplication algorithm for partial circulant matrices of complexityO(N log(N))
that uses the FFT. Since Toeplitz matrices can be seen as submatrices of circulant ma-
trices [59], this remark applies to partial Toeplitz matrices as well.

Of particular interest is the case N = mL with L ∈ N and Θ = {L, 2L, . . . ,mL}.
Then the application of ΦΘ(b) and ΨΘ(c) corresponds to (periodic or non-periodic)
convolution with the sequence b (or c, respectively) followed by a downsampling by
a factor of L. This setting was studied numerically in [132] by J. Tropp et al. (using
orthogonal matching pursuit instead of `1-minimization). Also of interest is the case
Θ = [m] which was investigated in [4, 68].

Since Toeplitz matrices can be embedded into circulant matrices as just mentioned,
we will deal only with the latter in the following. The result below (including its proof)
holds without a difference (and even with the same constants) for Toeplitz matrices as
well. Similarly to Theorem 4.2 we deal with nonuniform recovery, where additionally
the signs xj/|xj | of the non-zero coefficients of the vector x to be recovered are chosen
at random.

Theorem 5.1. Let Θ ⊂ [N ] be an arbitrary (deterministic) set of cardinality m. Let
x ∈ CN be s-sparse such that the signs of its non-zero entries form a Rademacher
or Steinhaus sequence. Choose b = εεε ∈ RN to be a Rademacher sequence. Let
y = ΦΘ(εεε)x ∈ Cm. Then

m ≥ 57s ln2(17N2/ε) (5.1)

implies that with probability at least 1 − ε the vector x is the unique solution to the
`1-minimization problem (2.12).

The proof of Theorem 5.1 will be presented in Chapter 9. We note that the exponent
2 of the log-term in (5.1) is a slight improvement over an exponent 3 present in the
main result of [105]. The constant 57 is very likely not optimal. With the much more
technical (and combinatorial) approach of [19, 102, 95] we expect that the randomness
in the signs can be removed and the exponent 2 at the log-factor can be improved to 1.

6 Tools from Probability Theory

The proofs of the results presented in the two previous chapters will require tools
from probability theory that might not be part of an introductory course on probability.
This chapter collects the necessary background. We will only assume familiarity of
the reader with basic probability theory that can be found in most textbooks on the
subject, see for instance [63, 112].
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In the following we discuss the relation of moments and tail estimates, symmetriza-
tion, decoupling, and scalar and noncommutative Khintchine inequalities. The latter
represent actually a very powerful tool that presently does not seem to be widely ac-
knowledged. Furthermore, we present Dudley’s inequality on the expectation of the
supremum of a subgaussian process. Much more material of a similar flavor can be
found in the monographs [36, 73, 79, 80, 125, 134].

6.1 Basics on Probability

In this section we recall some important facts from basic probability theory. Let
(Ω,Σ,P) be a probability space, where Σ denotes a σ-algebra on the sample space Ω

and P a probability measure on (Ω,Σ). The probability of an event B ∈ Σ is denoted
by

P(B) =

∫
B
dP(ω) =

∫
Ω

IB(ω)dP(ω),

where the characteristic function IB(ω) takes the value 1 if ω ∈ B and 0 otherwise.
The union bound (or Bonferroni’s inequality, or Boole’s inequality) states that for a
collection of events B` ∈ Σ, ` = 1, . . . , n, we have

P

(
n⋃
`=1

B`

)
≤

n∑
`=1

P(B`). (6.1)

We assume knowledge of basic facts on random variables. The expectation or mean
of a random variable X is denoted by

EX =

∫
Ω

X(ω)dP(ω).

The quantities E|X|p, 0 < p < ∞, are called (absolute) moments. For 1 ≤ p < ∞,
(E|X|p)1/p defines a norm on the Lp(Ω,P)-space of all p-integrable random variables,
in particular, the triangle inequality

(E|X + Y |p)1/p ≤ (E|X|p)1/p + (E|Y |p)1/p (6.2)

holds for X,Y ∈ Lp(Ω,P) = {X measurable ,E|X|p <∞}.
Let p, q ≥ 1 with 1/p + 1/q = 1, Hölder’s inequality states that |EXY | ≤

(E|X|p)1/p (E|Y |q)1/q for random variables X,Y . The special case p = q = 2
is the Cauchy-Schwarz inequality. It follows from Hölder’s inequality that for all
0 < p ≤ q <∞,

(E|X|p)1/p ≤ (E|X|q)1/q . (6.3)

Absolute moments can be computed by means of the following formula.
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Proposition 6.1. The absolute moments of a random variable X can be expressed as

E|X|p = p

∫ ∞
0

P(|X| ≥ t) tp−1dt, p > 0.

Proof. Recall that I{|X|p≥x} is the random variable that takes the value 1 on the event
|X|p ≥ x and 0 otherwise. Using Fubini’s theorem we derive

E|X|p =
∫

Ω

|X|pdP =

∫
Ω

∫ |X|p
0

dxdP =

∫
Ω

∫ ∞
0

I{|X|p≥x}dxdP

=

∫ ∞
0

∫
Ω

I{|X|p≥x}dPdx =

∫ ∞
0

P(|X|p ≥ x)dx

= p

∫ ∞
0

P(|X|p ≥ tp)tp−1dt = p

∫ ∞
0

P(|X| ≥ t)tp−1dt,

where we also applied a change of variables.

The function t 7→ P(|X| ≥ t) is called the tail of X . The Markov inequality is a
simple way of estimating a tail.

Theorem 6.2. (Markov inequality) Let X be a random variable. Then

P(|X| ≥ t) ≤ E|X|
t

for all t > 0.

Proof. Note that P(|X| ≥ t) = EI{|X|≥t} and tI{|X|≥t} ≤ |X|. Hence, tP(|X| ≥
t) = EtI{|X|≥t} ≤ E|X| and the proof is complete.

A random vector X = (X1, . . . , Xn)
T ∈ Rn is a collection of n random variables

X` on a common probability space. Its expectation is the vector

EX = (EX1, . . . ,EXn)
T ∈ Rn.

A complex random vector Z = X + iY ∈ Cn is a special case of a 2n-dimensional
real random vector (X,Y) ∈ R2n.

A collection of random vectors X1, . . . ,XN ∈ Cn is called (stochastically) inde-
pendent if for all measurable subsets B1, . . . , BN ⊂ Cn,

P(X1 ∈ B1,X2 ∈ B2, . . . ,XN ∈ BN ) = P(X1 ∈ B1)P(X2 ∈ B2) · · ·P(XN ∈ BN ).

Functions of independent random vectors are again independent. A random vector X′

in Cn will be called an independent copy of X if X and X′ are independent and have
the same distribution, that is, P(X ∈ B) = P(X′ ∈ B) for all measurable B ⊂ Cn.

Jensen’s inequality reads as follows.
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Theorem 6.3. (Jensen’s inequality) Let f : Cn → R be a convex function, and let
X ∈ Cn be a random vector. Then

f(EX) ≤ Ef(X) . (6.4)

Finally, we state the Borel-Cantelli lemma.

Lemma 6.4. (Borel-Cantelli) Let A1, A2, . . . ∈ Σ be events and let

A∗ = lim sup
n→∞

An = ∩∞n=1 ∪∞m=n Am.

If
∑∞

n=1 P(An) <∞ then P(A∗) = 0.

Proof. Since A∗ ⊂
⋃∞
m=nAm for all n, it holds P(A∗) ≤

∑∞
m=n P(Am) → 0 as

n→∞ whenever
∑∞

n=1 P(An) <∞.

6.2 Moments and Tails

It will be very crucial for us that tails of random variables can be estimated by means of
their moments. The next statement is rather simple but very effective, see also [130].

Proposition 6.5. Suppose Z is a random variable satisfying

(E|Z|p)1/p ≤ αβ1/pp1/γ for all p ≥ p0

for some constants α, β, γ, p0 > 0. Then

P(|Z| ≥ e1/γαu) ≤ βe−uγ/γ

for all u ≥ p1/γ
0 .

Proof. By Markov’s inequality, Theorem 6.2, we obtain for an arbitrary κ > 0

P(|Z| ≥ eκαu) ≤ E|Z|p

(eκαu)p
≤ β

(
αp1/γ

eκαu

)p
.

Choose p = uγ and the optimal value κ = 1/γ to obtain the claim.

Also a converse of the above proposition can be shown [55, 80]. Important special
cases are γ = 1, 2. In particular, if (E|Z|p)1/p ≤ αβ1/p√p for all p ≥ 2 then Z
satisfies the subgaussian tail estimate.

P(|Z| ≥ e1/2αu) ≤ βe−u2/2 for all u ≥
√

2. (6.5)

For random variables satisfying a subgaussian tail estimate, the following useful
estimate of the expectation of their maximum can be shown [80].
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Lemma 6.6. Let X1, . . . , XM be random variables satisfying

P(|X`| ≥ u) ≤ βe−u
2/2 for u ≥

√
2, ` = 1, . . . ,M,

for some β ≥ 1. Then

E max
`=1,...,M

|X`| ≤ Cβ
√

ln(4βM)

with Cβ ≤
√

2 + 1
4
√

2 ln(4β)
.

Proof. According to Proposition 6.1 we have, for some α ≥
√

2,

E max
`=1,...,M

|X`| =
∫ ∞

0
P
(

max
`=1,...,M

|X`| > u

)
du

≤
∫ α

0
1du+

∫ ∞
α

P
(

max
`=1,...,M

|X`| > u

)
du ≤ α+

∫ ∞
α

M∑
`=1

P(|X`| > u)du

≤ α+Mβ

∫ ∞
α

e−u
2/2du.

In the second line we have applied the union bound. Using Proposition 10.2 in the
Appendix we obtain

E max
`=1,...,M

|X`| ≤ α+
Mβ

α
e−α

2/2.

Now we choose α =
√

2 ln(4βM) ≥
√

2 ln(4) ≥
√

2. This yields

E max
`=1,...,M

|X`| ≤
√

2 ln(4βM) +
1

4
√

2 ln(4βM)

=

(√
2 +

1
4
√

2 ln(4βM)

)√
ln(4βM) ≤ Cβ

√
ln(4βM)

by our choice of Cβ . The proof is completed.

6.3 Rademacher Sums and Symmetrization

A Rademacher variable is presumably the simplest random variable. It takes the val-
ues +1 or −1, each with probability 1/2. A sequence εεε of independent Rademacher
variables εj , j = 1, . . . ,M , is called a Rademacher sequence. The technique of sym-
metrization leads to so called Rademacher sums

∑M
j=1 εjxj where the xj are scalars,

vectors or matrices. Although quite simple, symmetrization is very powerful because
there are nice estimates for Rademacher sums available – the so called Khintchine
inequalities to be treated later on.
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A random vector X is called symmetric, if X and −X have the same distribution.
In this case X and εX, where ε is a Rademacher variable independent of X, have the
same distribution as well.

The following lemma, see also [80, 36], is the key to symmetrization.

Lemma 6.7. (Symmetrization) Assume that ξξξ = (ξj)
M
j=1 is a sequence of independent

random vectors in Cn equipped with a (semi-)norm ‖·‖, having expectations xj = Eξj .
Then for 1 ≤ p <∞E‖

M∑
j=1

(ξj − xj)‖p
1/p

≤ 2

E‖
M∑
j=1

εjξj‖p
1/p

, (6.6)

where εεε = (εj)
N
j=1 is a Rademacher sequence independent of ξξξ.

Proof. Let ξξξ′ = (ξ′1, . . . , ξ
′
M ) denote an independent copy of the sequence of random

vectors (ξ1, . . . , ξM ). Since Eξ′j = xj an application of Jensen’s inequality (6.4) yields

E := E‖
M∑
j=1

(ξj − xj)‖p = E‖
M∑
j=1

(ξj − Eξ′j)‖p ≤ E‖
M∑
j=1

(ξj − ξ′j)‖p.

Now observe that (ξj− ξ′j)Mj=1 is a vector of independent symmetric random variables;
hence, it has the same distribution as (εj(ξj − ξ′j))Mj=1. The triangle inequality gives

E1/p ≤ (E‖
M∑
j=1

εj(ξj − ξ′j)‖p)1/p ≤ (E‖
M∑
j=1

εjξj‖p)1/p + (E‖
M∑
j=1

εjξ
′
j‖p)1/p

= 2(E‖
M∑
j=1

εjξj‖p)1/p.

The last equality is due to the fact that ξξξ′ is an independent copy of ξξξ.

Note that this lemma holds also in infinite-dimensional spaces [80]. Since it is rather
technical to introduce random vectors in infinite dimensions we stated the lemma only
for the finite-dimensional case. Further, also a converse inequality to (6.6) can be
shown [36, 80].

6.4 Scalar Khintchine Inequalities

Khintchine inequalities provide estimates of the moments of Rademacher and related
sums. In this section we present the scalar Khintchine inequalities, while in the next
section we concentrate on the noncommutative (matrix-valued) Khintchine inequali-
ties.



Compressive Sensing and Structured Random Matrices 35

Theorem 6.8. (Khintchine’s inequality) Let b ∈ CM and εεε = (ε1, . . . , εM ) be a
Rademacher sequence. Then, for all n ∈ N,

E|
M∑
j=1

εjbj |2n ≤
(2n)!
2nn!

‖b‖2n
2 . (6.7)

Proof. First assume that the bj are real-valued. Expanding the expectation on the left
hand side of (6.7) with the multinomial theorem, which states that M∑

j=1

xj

n

=
∑

k1+···+kM=n
ki∈{0,1,...n}

n!
k1! · · · kM !

xk1
1 · · ·x

kM
M , (6.8)

yields

E := E|
M∑
j=1

εjbj |2n

=
∑

j1+···+jM=n
ji∈{0,1,...,n}

(2n)!
(2j1)! · · · (2jM )!

|b1|2j1 · · · |bM |2jMEε2j1
1 · · ·Eε

2jM
M

=
∑

j1+···+jM=n
ji∈{0,1,...,n}

(2n)!
(2j1)! · · · (2jM )!

|b1|2j1 · · · |bM |2jM .

Hereby we used the independence of the εj and the fact that Eεkj = 0 if k is an odd
integer. For integers satisfying j1 + · · ·+ jM = n it holds

2nj1! · · · jM ! = 2j1j1! · · · 2jM jM ! ≤ (2j1)! · · · (2jM )!.

This implies

E ≤ (2n)!
2nn!

∑
j1+···+jM=n
ji∈{0,1,...,n}

n!
j1! · · · jn!

|b1|2j1 · · · |bM |2jM

=
(2n)!
2nn!

 M∑
j=1

|bj |2
n

=
(2n)!
2nn!

‖b‖2n
2 .

The general complex case is derived by splitting into real and imaginary parts as fol-
lows E|

M∑
j=1

εj(Re(bj) + i Im(bj))|2n
1/2n
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=

E

| M∑
j=1

εj Re(bj)|2 + |
M∑
j=1

εj Im(bj)|2
n1/2n

≤


E|

M∑
j=1

εj Re(bj)|2n
1/n

+

E|
M∑
j=1

εj Im(bj)|2n
1/n


1/2

≤

((
(2n)!
2nn!

)1/n

(‖Re(b)‖2
2 + ‖ Im(b)‖2

2)

)1/2

=

(
(2n)!
2nn!

)1/2n

‖b‖2.

This concludes the proof.

Except that we allowed the coefficient vector b to be complex valued, the above
formulation and the proof is due to Khintchine [75]. Using the central limit theorem,
one can show that the constants in (6.7) are optimal. Based on Theorem 6.8 we can
also estimate the general absolute pth moment of a Rademacher sum.

Corollary 6.9. (Khintchine’s inequality) Let b ∈ CM and εεε = (ε1, . . . , εM ) be a
Rademacher sequence. Then, for all p ≥ 2,E|

M∑
j=1

εjbj |p
1/p

≤ 23/(4p)e−1/2√p‖b‖2. (6.9)

Proof. Without loss of generality we assume that ‖b‖2 = 1. Stirling’s formula for the
factorial,

n! =
√

2πnnne−neλn , (6.10)

where 1
12n+1 ≤ λn ≤

1
12n , gives

(2n)!
2nn!

=

√
2π2n(2n/e)2neλ2n

2n
√

2πn(n/e)neλn
≤
√

2 (2/e)nnn. (6.11)

An application of Hölder’s inequality yields for θ ∈ [0, 1] and an arbitrary random
variable Z,

E|Z|2n+2θ = E[|Z|(1−θ)2n|Z|θ(2n+2)] ≤ (E|Z|2n)1−θ(E|Z|2n+2)θ. (6.12)

Combine the two estimates above and the Khintchine inequality (6.7) to get

E|
M∑
j=1

εjbj |2n+2θ ≤ (E|
M∑
j=1

εjbj |2n)1−θ(E|
M∑
j=1

εjbj |2n+2)θ

≤ (
√

2(2/e)nnn)1−θ(
√

2(2/e)n+1(n+ 1)n+1)θ

=
√

2(2/e)n+θnn(1−θ)(n+ 1)θ(n+1)
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=
√

2(2/e)n+θ(n1−θ(n+ 1)θ)n+θ
(
n+ 1
n

)θ(1−θ)
≤
√

2(2/e)n+θ(n+ θ)n+θ
(
n+ 1
n

)θ(1−θ)
≤ 23/4(2/e)n+θ(n+ θ)n+θ. (6.13)

In the second line from below the inequality of the geometric and arithmetic mean was
applied. The last step used that (n+ 1)/n ≤ 2 and θ(1− θ) ≤ 1/4. Replacing n+ θ
by p/2 completes the proof.

The optimal constants Cp =
(

2
p−1

2
Γ(p/2)
Γ(3/2)

)1/p
, p ≥ 2, instead of 23/(4p)e−1/2√p

for Khintchine’s inequality (6.9) are actually slightly better than the ones computed
above, but deriving these requires much more effort [67, 89].

Combining Corollary 6.9 with Proposition 6.5 yields the following special case of
Hoeffding’s inequality [70], also known as Chernoff’s bound [26].

Corollary 6.10. (Hoeffding’s inequality for Rademacher sums) Let b = (b1, . . . , bM ) ∈
CM and εεε = (ε1, . . . , εM ) be a Rademacher sequence. Then, for u ≥

√
2,

P

| M∑
j=1

εjbj | ≥ ‖b‖2u

 ≤ 23/4 exp(−u2/2). (6.14)

For completeness we also give the standard version and proof of Hoeffding’s in-
equality for Rademacher sums.

Proposition 6.11. (Hoeffding’s inequality for Rademacher sums) Let b = (b1, . . . , bM ) ∈
CM and εεε = (ε1, . . . , εM ) be a Rademacher sequence. Then, for u > 0,

P

 M∑
j=1

εjbj ≥ ‖b‖2u

 ≤ exp(−u2/2) (6.15)

and consequently,

P

| M∑
j=1

εjbj | ≥ ‖b‖2u

 ≤ 2 exp(−u2/2). (6.16)

Proof. Without loss of generality we may assume ‖b‖2 = 1. By Markov’s inequality
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(Theorem 6.2) and independence we have, for λ > 0,

P

 M∑
j=1

εjbj ≥ u

 = P

exp(λ
M∑
j=1

εjbj) ≥ eλu
 ≤ e−λuE[exp(λ

M∑
j=1

εjbj)]

= e−λu
M∏
j=1

E[exp(εjλbj)].

Note that, for s ∈ R,

E[exp(εjs)] =
1
2
(e−s + es) =

1
2

( ∞∑
k=0

(−s)k

k!
+

∞∑
k=0

sk

k!

)
=

∞∑
k=0

s2k

(2k)!

≤
∞∑
k=0

s2k

2kk!
= es

2/2.

This yields

P

 M∑
j=1

εjbj ≥ u

 ≤ e−λu M∏
j=1

eλ
2b2
j/2 = e−λu+λ

2‖b‖2
2/2.

Choosing λ = u and recalling that ‖b‖2 = 1 yields (6.15). Finally,

P

| M∑
j=1

εjbj | ≥ ‖b‖2u

 = P

 M∑
j=1

εjbj ≥ ‖b‖2u

+ P

 M∑
j=1

εjbj ≤ −‖b‖2u


≤ 2e−u

2/2,

since −εj has the same distribution as εj .

As mentioned earlier, a complex random variable which is uniformly distributed
on the torus T = {z ∈ C, |z| = 1} is called a Steinhaus variable. A sequence εεε =
(ε1, . . . , εN ) of independent Steinhaus variables is called a Steinhaus sequence. There
is also a version of Khintchine’s inequality for Steinhaus sequences.

Theorem 6.12. (Khintchine’s inequality for Steinhaus sequences) Let εεε = (ε1, . . . , εM )
be a Steinhaus sequence and b = (b1, . . . , bM ) ∈ CM . Then

E|
M∑
j=1

εjbj |2n ≤ n!‖b‖2n
2 for all n ∈ N.
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Proof. Expand the moment of the Steinhaus sum using the multinomial theorem (6.8),

E|
M∑
j=1

εjbj |2n = E

 M∑
j=1

εjbj

n(
M∑
k=1

εkbk

)n

= E

 ∑
j1+···+jM=n

j`≥0

n!
j1! · · · jM !

bj1
1 · · · b

jM
M εj1

1 · · · ε
jM
M



×

 ∑
k1+···kM=n

k`≥0

n!
k1! · · · kM !

bk1
1 · · · b

kM
M εk1

1 · · · ε
kM
M


=

∑
j1+···+jM=n
k1+···kM=n
j`,k`≥0

n!
j1! · · · jM !

n!
k1! · · · kM !

bj1
1 b

k1
1 · · · b

jM
M bkMM E[εj1

1 ε
k1
1 · · · ε

jM
M εkMM ].

Since the εj are independent and uniformly distributed on the torus it holds

E[εj1
1 ε

k1
1 · · · ε

jM
M εkMM ] = E[εj1−k1

1 ] · · ·E[εjM−kMM ] = δj1,k1 · · · δjM ,kM .

This yields

E|
M∑
j=1

εjbj |2n =
∑

k1+···kM=n
k`≥0

(
n!

k1! · · · kM !

)2

|b1|2k1 · · · |bM |2kM

≤ n!
∑

k1+···kM=n
k`≥0

n!
k1! · · · kM !

|b1|2k1 · · · |bM |2kM

= n!

 M∑
j=1

|bj |2
2n

,

where the multinomial theorem (6.8) was applied once more in the last step.

The above moment estimate leads to a Hoeffding type inequality for Steinhaus sums.

Corollary 6.13. (Hoeffding’s inequality for Steinhaus sequences) Let εεε = (ε1, . . . , εM )
be a Steinhaus sequence, b = (b1, . . . , bM ) ∈ CM and 0 < λ < 1. Then

P(|
M∑
j=1

εjbj | ≥ u‖b‖2) ≤
1

1− λ
e−λu

2
for all u ≥ 0. (6.17)
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In particular, using the optimal choice λ = 1− u−2,

P(|
M∑
j=1

εjbj | ≥ u‖b‖2) ≤ exp(−u2 + log(u2) + 1) for all u ≥ 1. (6.18)

Note that the argument of the exponential in (6.18) is always negative for u > 1.

Proof. Without loss of generality assume ‖b‖2 = 1. Markov’s inequality gives

P(|
M∑
j=1

εjbj | ≥ u) = P(exp(λ|
M∑
j=1

εjbj |2) ≥ exp(λu2))

≤ E[exp(λ|
M∑
j=1

εjbj |2)] exp(−λu2) = exp(−λu2)
∞∑
n=0

λnE|
∑M

j=1 εjbj |2n

n!

≤ exp(−λu2)
∞∑
n=0

λn =
1

1− λ
e−λu

2
.

In the second line the Taylor expansion of the exponential function was used together
with Fubini’s theorem in order to interchange the expectation and the series. In the
third line Theorem 6.12 was applied.

For more information and extensions of scalar Khintchine inequalities we refer the
interested reader to [94, 93].

6.5 Noncommutative Khintchine Inequalities

The scalar Khintchine inequalities above can be generalized to the case where the co-
efficients are matrices. Combined with symmetrization the resulting noncommutative
Khintchine inequalities are a very powerful tool in the theory of random matrices.
Schatten class norms have to be introduced to formulate them.

For a matrix A we let σ(A) = (σ1(A), . . . , σn(A)) be its sequence of singular
values. Then the Schatten p-norm is defined as

‖A‖Sp := ‖σ(A)‖p, 1 ≤ p ≤ ∞. (6.19)

It is actually nontrivial to show the triangle inequality for Schatten p-norms. We refer
the interested reader to [8, 72, 120].

The hermitian matrix AA∗ can be diagonalized using a unitary matrix U ,

AA∗ = U∗D2U
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where D = diag(σ1(A), . . . , σn(A)) (possibly filled up with zeros). As the trace is
cyclic, that is Tr(AB) = Tr(BA), and since UU∗ = Id, we get for n ∈ N

‖A‖2n
S2n

= ‖σ(A)‖2n
2n = Tr(D2n) = Tr(D2nUU∗) = Tr(U∗D2nU)

= Tr((U∗D2U)n) = Tr((AA∗)n). (6.20)

As a special case, the Frobenius norm is the Schatten 2-norm, ‖A‖F = ‖A‖S2 . The
operator norm is also a Schatten norm,

‖A‖2→2 = σ1(A) = ‖σ(A)‖∞ = ‖A‖S∞ .

By the analogous property of the vector p-norm we have ‖A‖Sq ≤ ‖A‖Sp for q ≥ p.
In particular, the following estimate will be very useful,

‖A‖2→2 ≤ ‖A‖Sp for all 1 ≤ p ≤ ∞ . (6.21)

If A has rank r then it follows from the corresponding property of `p-norms that

‖A‖Sp ≤ r1/p‖A‖2→2. (6.22)

Let us now state the noncommutative Khintchine inequality for matrix-valued Rade-
macher sums, which was first formulated by F. Lust–Piquard [82] with unspecified
constants. The optimal constants were provided by A. Buchholz in [16, 17], although
it is not obvious at first sight that the results of his paper [16] allow to deduce our next
theorem, see also [130]. The proof follows the ideas of Buchholz [16].

Theorem 6.14. Let εεε = (ε1, . . . , εM ) be a Rademacher sequence, and let Bj , j =
1, . . . ,M , be complex matrices of the same dimension. Choose n ∈ N. Then

E‖
M∑
j=1

εjBj‖2n
S2n

≤ (2n)!
2nn!

max


∥∥∥∥∥∥∥
 M∑
j=1

BjB
∗
j

1/2
∥∥∥∥∥∥∥

2n

S2n

,

∥∥∥∥∥∥∥
 M∑
j=1

B∗jBj

1/2
∥∥∥∥∥∥∥

2n

S2n

 . (6.23)

Note that the matrices BjB∗j and B∗jBj in (6.23) are self-adjoint and positive, so
that the square-roots in (6.23) are well-defined.

In order to prove the noncommutative Khintchine inequalities we need to introduce
the notion of pairings.

Definition 6.15.
(a) A pairing is a partition of the set [2n] into two-element subsets, called blocks. The
set P2n denotes the set of all pairings of [2n].
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(b) The canonical pairing 1 = {D1, . . . , Dn} has blocks Dj = {2j − 1, 2j}.
(c) Let π = {D1, . . . , Dn} be a pairing. Then its cyclic shift Tπ is the pairing with
blocks TD`, where T{j, k} = {j + 1, k + 1} with addition understood modulo 2n.

(d) The "symmetrized" pairing ←−π contains all blocks {j, k} of a pairing π satisfying
j, k ≤ n and in addition the "reflected" blocks {2n+1− j, 2n+1−k}. The blocks of
π with both elements being larger than n are omitted in←−π and the blocks {j, k} with
j ≤ n and k > n are replaced by the "symmetric" block {j, 2n+ 1− j}.

(e) Similarly, the pairing−→π contains all blocks {j, k} of the pairing π satisfying j, k >
n and in addition the "reflected" blocks {2n+1− j, 2n+1−k}. The blocks of π with
both elements smaller than n + 1 are omitted in −→π and the blocks {j, k} with j ≤ n
and k > n are replaced by the "symmetric" block {2n+ 1− k, k}.

Let B = (B1, . . . , BM ) be a sequence of matrices of the same dimension and π =
{D1, . . . , Dn} ∈ P2n. We define the mapping α = απ : [2n]→ [n] such that α(j) = `
iff j ∈ D`. Using this notation we introduce

π(B) =
M∑

k1,...,kn=1

Bkα(1)B
∗
kα(2)

Bkα(3)B
∗
kα(4)
· · ·Bkα(2n−1)B

∗
kα(2n)

. (6.24)

Note that π(B) is independent of the chosen numbering ofD1, . . . , Dn. The following
lemma will be the key to the proof of the noncommutative Khintchine inequalities.

Lemma 6.16. Let π ∈ P2n and B = (B1, . . . , BM ) a sequence of complex matrices
of the same dimension. Then there is γ ≥ 1/(4n) and non-negative numbers pρ =
pρ(π), ρ ∈ P2n, satisfying γ +

∑
ρ∈P2n

pρ = 1, such that

|Trπ(B)| (6.25)

≤ max


∥∥∥∥∥∥
(

M∑
k=1

BkB
∗
k

)1/2
∥∥∥∥∥∥

2n

S2n

,

∥∥∥∥∥∥
(

M∑
k=1

B∗kBk

)1/2
∥∥∥∥∥∥

2n

S2n


γ ∏
ρ∈P2n

|Tr ρ(B)|pρ .

Proof. First observe that

1(B) =
N∑

k1,...,kn=1

n∏
j=1

BkjB
∗
kj

=

(
M∑
k=1

BkB
∗
k

)n
.

Since the matrix inside the bracket is self-adjoint and positive semi-definite we can
take its square root and (6.20) yields

Tr1(B) =

∥∥∥∥∥∥
(

M∑
k=1

BkB
∗
k

)1/2
∥∥∥∥∥∥

2n

S2n

. (6.26)
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Since the trace is cyclic we similarly obtain

TrT1(B) =

∥∥∥∥∥∥
(

M∑
k=1

B∗kBk

)1/2
∥∥∥∥∥∥

2n

S2n

. (6.27)

The idea of the proof is to successively provide estimates of |Trπ(B)| in terms of
traces of operators ρ(B) which become more and more ’similar’ to 1(B) or T1(B).

Let t ∈ {0, 1, . . . , n} be the maximal number such that, for some p, {p, p+1}, {p+
2, p + 3}, . . . , {p + 2t − 2, p + 2t − 1} are blocks of the partition π. If t = n then
π = 1 or π = T1 and we are done. We postpone the case t = 0 to later and assume
t ∈ [n− 1].

By cyclicity of the trace, it holds Trπ(B) = Tr(Tn−p−2t+1π)(B) if n−p is odd and
Trπ(B) = Tr(Tn−p−2t+1π)(B∗) if n − p is even, where B∗ = (B∗1 , . . . , B

∗
M ). Note

that the blocks {n−2t+1, n−2t+2}, {n−2t+3, n−2t+4}, . . . , {n−1, n} (with
addition modulo 2n) are part of the partition Tn−p−2t+1π. Assume n even and p odd
for the moment. Denote the blocks of Tn−p−2t+1π by D1, . . . , Dn and let α = απ :
[2n] → [n] be the mapping defined by α(j) = ` iff j ∈ D`. Divide [n] into three sets
L,R,U . The subset L (resp. R) contains the indices `, for which both elements of D`

are in {1, . . . , n} (resp. {n+ 1, . . . , 2n}), while U contains the remaining indices for
which the blocks have elements in both {1, . . . , n} and {n+ 1, . . . , 2n}.

The Cauchy Schwarz inequality for the trace (2.6) and for the usual Euclidean inner
product yields

|Trπ(B)| = |Tr(Tn−p−2t+1π)(B)|

=

∣∣∣∣∣∣
∑

ki∈[M ],i∈U

Tr

 ∑
ki∈[M ],i∈L

Bkα(1) · · ·B
∗
kα(n)

 ∑
ki∈[M ],i∈R

Bkα(n+1) · · ·B
∗
kα(2n)

∣∣∣∣∣∣
≤
∑
ki,i∈U

√√√√√Tr

 ∑
ki,i∈L

Bkα(1) · · ·B∗kα(n)

 ∑
ki,i∈L

Bkα(n) · · ·B∗kα(1)



×

√√√√√Tr

 ∑
ki,i∈R

Bkα(n+1) · · ·B∗kα(2n)

 ∑
ki,i∈R

Bkα(2n) · · ·B∗kα(n+1)



≤

√√√√√ ∑
ki,i∈U

Tr

 ∑
ki,i∈L

Bkα(1) · · ·B∗kα(n)

 ∑
ki,i∈L

Bkα(n) · · ·B∗kα(1)



×

√√√√√ ∑
ki,i∈U

Tr

 ∑
ki,i∈R

Bkα(n+1) · · ·B∗kα(2n)

 ∑
ki,i∈R

Bkα(2n) · · ·B∗kα(n+1)


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= |Tr
←−−−−−−−−−
(Tn−p−2t+1π)(B)|1/2|Tr ρ(B)|1/2 (6.28)

with ρ =
−−−−−−−−→
Tn−p−2t+1π ∈ P2n. If t ≥ n/2 then

←−−−−−−−−
Tn−p−2t+1π equals 1 or T1 and we

are done. If t < n/2 then
←−−−−−−−−
Tn−p−2t+1π contains the blocks {n − 2t + 1, n − 2t +

2}, . . . , {n−1, n}, {n+1, n+2}, . . . , {n+2t−1, n+2t}. Apply the same estimates

with t′ = 2t as above to T−2t
←−−−−−−−−−
(Tn−p−2t+1π) to obtain

|Trπ(B)| ≤ |Tr(
←−−−−−−−−−−−−−
T−2t

←−−−−−−−−−
(Tn−p−2t+1π)(B)|1/4|Tr ρ̃(B)|1/4|Tr ρ(B)|1/2

for suitable ρ̃, ρ ∈ P2n. Similarly, as above if t ≥ n/4 then
←−−−−−−−−−−−
T−2t

←−−−−−−−
(Tn−p−2tπ) equals

1 or T1 and we are done. If t < n/4 then we continue in this way, and after at
most dlog2(n)e estimation steps of the form (6.28) inequality (6.25) is obtained with
γ ≥ 1/2dlog2(n)e ≥ 1/(2n).

If initially t = 0, then we apply the above method to T qπ where q was chosen
such that {n, p} for some p > n is a block of T qπ. Using the same estimates as
in (6.28) yields |Trπ(B)| ≤ |Tr π̃(B)|1/2|Tr ρ(B)|1/2 for some partition ρ, where π̃
contains the block {n, n + 1}. Then invoke the above method to obtain (6.25) with
γ ≥ 1/(4n).

If n is odd and p even, then an obvious modification of the chain of inequalities
(6.28) applies. If n − p is even then B∗ instead of B appears after the first equality
in (6.28). Noting that Tr1(B∗) = TrT1(B) and TrT1(B∗) = Tr1(B) by cyclicity
concludes the proof.

Corollary 6.17. Under the same assumptions as in Lemma 6.16, for all π ∈ P2n,

|Trπ(B)| ≤ max


∥∥∥∥∥∥
(

M∑
k=1

BkB
∗
k

)1/2
∥∥∥∥∥∥

2n

S2n

,

∥∥∥∥∥∥
(

M∑
k=1

B∗kBk

)1/2
∥∥∥∥∥∥

2n

S2n

 . (6.29)

Proof. Denote the right hand side of (6.29) by D. The constant γ in Lemma 6.16 may
be chosen the same for all partitions π ∈ P2n, for instance γ = γ1 = 1/(4n). Indeed,
if γ is initially larger, then by (6.26) and (6.27) simply move some weight from Dγ to
|Tr1(B)|p1(π) or to |TrT1(B)|pT1(π), whichever term is larger.

Apply Lemma 6.16 to itself to obtain

|Trπ(B)| ≤ Dγ1
∏
κ∈P2n

|Trκ(B)|pκ(π)

≤ Dγ1
∏
κ∈P2n

Dγ1pκ(π)
∏
ρ∈P2n

|Tr ρ(B)|pκ(π)pρ(κ)

= Dγ1+γ1(1−γ1)
∏
ρ∈P2n

|Tr ρ(B)|
∑
κ∈P2n

pρ(κ)pκ(π).
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This yields (6.25) with new constants

γ2 = γ1 + γ1(1− γ1), p(2)ρ (π) =
∑
κ∈P2n

pρ(κ)pκ(π).

Since γ1 = 1/(4n), in particular, 0 < γ1 < 1, the new constant γ2 is larger than γ1.
Iterating this process yields increasingly larger constants γ` defined recursively by

γ`+1 = γ` + γ`(1− γ`).

Elementary calculus shows that lim`→∞ γ` = 1. Since the corresponding constants
p
(`)
ρ (π) satisfy γ` +

∑
ρ∈P2n

p
(`)
ρ (π) = 1 for all ` one concludes lim`→∞ p

(`)
ρ (π) = 0

for all ρ ∈ P2n. This completes the proof.

Now we are in the position to complete the proof of the noncommutative Khintchine
inequalities.

Proof of Theorem 6.14. By (6.20)

E := E‖
M∑
k=1

εkBk‖2n
S2n

= ETr

 M∑
k=1

εkBk

M∑
j=1

εjB
∗
j

n
=

M∑
k1,...,k2n=1

E[εk1 · · · εk2n ]Tr(Bk1B
∗
k2
Bk3 · · ·B

∗
k2n

).

Observe that E[εk1 · · · εk2n ] = 1 if and only if each j ∈ [2n] can be paired with an
` ∈ [2n] such that kj = k` and E[εk1 · · · εk2n ] = 0 otherwise. Therefore, denoting
B = (B1, . . . , BM ), Corollary 6.17 yields (recall also the definition in (6.24))

E =
∑
π∈P2n

Trπ(B)

≤ |P2n|max


∥∥∥∥∥∥
(

M∑
k=1

BkB
∗
k

)1/2
∥∥∥∥∥∥

2n

S2n

,

∥∥∥∥∥∥
(

M∑
k=1

B∗kBk

)1/2
∥∥∥∥∥∥

2n

S2n

 .

Elementary considerations show that the number |P2n| of pairings of a set with 2n
elements equals (2n)!

2nn! .

The noncommutative Khintchine inequalities may be extended to general p ≥ 2,
similarly to Corollary 6.9 in the scalar case, see also [130]. For our purposes the
present version will be sufficient.
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6.6 Rudelson’s Lemma

Rudelson’s lemma [113] is a very useful estimate for the operator norm of a Rademacher
sum of rank one matrices. The statement below is slightly different from the formula-
tion in [113], but allows to draw the same conclusions, and makes constants explicit.
Its proof is a nice application of the noncommutative Khintchine inequality.

Lemma 6.18. LetA ∈ Cm×M of rank r with columns a1, . . . ,aM . Let εεε = (ε1, . . . , εM )
be a Rademacher sequence. Then, for 2 ≤ p <∞,E‖

M∑
j=1

εjaja
∗
j‖
p
2→2

1/p

≤ 23/(4p)r1/p√pe−1/2‖A‖2→2 max
j=1,...,M

‖aj‖2. (6.30)

Proof. Write p = 2n + 2θ with n ∈ N and θ ∈ [0, 1). Denote Cn =
(
(2n)!
2nn!

)1/(2n)
.

Note that (aja∗j )
∗(aja

∗
j ) = (aja

∗
j )(aja

∗
j )
∗ = ‖aj‖2

2aja
∗
j . Therefore, the noncommu-

tative Khintchine inequality (6.23) yields

E :=

E‖
∑
j

εjaja
∗
j‖2n

2→2

1/(2n)

≤

E‖
∑
j

εjaja
∗
j‖2n
S2n

1/(2n)

≤ Cn

∥∥∥∥∥∥∥
∑

j

‖aj‖2
2aja

∗
j

1/2
∥∥∥∥∥∥∥
S2n

The operator
∑

j ‖aj‖2
2aja

∗
j has rank at most r. The estimate (6.22) of the Schatten

norm by the operator norm together with (2.5) gives therefore

E ≤ Cnr1/(2n)

∥∥∥∥∥∥∥
∑

j

‖aj‖2
2aja

∗
j

1/2
∥∥∥∥∥∥∥

2→2

≤ Cnr1/(2n)‖
∑
j

aja
∗
j‖

1/2
2→2 max

k=1,...,M
‖ak‖2.

Observing that ‖
∑

j aja
∗
j‖

1/2
2→2 = ‖AA∗‖1/2

2→2 = ‖A‖2→2 yields

E ≤ Cnr1/(2n)‖A‖2→2 max
j=1,...,M

‖aj‖2.

With the estimate (6.21) of the operator norm by the Schatten norm together with
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(6.12) we obtain

E‖
M∑
j=1

εjaja
∗
j‖2n+2θ

2→2 ≤ (E‖
∑
j

εjaja
∗
j‖2n
S2n

)1−θ(E‖
∑
j

εjaja
∗
j‖2n+2
S2n+2

)θ

≤
(
(2n)!
2nn!

)1−θ ( (2n+ 2)!
2n+1(n+ 1)!

)θ
r

(
‖A‖2→2 max

j=1,...,M
‖aj‖2

)2n+2θ

≤ 23/4(2/e)n+θ(n+ θ)n+θr

(
‖A‖2→2 max

j=1,...,M
‖aj‖2

)2n+2θ

.

Hereby, we applied (6.11) and the same chain of inequalities as in (6.13). Substituting
p/2 = n+ θ completes the proof.

Proposition 6.5 leads to the following statement.

Corollary 6.19. Let A ∈ Cm×M of rank r with columns a1, . . . ,aM . Let εεε ∈ RM be
a Rademacher sequence. Then for all u ≥

√
2

P

‖ M∑
j=1

εjaja
∗
j‖2→2 ≥ u‖A‖2→2 max

j=1,...,M
‖aj‖2

 ≤ 23/4re−u
2/2. (6.31)

The formulation of Rudelson’s lemma which is most commonly used follows then
from an application of Lemma 6.6 (where the “maximum” is taken only over one
random variable) after estimating 23/4 < 2.

Corollary 6.20. Let A ∈ Cm×M of rank r with columns a1, . . . ,aM . Let εεε ∈ RM be
a Rademacher sequence. Then

E‖
M∑
j=1

εjaja
∗
j‖2→2 ≤ C

√
ln(8r)‖A‖2→2 max

j=1,...,M
‖aj‖2

with C ≤
√

2 + 1
4
√

2 ln(8)
≈ 1.499 < 1.5.

6.7 Decoupling

Decoupling is a technique that reduces stochastic dependencies in certain sums of
random variables, called chaos variables. A typical example is a sum of the form∑

j 6=`
εjε`xj`

where xj` are some vectors and εεε = (εj) is a Rademacher series. Such a sum is called
Rademacher chaos of order 2. The following statement, taken from [13], provides a
way of "decoupling" the sum. Many more results concerning decoupling can be found
in the monograph [36].
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Lemma 6.21. Let ξξξ = (ξ1, . . . , ξM ) be a sequence of independent random variables
with Eξj = 0 for all j = 1, . . . ,M . Let Bj,k, j, k = 1, . . . ,M , be a double sequence
of elements in a vector space with norm ‖ · ‖, where Bj,j = 0 for all j = 1, . . . ,M .
Then for 1 ≤ p <∞

E

∥∥∥∥∥∥
M∑

j,k=1

ξjξkBj,k

∥∥∥∥∥∥
p

≤ 4pE

∥∥∥∥∥∥
M∑

j,k=1

ξjξ
′
kBj,k

∥∥∥∥∥∥
p

, (6.32)

where ξξξ′ denotes an independent copy of ξξξ.

Proof. Introduce a sequence δ = (δj)
M
j=1, of independent random variables δj taking

only the values 0 and 1 with probability 1/2. Then for j 6= k

Eδj(1− δk) = 1/4.

Since Bj,j = 0 this gives

E := E

∥∥∥∥∥∥
M∑

j,k=1

ξjξkBj,k

∥∥∥∥∥∥
p

= 4p Eξ

∥∥∥∥∥∥
M∑

j,k=1

Eδ[δj(1− δk)]ξjξkBj,k

∥∥∥∥∥∥
p

≤ 4p E

∥∥∥∥∥∥
M∑

j,k=1

δj(1− δk)ξjξkBj,k

∥∥∥∥∥∥
p

,

where Jensen’s inequality was applied in the last step. Now let

σ(δ) := {j = 1, . . . ,M : δj = 1}.

Then, by Fubini’s theorem,

E ≤ 4p EδEξ

∥∥∥∥∥∥
∑
j∈σ(δ)

∑
k/∈σ(δ)

ξjξkBj,k

∥∥∥∥∥∥
p

.

For a fixed δ the sequences (ξj)j∈σ(δ) and (ξk)k/∈σ(δ) are independent, and hence,

E ≤ 4p EδEξEξ′

∥∥∥∥∥∥
∑
j∈σ(δ)

∑
k/∈σ(δ)

ξjξ
′
kBj,k

∥∥∥∥∥∥
p

.

This implies the existence of a δ0, and hence a σ = σ(δ0) such that

E ≤ 4p EξEξ′

∥∥∥∥∥∥
∑
j∈σ

∑
k/∈σ

ξjξ
′
kBj,k

∥∥∥∥∥∥
p

.
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Since Eξj = Eξ′j = 0, an application of Jensen’s inequality yields

E ≤ 4p E

∥∥∥∥∥∥
∑
j∈σ

(∑
k/∈σ

ξjξ
′
kBj,k +

∑
k∈σ

ξjE[ξ′k]Bj,k

)
+
∑
j /∈σ

E[ξj ]
M∑
k=1

ξ′kBj,k

∥∥∥∥∥∥
p

≤ 4p E

∥∥∥∥∥∥
M∑
j=1

M∑
k=1

ξjξ
′
kBj,k

∥∥∥∥∥∥
p

,

and the proof is completed.

We note that the mean-zero assumption Eξj = 0 may be removed by introducing
a larger constant 8 instead of 4, see Theorem 3.1.1 in [36] and its proof. The sum∑

j,k ξjξ
′
kBj,k on the right hand side of (6.32) is called a decoupled chaos.

6.8 Noncommutative Khintchine Inequalities for Decoupled
Rademacher Chaos

The previous section showed the usefulness of studying decoupled chaoses. Next
we state the noncommutative Khintchine inequality for decoupled Rademacher chaos
[105], see also [100, p. 111] for a slightly more general inequality (without explicit
constants). A scalar version can be found, for instance, in [86].

Theorem 6.22. Let Bj,k ∈ Cr×t, j, k = 1, . . . ,M , be complex matrices of the same
dimension. Let εεε, εεε′ be independent Rademacher sequences. Then, for n ∈ N,E

∥∥∥∥∥∥
M∑

j,k=1

εjε
′
kBj,k

∥∥∥∥∥∥
2n

S2n


1/2n

≤ 21/(2n)
(
(2n)!
2nn!

)1/n

(6.33)

×max


∥∥∥∥∥∥∥
 M∑
j,k=1

Bj,kB
∗
j,k

1/2
∥∥∥∥∥∥∥
S2n

,

∥∥∥∥∥∥∥
 M∑
j,k=1

B∗j,kBj,k

1/2
∥∥∥∥∥∥∥
S2n

, ‖F‖S2n , ‖F̃‖S2n

 ,

where F , F̃ are the block matrices F = (Bj,k)
M
j,k=1 and F̃ = (B∗j,k)

M
j,k=1.

We note that the factor 21/(2n) may be removed with a more technical proof that uses
the same strategy as the proof of the (ordinary) noncommutative Khintchine inequal-
ity (6.25) above. Our proof below rather proceeds by applying (6.25) twice. Taking
scalars instead of matrices Bj,k results in a scalar Khintchine inequality for decoupled
Rademacher chaos. In the scalar case the first two terms in the maximum in (6.33)
coincide and the third one is always dominated by the first.
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Proof of Theorem 6.22. Denote Cn = (2n)!
2nn! . Fubini’s theorem and an application of

the noncommutative Khintchine inequality (6.23) yields

E := E

∥∥∥∥∥∥
M∑

j,k=1

εjε
′
kBj,k

∥∥∥∥∥∥
2n

S2n

(6.34)

≤ CnEε max


∥∥∥∥∥∥
(

M∑
k=1

Hk(ε)
∗Hk(ε)

)1/2
∥∥∥∥∥∥

2n

S2n

,

∥∥∥∥∥∥
(

M∑
k=1

Hk(ε)Hk(ε)
∗

)1/2
∥∥∥∥∥∥

2n

S2n

 ,

where Hk(ε) :=
∑N

j=1 εjBj,k. We define

B̂j,k = (0| . . . |0|Bj,k|0| . . . |0) ∈ Cr×tM ,

and similarly

B̃j,k =
(
0| . . . |0|B∗j,k|0| . . . |0

)∗ ∈ CrM×t,

where in both cases the non-zero block Bj,k is the kth one. Then

B̂j,kB̂
∗
j′,k′ =

{
0 if k 6= k′,

Bj,kB
∗
j′,k if k = k′,

(6.35)

B̃∗j,kB̃j′,k′ =

{
0 if k 6= k′,

B∗j,kBj′,k if k = k′.

Since the singular values obey σk(A) = σk((AA
∗)1/2), the Schatten class norm satis-

fies ‖A‖S2n = ‖(AA∗)1/2‖S2n . This allows us to verify that∥∥∥∥∥∥
M∑
j=1

εj

M∑
k=1

B̂j,k

∥∥∥∥∥∥
S2n

=

∥∥∥∥∥∥∥
∑

j,j′

εjεj′
∑
k,k′

B̂j,kB̂
∗
j′,k′

1/2
∥∥∥∥∥∥∥
S2n

=

∥∥∥∥∥∥∥
∑

j,j′

εjεj′
∑
k

Bj,kB
∗
j′,k

1/2
∥∥∥∥∥∥∥
S2n

=

∥∥∥∥∥∥
(∑

k

Hk(ε)Hk(ε)
∗

)1/2
∥∥∥∥∥∥
S2n

.

Similarly, we also get∥∥∥∥∥∥
(∑

k

Hk(ε)
∗Hk(ε)

)1/2
∥∥∥∥∥∥
S2n

=

∥∥∥∥∥∥
M∑
j=1

εj

M∑
k=1

B̃j,k

∥∥∥∥∥∥
S2n

.
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Plugging the above expressions into (6.34) we can further estimate

E ≤ Cn

E

∥∥∥∥∥∥
M∑
j=1

εj

M∑
k=1

B̂j,k

∥∥∥∥∥∥
2n

S2n

+ E

∥∥∥∥∥∥
M∑
j=1

εj

M∑
k=1

B̃j,k

∥∥∥∥∥∥
2n

S2n

 .

Using Khintchine’s inequality (6.23) once more we obtain

E1 := E

∥∥∥∥∥∥
M∑
j=1

εj

M∑
k=1

B̂j,k

∥∥∥∥∥∥
2n

S2n

≤ Cn max


∥∥∥∥∥∥∥
∑

j

H̃jH̃
∗
j

1/2
∥∥∥∥∥∥∥

2n

S2n

,

∥∥∥∥∥∥∥
∑

j

H̃∗j H̃j

1/2
∥∥∥∥∥∥∥

2n

S2n

 ,

where H̃j =
∑M

k=1 B̂j,k. Using (6.35) we see that∑
j

H̃jH̃
∗
j =

∑
k,j

Bj,kB
∗
j,k.

Furthermore, noting that

F =


B1,1 B1,2 . . . B1,M

B2,1 B2,2 . . . B2,M
...

...
...

...
BM,1 BM,2 . . . BM,M

 =


H̃1

H̃2
...

H̃M

 ,

we have
‖(
∑
j

H̃∗j H̃j)
1/2‖2n

S2n
= ‖(F ∗F )1/2‖2n

S2n
= ‖F‖2n

S2n
.

Hence,

E1 ≤ Cn max

‖(
M∑

j,k=1

Bj,kB
∗
j,k)

1/2‖2n
S2n
, ‖F‖2n

S2n

 .

As B̃j,k differs from B̂j,k only by interchanging Bj,k with B∗j,k we obtain similarly

E2 := E‖
M∑
j=1

εj

M∑
k=1

B̃j,k‖2n
S2n
≤ Cn max

‖
M∑

j,k=1

B∗j,kBj,k)
1/2‖2n

S2n
, ‖F̃‖2n

S2n

 .
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Finally,

E ≤ Cn(E1 + E2)

≤ 2 · C2
n max


∥∥∥∥∥∥∥
 M∑
j,k=1

B∗j,kBj,k

1/2
∥∥∥∥∥∥∥

2n

S2n

,

∥∥∥∥∥∥∥
 M∑
j,k=1

Bj,kB
∗
j,k

1/2
∥∥∥∥∥∥∥

2n

S2n

,

‖F‖2n
S2n
, ‖F̃‖2n

S2n

}
.

This concludes the proof.

6.9 Dudley’s Inequality

A stochastic process is a collection Xt, t ∈ T̂ , of complex-valued random variables
indexed by some set T̂ . We are interested in bounding the moments of its supremum.
In order to avoid measurability issues (in general, the supremum of an uncountable
number of random variables might not be measurable any more) we define, for a subset
T ⊂ T̂ , the so called lattice supremum as

E sup
t∈T
|Xt| := sup{E sup

t∈F
|Xt|, F ⊂ T, F finite}. (6.36)

Note that for a countable set T , where no measurability problems can arise,
E(supt∈T |Xt|) equals the right hand side above. Dudley’s inequality, which was
originally formulated and shown in [45] for the expectation, bounds the moments
E supt∈T |Xt|p from above by a geometric quantity involving the covering numbers
of T .

We endow T̂ with the pseudometric

d(s, t) =
(
E|Xt −Xs|2

)1/2
. (6.37)

Recall that in contrast to a metric a pseudometric does not need to separate points, i.e.,
d(s, t) = 0 does not necessarily imply s = t. We assume that the increments of the
process satisfy,

P(|Xt −Xs| ≥ ud(t, s)) ≤ 2 exp
(
−u2/2

)
, t, s ∈ T̂ , u > 0. (6.38)

We will later apply Dudley’s inequality for the special case of Rademacher processes
of the form

Xt =

M∑
j=1

εjxj(t), t ∈ T̂ , (6.39)
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where εεε = (ε1, . . . , εM ) is a Rademacher sequence and the xj : T̂ → C are some
deterministic functions. Observe that

d(t, s)2 = E|Xt −Xs|2 = E|
M∑
j=1

εj(xj(t)− xj(s))|2

=

M∑
j=1

(xj(t)− xj(s))2 = ‖x(t)− x(s)‖2
2,

where x(t) denotes the vector with components xj(t), j = 1, . . . ,M . Therefore, we
define the (pseudo-)metric

d(s, t) =
(
E|Xt −Xs|2

)1/2
= ‖x(t)− x(s)‖2. (6.40)

Hoeffding’s inequality (Proposition 6.11) shows that the Rademacher process (6.39)
satisfies (6.38). Although we will need Dudley’s inequality only for Rademacher pro-
cesses here, we note that the original formulation was for Gaussian processes, see also
[3, 79, 80, 99, 125].

For a subset T ⊂ T̂ , the covering number N(T, d, ε) is defined as the smallest
integer N such that there exists a subset E ⊂ T̂ with cardinality |E| = N satisfying

T ⊂
⋃
t∈E

Bd(t, ε),

where Bd(t, ε) = {s ∈ T̂ , d(t, s) ≤ ε}. In words, T can be covered with N balls of
radius ε in the metric d. Note that some authors additionally require that E ⊂ T . For
us E ⊂ T̂ will be sufficient. Denote the diameter of T in the metric d by

∆(T ) := sup
s,t∈T

d(s, t).

With these concepts at hand our version of Dudley’s inequality reads as follows.

Theorem 6.23. LetXt, t ∈ T̂ , be a complex-valued process indexed by a pseudometric
space (T̂ , d) with pseudometric defined by (6.37) which satisfies (6.38). Then, for a
subset T ⊂ T̂ and any point t0 ∈ T it holds

E sup
t∈T
|Xt −Xt0 | ≤ C1

∫
∆(T )

0

√
ln(N(T, d, u))du+D1∆(T ) (6.41)

with constants C1 = 16.51 and D1 = 4.424. Furthermore, for p ≥ 2,(
E sup
t∈T
|Xt −Xt0 |

p

)1/p

≤ β1/p√p

(
C

∫
∆(T )

0

√
ln(N(T, d, u))du+D∆(T )

)
(6.42)

with constants C = 14.372, D = 5.818 and β = 6.028.
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We note that the estimate (6.42) also holds for 1 ≤ p ≤ 2 with possibly slightly
different constants (this can be seen, for instance, via interpolation between p = 1
and p = 2). Further, the theorem and its proof easily extend to Banach space valued
processes satisfying P(‖Xt − Xs‖ > ud(t, s)) ≤ 2e−u

2/2. Inequality (6.42) for the
increments of the process can be used in the following way to bound the supremum,(

E sup
t∈T
|Xt|p

)1/p

≤ inf
t0∈T

((
E sup
t∈T
|Xt −Xt0 |

p

)1/p

+ (E|Xt0 |
p)1/p

)

≤ β1/p√p

(∫
∆(T )

0

√
log(N(T, d, u))du+D∆(T )

)
+ inf
t0∈T

(E|Xt0 |
p)1/p .

The second term is usually easy to estimate. Further, note that for a centered real-
valued process, that is, EXt = 0 for all t ∈ T̂ , we have

E sup
t∈T

Xt = E sup
t∈T

(Xt −Xt0) ≤ E sup
t∈T
|Xt −Xt0 |. (6.43)

For completeness we also state the usual version of Dudley’s inequality.

Corollary 6.24. Let Xt, t ∈ T , be a real-valued centered process indexed by a pseu-
dometric space (T, d) such that (6.38) holds. Then

E sup
t∈T

Xt ≤ 30
∫

∆(T )

0

√
ln(N(T, d, u))du. (6.44)

Proof. As in the proof of Theorem 6.23 below, we may assume without loss of gener-
ality that ∆(T ) = 1. Then it follows that N(T, d, u) ≥ 2 for all u < 1/2. Indeed, if
N(T, d, u) = 1 for some u < 1/2 then, for any ε > 0, there would be two points of
distance at least 1 − ε that are covered by one ball of radius u, a contradiction to the
triangle inequality. Therefore,∫

∆(T )

0

√
ln(N(T, d, u))du ≥

∫ 1/2

0

√
ln(2)du =

√
ln 2
2

∆(T ).

Therefore, (6.44) follows from (6.41) and (6.43) and the estimate

C1 +
2D1√

ln 2
< 30.

Generalizations of Dudley’s inequality are contained in [80, 125]; in particular, ex-
tensions to generic chaining inequalities, or bounds of suprema of random processes
by means of majorizing measure conditions.
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Proof of Theorem 6.23. Without loss of generality we may assume that the right hand
sides of (6.41) and (6.42) are finite and non-vanishing. Otherwise, the statement be-
comes trivial. In particular, 0 < ∆(T ) < ∞ and N(T, d, u) < ∞ for all u > 0. By
eventually passing to a rescaled process X ′t = Xt/∆(T ) we may assume ∆(T ) = 1.

Now let b > 1 to be specified later. According to the definition of the covering num-
bers, there exist finite subsetsEj ⊂ T̂ , j ∈ N\{0}, of cardinality |Ej | = N(T, d, b−j)
such that

T ⊂
⋃
t∈Ej

Bd(t, b
−j).

For each t ∈ T and j ∈ N \ {0} we can therefore define πj(t) ∈ Ej such that

d(t, πj(t)) ≤ b−j .

Further set π0(t) = t0. Then by the triangle inequality

d(πj(t), πj−1(t)) ≤ d(πj(t), t) + d(πj−1(t), t) ≤ (1 + b) · b−j for all j ≥ 2

and d(π1(t), π0(t)) ≤ ∆(T ) = 1. Therefore,

d(πj(t), πj−1(t)) ≤ (1 + b) · b−j , for all j ≥ 1. (6.45)

Now we claim the chaining identity

Xt −Xt0 =
∞∑
j=1

(Xπj(t) −Xπj−1(t)) almost surely. (6.46)

Indeed, by (6.38) we have

P(|Xπj(t) −Xπj−1(t)| ≥ b
−j/2)

≤ P

(
|Xπj(t) −Xπj−1(t)| ≥

bj/2

1 + b
d(πj(t), πj−1(t))

)
≤ 2 exp

(
− 1

2(1 + b)2 b
j

)
.

This implies that
∑∞

j=1 P(|Xπj(t)−Xπj−1(t)| ≥ b
−j/2) <∞. It follows from the Borel

Cantelli lemma (Lemma 6.4) that the event that there exists an increasing sequence
j`, ` = 1, 2, . . . of integers with j` → ∞ as ` → ∞ such that |Xπj` (t)

−Xπj`−1(t)| ≥
b−j/2 has zero probability. In conclusion, |Xπj(t) − Xπj−1(t)| < b−j/2 for all j ≥ j0
and some j0 holds almost surely. Consequently, the series on the right hand side of
(6.46) converges almost surely. Furthermore,

E

∣∣∣∣∣∣Xt −Xt0 −
J∑
j=1

(Xπj(t) −Xπj−1(t))

∣∣∣∣∣∣
2

= E|Xt −XπJ (t)|
2

= d(t, πJ(t))
2 → 0 (J →∞)
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by definition (6.37) of the metric d and construction of the πj(t). The chaining identity
(6.46) follows.

Now let F be a finite subset of T . Let aj > 0, j > 0, be numbers to be determined
later. For brevity of notation we write N(T, d, b−j) = N(b−j). Then

P

max
t∈F
|Xt −Xt0 | > u

∞∑
j=1

aj


≤ P

max
t∈F

∞∑
j=1

|Xπj(t) −Xπj−1(t)| > u
∞∑
j=1

aj


≤
∞∑
j=1

P
(

max
t∈F
|Xπj(t) −Xπj−1(t)| > uaj

)

≤
∞∑
j=1

N(b−j)N(b−(j−1))max
t∈F

P
(
|Xπj(t) −Xπj−1(t)| ≥ uaj

)

≤
∞∑
j=1

N(b−j)N(b−(j−1))max
t∈F

P
(
|Xπj(t) −Xπj−1(t)| ≥

uajd(πj(t), πj−1(t))

(1 + b) · b−j

)

≤ 2
∞∑
j=1

N(b−j)N(b−(j−1)) exp
(
−u

2(bjaj)
2

2(1 + b)2

)
. (6.47)

Hereby we used that the number of possible increments |Xπj(t)−Xπj−1(t)| is bounded
by the productN(b−j)N(b−(j−1)) of the cardinalities of the setsEj andEj−1. Further,
we have applied (6.45) and (6.38). Now for a number α > 0 to be determined later,
we choose

aj =
√

2α−1(1 + b) · b−j
√

ln(bjN(b−j)N(b−(j−1))), j ≥ 1.

Continuing the chain of inequalities (6.47) yields, for u ≥ α,

P

max
t∈F
|Xt −Xt0 | > u

∞∑
j=1

aj


≤ 2

∞∑
j=1

N(b−j)N(b−(j−1))
(
bjN(b−j)N(b−(j−1))

)−u2/α2

≤ 2
∞∑
j=1

b−ju
2/α2 ≤ 2b−u

2/α2
∞∑
j=0

b−j =
2b
b− 1

b−u
2/α2

.



Compressive Sensing and Structured Random Matrices 57

Using N(b−(j−1)) ≤ N(b−j) we further obtain

Θ :=
∞∑
j=1

aj ≤
√

2α−1(b+ 1)
∞∑
j=1

b−j
√
j ln(b) + 2 ln(N(b−j))

≤
√

2α−1(b+ 1)
∞∑
j=1

b−j
√
j ln(b) + 2α−1(b+ 1)

∞∑
j=1

b−j
√

ln(N(b−j)). (6.48)

By comparing sums and integrals, the second sum in (6.48) is upperbounded by
∞∑
j=1

b−j
√

ln(N(b−j)) =
b

b− 1

∞∑
j=1

√
ln(N(b−j))

∫ b−j

b−(j+1)
du

≤ b

b− 1

∫ b−1

0

√
ln(N(T, d, u))du ≤ b

b− 1

∫
∆(T )

0

√
ln(N(T, d, u))du,

where we additionally used that N(T, d, b−j) ≤ N(T, d, u) for all u ∈ [b−(j+1), b−j ].
Plugging into (6.48) shows that

Θ ≤ C(b, α)∆(T ) + 2b(b+ 1)
α(b− 1)

∫
∆(T )

0

√
ln(N(T, d, u))du (6.49)

with

C(b, α) :=
√

2α−1(b+ 1)
√

ln(b)
∞∑
j=1

b−j
√
j, (6.50)

while
P(max

t∈F
|Xt −Xt0 | > uΘ) ≤ 2b

b− 1
b−u

2/α2
, u ≥ α.

Using that any probability is bounded by 1, Proposition 6.1 yields for the moments

E sup
t∈F
|Xt −Xt0 |

p = p

∫ ∞
0

P(sup
t∈F
|Xt −Xt0 | ≥ v)v

p−1dv

= pΘ
p

∫ ∞
0

P(sup
t∈F
|Xt −Xt0 | ≥ uΘ)up−1du

≤ pΘ
p

(∫ α

0
up−1du+

2b
b− 1

∫ ∞
α

b−u
2/α2

up−1du

)
= pΘ

p

(
αp

p
+

2b
b− 1

∫ ∞
α

b−u
2/α2

up−1du

)
.

Taking the supremum over all finite subsets F ⊂ T yields(
E sup
t∈T
|Xt −Xt0 |

p

)1/p

≤ K1(p, b, α)

∫
∆(T )

0

√
ln(N(T, d, u))du

+K2(p, b, α)∆(T ),
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where

K1(p, b, α) = p1/p 2b(b+ 1)
α(b− 1)

(
αp

p
+

2b
b− 1

∫ ∞
α

b−u
2/α2

up−1du

)1/p

,

and

K2(p, b, α) = p1/pC(b, α)

(
αp

p
+

2b
b− 1

∫ ∞
α

b−u
2/α2

up−1du

)1/p

.

(Readers who do not care about the values of the constants may be satisfied at this
point.) We choose α =

√
2 ln(b). Consider first p = 1. Lemma 10.2 in the Appendix

yields ∫ ∞
α

b−u
2/α2

du =

∫ ∞
√

2 ln(b)
e−u

2/2du ≤ 1
b
√

2 ln(b)
.

Hence,

K̂1(b) := K1(1, b,
√

2 ln(b)) ≤ 2b(b+ 1)
b− 1

+
2b(b+ 1)

ln(b)(b− 1)2 .

In order to estimate K2 we note that, for x < 1,

∞∑
j=1

xj
√
j ≤

∞∑
j=1

xjj = x
d

dx
(

∞∑
j=1

xj) =
x

(1− x)2 .

Therefore,

C(b, α) ≤
√

2 ln(b)α−1 b(b+ 1)
(b− 1)2 , (6.51)

and

K̂2(b) := K2(1, b,
√

2 ln(b)) ≤ b(b+ 1)
(b− 1)2

√
2 ln(b) +

b(b+ 1)
(b− 1)3 ln(b)

.

The choice b = 3.8 yields K̂1(3.8) ≤ 16.51 = C1 and K̂2(3.8) ≤ 4.424 = D1. This
yields the claim for p = 1.

Now assume p ≥ 2. We use the Gamma function Γ(x) =
∫∞

0 e−ttx−1dt and the

inequality Γ(x) ≤ xx−1/2

ex−1 , for x ≥ 1, see [81], to estimate (recall α =
√

2 ln(b))∫ ∞
α

b−u
2/α2

up−1du =

∫ ∞
√

2 ln(b)
e−u

2/2up−1du ≤
∫ ∞

0
e−u

2/2up−1du

= 2p/2−1
∫ ∞

0
e−ttp/2−1dt = 2p/2−1

Γ(p/2) ≤ (2/e)p/2−1(p/2)p/2−1/2

=
e√
2p

(p/e)p/2.
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This yields, recalling that p ≥ 2 and using that p1/(2p) ≤ e1/(2e),

K̂1(p) := K1(p, b,
√

2 ln b)

≤ p1/p 2b(b+ 1)√
2 ln b(b− 1)

(
(2 ln b)p/2

p
+

2b
b− 1

e√
2p

(p/e)p/2

)1/p

≤ 2b(b+ 1)
b− 1

+ p1/(2p) 2b(b+ 1)√
2 ln b(b− 1)

(√
2eb

b− 1

)1/p

e−1/2√p

≤
√

2b(b+ 1)
b− 1

(√
2eb

b− 1

)1/p
√
p+

2e1/(2e)e−1/2b(b+ 1)√
2 ln b(b− 1)

(√
2eb

b− 1

)1/p
√
p

=
√

2b(b+ 1)

(
1

b− 1
+

e1/(2e)−1/2
√

ln b(b− 1)

)(√
2eb

b− 1

)1/p
√
p.

Using (6.51) we estimate similarly

K̂2(p) := K2(p, b,
√

2 ln b)

≤ p1/p b(b+ 1)
(b− 1)2

(
(2 ln b)p/2

p
+

2b
b− 1

e√
2p

(p/e)p/2

)1/p

≤ b(b+ 1)
√

2 ln b
(b− 1)2 + p1/(2p)e−1/2 b(b+ 1)

(b− 1)2

(√
2eb

b− 1

)1/p
√
p

≤

(
b(b+ 1)

√
ln b

(b− 1)2 +
e1/(2e)−1/2b(b+ 1)

(b− 1)2

)(√
2eb

b− 1

)1/p
√
p.

In conclusion, inequality (6.42) holds with

β =

√
2eb

b− 1
, C =

√
2b(b+ 1)

(
1

b− 1
+

e1/(2e)−1/2
√

ln b(b− 1)

)
,

D =
b(b+ 1)

√
ln b

(b− 1)2 +
e1/(2e)−1/2b(b+ 1)

(b− 1)2 .

Now we choose b = 2.76 to obtain β = 6.028, C = 14.372 and D = 5.818. This
completes the proof.

6.10 Deviation Inequalities for Suprema of Empirical Processes

The strong probability estimate of Theorem 4.4 depends on a deviation inequality for
suprema of empirical processes that we present in this section. Let Y1, . . . ,YM be



60 Holger Rauhut

independent random vectors in Cn and let F be a countable collection of functions
from Cn into R. We are interested in the random variable

Z = sup
f∈F

M∑
`=1

f(Y`), (6.52)

that is, the supremum of an empirical process. The next theorem estimates the proba-
bility that Z deviates much from its mean.

Theorem 6.25. Let F be a countable set of functions f : Cn → R. Let Y1, . . . ,YM

be independent copies of a random vector Y on Cn such that Ef(Y) = 0 for all
f ∈ F , and assume f(Y) ≤ 1 almost surely. Let Z be the random variable defined in
(6.52) and EZ its expectation. Let σ2 > 0 such that E

[
f(Y)2

]
≤ σ2 for all f ∈ F .

Set vM =Mσ2 + 2EZ. Then, for all t > 0,

P(Z ≥ EZ + t) ≤ exp(−vMh(t/vM )) ≤ exp
(
− t2

2vM + 2t/3

)
, (6.53)

where h(t) = (1 + t) ln(1 + t)− t.

This theorem, in particular, the left-hand inequality (6.53), is taken from [14]. The
second inequality in (6.53) follows from h(t) ≥ t2

2+2t/3 for all t > 0. IfF consists only
of a single function f , then Theorem 6.25 reduces to the ordinary Bernstein or Bennett
inequality [6, 134]. Hence, (6.53) can be viewed as a far reaching generalization of
these inequalities.

The proof of (6.53), which uses the concept of entropy, is beyond the scope of
these notes. We refer the interested reader to [14]. Deviation inequalities for suprema
of empirical processes were already investigated in the 1980ies by P. Massart and
others, see e.g. [84, 1]. M. Talagrand obtained major breakthroughs in [122, 123],
in particular, he obtained also a concentration inequality of the following type: Let
Y1, . . . ,YM be independent random vectors and |f(Y`)| ≤ 1 almost surely for all
f ∈ F and all ` = 1, . . . ,M . Then

P(|Z − EZ| ≥ t) ≤ 3 exp
(
− t

C
log
(

1 +
t

Mσ2

))
, (6.54)

where C > 0 is a universal constant. The constants in the deviation and concentra-
tion inequalities were successfully improved in [85, 107, 108, 14, 77]. Extensions of
deviation and concentration inequalities can be found in [10, 9, 79].

7 Proof of Nonuniform Recovery Result for Bounded
Orthonormal Systems

In this section we prove Theorem 4.2.
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7.1 Nonuniform Recovery with Coefficients of Random Signs

In order to obtain nonuniform recovery results we use the recovery condition for indi-
vidual vectors, Corollary 2.9. In order to simplify arguments we also choose the signs
of the non-zero coefficients of the sparse vector at random. A general recovery result
reads as follows.

Proposition 7.1. Let A = (a1, . . . ,aN ) ∈ Cm×N and let S ⊂ [N ] of size |S| = s.
Assume AS is injective and

‖A†Sa`‖2 ≤ α < 1/
√

2 for all ` /∈ S, (7.1)

where A† is the Moore-Penrose pseudo-inverse of AS . Let εεε = (εj)j∈S ∈ Cs be a
(random) Rademacher or Steinhaus sequence. Then with probability at least

1− 23/4(N − s) exp(−α−2/2)

every vector x ∈ CN with support S and sgn(xS) = εεε is the unique solution to the
`1-minimization problem (2.12).

Proof. In the Rademacher case the union bound and Hoeffding’s inequality, Corollary
6.10, yield

P(max
`/∈S
|〈A†Sa`, sgn(xS)〉| ≥ 1) ≤

∑
`/∈S

P
(
|〈A†Sa`, sgn(xS)〉| ≥ ‖A†Sa`‖2α

−1
)

≤ (N − s)23/4 exp(−α−2/2).

In the Steinhaus case we even obtain a better estimate from Corollary 6.13. An appli-
cation of Corollary 2.9 finishes the proof.

In view of the previous proposition it is enough to show that ‖A†Sa`‖2 is small. The
next statement indicates a way how to pursue this task.

Proposition 7.2. Let A ∈ Cm×N with coherence µ and let S ⊂ [N ] of size s. Assume
that

‖A∗SAS − Id‖2→2 ≤ δ (7.2)

for some δ ∈ (0, 1). Then

‖A†Sa`‖2 ≤
√
sµ

1− δ
for all ` /∈ S.

Proof. By definition of the operator norm

‖A†Sa`‖2 = ‖(A∗SAS)−1A∗Sa`‖2 ≤ ‖(A∗SAS)−1‖2→2‖A∗Sa`‖2. (7.3)
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The Neumann series yields

‖(A∗SAS)−1‖2→2 = ‖
∞∑
k=0

(Id−A∗SAS)k‖2→2 ≤
∞∑
k=0

‖Id−A∗SAS‖k2→2

≤
∞∑
k=0

δk =
1

1− δ

by the geometric series formula. The second term in (7.3) can be estimated using the
coherence,

‖A∗Sa`‖2 =

√∑
j∈S
|〈a`,aj〉|2 ≤

√
sµ.

Combining the two estimates completes the proof.

We note that in contrast to the usual definition of coherence, we do not require the
columns ofA to be normalized in the previous statement. Condition (7.2) is a different
way of saying that the eigenvalues of A∗SAS are contained in [1− δ, 1 + δ], or that the
singular values of AS are contained in [

√
1− δ,

√
1 + δ].

7.2 Condition Number Estimate for Column Submatrices

Let us return now to the situation of Theorem 4.4. Proposition 7.2 requires to provide
an estimate on the coherence of A and on ‖A∗SAS − Id‖2→2. The latter corresponds
to a probabilistic condition number estimate of a column submatrix of the structured
random matrix A of the form (4.4). The estimate of the coherence will follow as a
corollary. (Note, however, that the coherence alone might be estimated with simpler
tools, see for instance [78].) The main theorem of this section reads as follows.

Theorem 7.3. LetA ∈ Cm×N be the sampling matrix (4.4) associated to an orthonor-
mal system that satisfies the boundedness condition (4.2) for some constant K ≥ 1.
Let S ⊂ [N ] be of cardinality |S| = s ≥ 2. Assume that the random sampling points
t1, . . . , tm are chosen independently according to the orthogonalization measure ν.
Let δ ∈ (0, 1/2]. Then with probability at least

1− 23/4s exp
(
− mδ2

C̃K2s

)
, (7.4)

where C̃ = 9 +
√

17 ≈ 13.12, the normalized matrix Ã = 1√
m
A satisfies

‖Ã∗SÃS − Id‖2→2 ≤ δ.

We note that the theorem also holds for 1/2 ≤ δ < 1 with a slightly larger constant
C̃.
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Proof. Denote by X` = (ψj(t`))j∈S ∈ Cs a column vector of A∗S . By independence
of the t` these are i.i.d. random vectors. Their 2-norm is bounded by

‖X`‖2 =

√∑
j∈S
|ψj(t`)|2 ≤ K

√
s. (7.5)

Furthermore,

E (X`X
∗
` )j,k = E

[
ψk(t`)ψj(t`)

]
=

∫
D
ψj(t)ψk(t)dν(t) = δj,k, j, k ∈ S,

or in other words, EX`X
∗
` = Id. Using symmetrization, Lemma 6.7, we estimate, for

p ≥ 2,

Ep := E‖Ã∗SÃS − Id‖p2→2 = E‖ 1
m

m∑
`=1

(X`X
∗
` − EX`X

∗
` ) ‖

p
2→2

≤
(

2
m

)p
E‖

m∑
`=1

ε`X`X
∗
`‖
p
2→2,

where εεε = (ε1, . . . , εm) is a Rademacher sequence, independent of X1, . . . ,Xm. Now,
we are in the position to apply Rudelson’s lemma 6.18. To this end we note thatAS has
rank at most s. Using Fubini’s theorem and applying Rudelson’s lemma conditional
on (X1, . . . ,Xm) yields

Ep ≤
(

2
m

)p
23/4spp/2e−p/2E

[
‖AS‖p2→2 max

`∈[m]
‖X`‖p2

]

≤
(

2√
m

)p
23/4spp/2e−p/2

√
E‖Ã∗SÃS‖

p
2→2E

[
max
`∈[m]

‖X`‖2p
2

]
. (7.6)

In the last step we applied the Cauchy Schwarz inequality. Using the bound (7.5),
which holds for all realizations of X1, . . . ,Xm, inserting the identity Id into the oper-
ator norm and applying the triangle inequality yields

Ep ≤
(

2√
m

)p
23/4spp/2e−p/2sp/2Kp

√
E
[
(‖Ã∗SÃS − Id‖2→2 + 1)p

]
≤
(

2K
√

s

m

)p
23/4se−p/2pp/2

(
(E‖Ã∗SÃS − Id‖p2→2)

1/p + 1
)p/2

.

Denoting

Dp,m,s = 2K
√

s

m
23/(4p)s1/pe−1/2√p

we have deduced

E1/p
p ≤ Dp,m,s

√
E

1/p
p + 1.
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Squaring this inequality and completing the squares yields

(E1/p
p −D2

p,m,s/2)2 ≤ D2
p,m,s +D4

p,m,s/4,

which gives

E1/p
p ≤

√
D2
p,m,s +D4

p,m,s/4 +D2
p,m,s/2 (7.7)

Assuming Dp,m,s ≤ 1/2 this yields

E1/p
p ≤

√
1 +

1
16
Dp,m,s +

1
4
Dp,m,s = κDp,m,s (7.8)

with κ =
√

17+1
4 . Hence,(

Emin{1/2, ‖Ã∗SÃS − Id‖p2→2}
)1/p

≤ min{1/2, (E‖Ã∗SÃS − Id‖p2→2)
1/p)}

≤ κDp,M,s.

It follows from Proposition 6.5 that for u ≥
√

2,

P
(

min{1/2, ‖Ã∗SÃS − Id‖2→2} ≥ 2κK
√

s

m
u

)
≤ 23/4s exp(−u2/2),

hence, for 2κK
√

2s
m ≤ δ ≤ 1/2

P(‖A∗SAS − Id‖2→2 ≥ δ) ≤ 23/4s exp
(
− mδ2

8κ2K2s

)
. (7.9)

The right hand side in (7.9) is less than ε provided

m ≥ C̃K2s

δ2 ln(23/4s/ε) (7.10)

with C̃ = 8κ2 = (
√

17 + 1)2/2 = 9 +
√

17 ≈ 13.12. In order to have a non-trivial
statement we must have ε < 1. In fact, for s ≥ 2 condition (7.10) then implies that δ ≥
2κK

√
2s/m. We conclude that (7.9) holds trivially also for 0 < δ < 2κK

√
2s/m,

which finishes the proof.

The above proof followed ideas contained in [115, 136]. Similar techniques were
used in [92]. We remark that in the special case of the trigonometric system (examples
(1) and (4) in Section (4.1)), the constant 13.12 in (7.4) can be essentially improved
to 3e ≈ 8.15 (see [65] for the precise statement) by exploiting the algebraic structure
of the Fourier system [102, 65]. Indeed, one may estimate E‖ 1

mA
∗
SAS − Id‖2n

S2n
=

ETr
(
( 1
mASAS − Id)n

)
directly in this case, i.e., without Rudelson’s lemma or the
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Khintchine inequality. This approach, however, is more technical and uses elements
from combinatorics.

Note furthermore that the conclusion of the theorem can be reformulated as follows:
If for ε ∈ (0, 1), δ ∈ (0, 1/2] condition (7.10) holds, then with probability at least 1−ε
the normalized matrix Ã = 1√

m
A satisfies

‖Ã∗SÃS − Id‖2→2 ≤ δ.

The above proof also indicates how the boundedness condition (4.2) may be weak-
ened. Indeed, the term Emax`∈[m] ‖X`‖2p

2 in (7.6) was estimated by K2psp using the
boundedness condition (4.2). Instead, we might actually impose also finite moment
conditions of the form

sup
j∈[N ]

∫
D
|ψj(t)|pdν(t) ≤ Kp, 2 ≤ p <∞.

A suitable growth condition on the constants Kp should then still allow a probabilistic
estimate of ‖Ã∗SÃS − Id‖2→2 – possibly with a worse probability decay than in (7.4).
Details remain to be worked out.

Let us now turn to the probabilistic estimate of the coherence of the matrix A in
(4.4)

Corollary 7.4. LetA ∈ Cm×N be the sampling matrix (4.4) associated to an orthonor-
mal system that satisfies the boundedness condition (4.2) for some constant K ≥ 1.
Then the coherence of the renormalized matrix Ã = 1√

m
A satisfies

µ ≤

√
2C̃K2 ln(23/4N2/ε)

m

with probability at least 1 − ε – provided the right hand side is at most 1/2. The
constant is the same as in the previous statement, C̃ = 9 +

√
17 ≈ 13.12.

Proof. Let S = {j, k} be a two element set. Then the matrix Ã∗SÃS − Id contains
〈ãj , ãk〉 as a matrix entry. Since the absolute value of any entry of a matrix is bounded
by the operator norm of the matrix on `2, we have

|〈ãj , ãk〉| ≤ ‖Ã∗SÃS − Id‖2→2.

By Theorem 7.3 the probability that the operator norm on the right is not bounded by
δ ∈ (0, 1/2] is at most

23/4 · 2 exp
(
− mδ2

C̃K2 · 2

)
.
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Taking the union bound over all N(N − 1)/2 ≤ N2/2 two element sets S ⊂ [N ]
shows that

P(µ ≥ δ) ≤ 23/4N2 exp
(
− mδ2

2C̃K2

)
.

Requiring that the right hand side is at most ε leads to the desired conclusion.

7.3 Finishing the proof

Now we complete the proof of Theorem 4.2. Set α =
√
st

1−δ for some t, δ ∈ (0, 1/2]
to be chosen later. Let µ be the coherence of Ã = 1√

m
A. By Proposition 7.1 and

Proposition 7.2 the probability that recovery by `1-minimization fails is bounded from
above by

23/4(N − s)e−α−2/2 + P
(

max
`∈[N ]\S

‖Ã†S ã`‖2 ≥ α
)

≤ 23/4(N − s)e−α−2/2 + P(‖Ã∗SÃS − Id‖2→2 > δ) + P(µ > t). (7.11)

By Theorem 7.3 we have P(‖Ã∗SÃS − Id‖2→2 > δ) ≤ ε provided

m ≥ C̃K2

δ2 s ln(23/4s/ε), (7.12)

while Corollary 7.4 asserts that P(µ > t) ≤ ε provided

m ≥ 2C̃K2

t2
ln(23/4N2/ε). (7.13)

Set t = δ
√

2
s . Then (7.13) implies (7.12), and α = δ

√
2

1−δ . The first term in (7.11) is
then bounded by ε if

δ−2 = 4 ln(23/4N/ε).

Plugging this into the definition of t and then into (7.13) we find that recovery by
`1-minimization fails with probability at most 3ε provided

m ≥ C̃K2s ln(23/4N/ε) ln(23/4N2/ε)

= C̃K2s ln(23/4N/ε)
(

ln(N) + ln(23/4N/ε)
)
.

Replacing ε by ε/3, this is satisfied if (4.18) holds with C = 2C̃.
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8 Proof of Uniform Recovery Result for Bounded
Orthonormal Systems

In this chapter we first prove the theorem below concerning the restricted isometry
constants δs of Ã = 1√

m
A, associated to random sampling in bounded orthogonal

system, see (4.4). Rudelson and Vershynin have shown an analog result for discrete
orthonormal systems in [116]. Later in Section 8.6 we strengthen Theorem 8.1 to
Theorem 8.4, which ultimately shows Theorem 4.4.

Theorem 8.1. Let A ∈ Cm×N be the sampling matrix (4.4) associated to an or-
thonormal system that satisfies the boundedness condition (4.2) for some constant
K ≥ 1. Assume that the random sampling points t1, . . . , tm are chosen indepen-
dently at random according to the orthogonalization measure ν. Suppose, for some
ε ∈ (0, 1), δ ∈ (0, 1/2], that

m

ln(10m)
≥ DK2δ−2s ln2(100s) ln(4N) ln(7ε−1) (8.1)

where the constant D ≤ 163 932, then with probability at least 1 − ε the restricted
isometry constant of the renormalized matrix 1√

m
A satisfies δs ≤ δ.

8.1 Start of Proof

We use the characterization of the restricted isometry constants in Proposition 2.5(b),

δs = max
S⊂N,|S|≤s

‖Ã∗SÃS − Id‖2→2.

Let us introduce the set

D2
s,N := {z ∈ CN , ‖z‖2 = 1, ‖z‖0 ≤ s} =

⋃
S⊂[N ],|S|=s

S2
S ,

where S2
S = {z ∈ CN , ‖z‖2 = 1, supp z ⊂ S}. The quantity

|||B|||s := sup
z∈D2

s,N

|〈Bz, z〉|

defines a norm on self-adjoint matrices B = B∗ ∈ CN×N (a semi-norm on all of
CN×N ), and

δs = |||Ã∗Ã− Id|||s.

Let X` =
(
ψj(t`)

)N
j=1
∈ CN be the random column vector associated to the sam-

pling point t`, ` ∈ [m]. Then X∗` is a row of A. Observe that EX`X
∗
` = Id by the

orthogonality relation 4.1. We can express the restricted isometry constant of Ã as

δs = |||
1
m

m∑
`=1

X`X
∗
` − Id|||s =

1
m
|||
m∑
`=1

(X`X
∗
` − EX`X

∗
` )|||s. (8.2)
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Let us first consider the moments of δs. Using symmetrization (Lemma 6.7) we esti-
mate, for p ≥ 1,(

E|||
m∑
`=1

(X`X
∗
` − EX`X

∗
` )|||

p
s

)1/p

≤ 2

(
E|||

m∑
`=1

ε`X`X
∗
` |||
p
s

)1/p

. (8.3)

where εεε = (ε1, . . . , εm) is a Rademacher sequence, which is independent of the ran-
dom sampling points t`, ` ∈ [m].

8.2 The Crucial Lemma

The following lemma, which heavily relies on Dudley’s inequality, is key to the esti-
mate of the moments in (8.3).

Lemma 8.2. Let x1, . . . ,xm be vectors in CN with ‖x`‖∞ ≤ K for ` ∈ [m] and
assume s ≤ m. Then,

E|||
m∑
`=1

ε`x`x
∗
` |||s ≤ C̃1K

√
2 ln(100s)

√
ln(4N) ln(10m)

√√√√||| m∑
`=1

x`x
∗
` |||s (8.4)

where C̃1 = 78.04. Furthermore, for p ≥ 2,(
E|||

m∑
`=1

ε`x`x
∗
` |||
p
s

)1/p

≤ β1/pC̃2
√
pK
√
s ln(100s)

√
ln(4N) ln(10m)

√√√√||| m∑
`=1

x`x
∗
` |||s, (8.5)

where C̃2 ≈ 67.97 and β = 6.028 is the constant in Dudley’s inequality (6.42).

PROOF. We introduce the norm

‖z‖∗1 :=
N∑
j=1

(|Re(zj)|+ | Im(zj)|), z ∈ CN ,

which is the usual `1-norm after identification of CN with R2N . By the Cauchy-
Schwarz inequality we have ‖z‖∗1 ≤

√
2s‖z‖2 =

√
2s for z ∈ D2

s,N .
Now we write out the norm on the left hand side of (8.4)

|||
m∑
`=1

ε`x`x
∗
` |||s = sup

z∈D2
s,N

∣∣∣∣∣
m∑
`=1

ε`|〈x`, z〉|2
∣∣∣∣∣

≤
√

2s sup
z∈D2

s,N

∣∣∣∣∣
m∑
`=1

ε`|〈x`, z/
√
‖z‖∗1〉|

2

∣∣∣∣∣ . (8.6)
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Introduce

Xz :=
m∑
`=1

ε`|〈x`, z/
√
‖z‖∗1〉|

2, z ∈ CN \ {0}.

Then (8.6) is actually the supremum of this Rademacher process over D2
s,N . For tech-

nical reasons we introduce X0 := 0, so that then Xz is defined on all of CN . Addi-
tionally, we enlarge our original set of interest, D2,0

s,N = D2
s,N ∪ {0}. Then Dudley’s

inequality, Theorem 6.23, yields

Ep :=

(
E|||

m∑
`=1

ε`x`x
∗
` |||
p
s

)1/p

=

E sup
z∈D2

s,N

|Xz|p
1/p

=

E sup
z∈D2,0

s,N

|Xz −X0|p
1/p

≤ β1/p√p
(
C

∫ ∞
0

√
ln(N(D2,0

s,N , d, u))du+D∆(D2,0
s,N )

)
,

whereN(D2,0
s,N , d, t) denotes the covering numbers and ∆(D2,0

s,N ) the diameter ofD2,0
s,N ⊂

CN with respect to the (pseudo-)metric d defined in (6.37), that is,

d(u,v) =

√√√√ m∑
`=1

(
|〈x`,u〉|2

‖u‖∗1
− |〈x`,v〉|

2

‖v‖∗1

)2

, u,v ∈ CN \ {0},

and

d(u, 0) =

√√√√ m∑
`=1

|〈x`,u〉|4

(‖u‖∗1)2 .

Let u,v ∈ D2
s,N and assume without loss of generality that ‖u‖∗1 ≤ ‖v‖∗1. Then we

can estimate

d(u,v) =

(
m∑
`=1

(
|〈x`,u〉|
‖u‖∗1

− |〈x`,v〉|
‖v‖∗1

)2

× (|〈x`,u〉|+ |〈x`,v〉| − |〈x`,u〉〈x`,v〉|(1/‖u‖∗1 − 1/‖v‖∗1))
2
)1/2

≤ max
`∈[m]

∣∣∣∣ |〈x`,u〉|‖u‖∗1
− |〈x`,v〉|
‖v‖∗1

∣∣∣∣ sup
u,v∈D2

s,N

√√√√ m∑
`=1

(|〈x`,u〉|+ |〈x`,v〉|)2

≤ 2R max
`∈[m]

∣∣∣∣〈x`, u

‖u‖∗1
− v

‖v‖∗1

〉∣∣∣∣ .
where

R = sup
u∈D2

s,N

√√√√ m∑
`=1

|〈x`,u〉|2 =

√√√√||| m∑
`=1

x`x
∗
` |||s.
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It is even simpler to deduce d(u, 0) ≤ Rmax`∈[m]

∣∣∣〈x`, u
‖u‖∗1

〉∣∣∣ . We further introduce
the auxiliary pseudo-metric

d̃(u,v) := max
`∈[m]

∣∣∣∣〈x`, u

‖u‖∗1
− v

‖v‖∗1

〉∣∣∣∣ ,u,v ∈ CN \ {0}.

Using basic monotonicity and rescaling properties of the covering numbers and the
diameter we obtain

Ep ≤ 2
√

2sβ1/pR

(
C

∫ ∞
0

√
ln(N(D2,0

s,N , d̃, t))du+D∆(D2,0
s,N , d̃)

)
, (8.7)

where ∆(D2,0
s,N , d̃) denotes the diameter with respect to the pseudo-metric d̃.

The mapping u 7→ h(u) = u
‖u‖∗1

is a bijection between D2
s,N and

D1
s,N := {z ∈ CN : ‖z‖∗1 = 1, ‖z‖0 ≤ s},

which transforms the pseudo-metric d̃ into the pseudo-metric induced by the semi-
norm

‖u‖X = max
`∈[m]

|〈x`,u〉|, (8.8)

i.e., ‖h(u) − h(v)‖X = d̃(u,v). Distances to 0 are also left invariant under this
transformation. This implies

N(D2,0
s,N , d̃, t) = N(D1,0

s,N , ‖ · ‖X , t) for all t > 0,

whereD1,0
s,N = D1

s,N∪{0}. Our task consists in estimating the latter covering numbers.
To this end we distinguish between small and large values of t. For small values, we
use the embedding D1

s,N ⊂ SN1 = {x ∈ CN , ‖x‖∗1 = 1}.

8.3 Covering Number Estimate

The next lemma provides an estimate of the covering numbers of an arbitrary subset
of SN1 .

Lemma 8.3. Let U be a subset of SN1 ∪ {0} and 0 < t <
√

2K. Then√
ln(N(U, ‖ · ‖X , t)) ≤ 3K

√
ln(10m) ln(4N)t−1.

Proof. Fix x ∈ U \{0}. The idea is to approximate x by a finite set of very sparse vec-
tors. In order to find a vector z from this finite set that is close to x we use the so called
empirical method of Maurey [24, 98]. To this end we define a random vector Z that
takes the value sgn(Re(xj))ej with probability |Re(xj)| and the value i sgn(Im(xj))ej
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with probability | Im(xj)| for j = 1, . . . , N . Here, ej denotes the jth canonical unit
vector, (ej)k = δj,k. Since ‖x‖∗1 = 1 this is a valid probability distribution. Note that

EZ =
N∑
j=1

sgn(Re(xj))|Re(xj)|ej + i
N∑
j=1

sgn(Im(xj))| Im(xj)|ej = x.

Let Z1, . . . ,ZM be independent copies of Z, where M is a number to be determined
later. We attempt to approximate x with the M -sparse vector

z =
1
M

M∑
k=1

Zk.

We estimate the expected distance of z to x in ‖ · ‖X by first using symmetrization
(Lemma 6.7),

E‖z− x‖X = E‖ 1
M

M∑
k=1

(Zk − EZk)‖X ≤
2
M

E‖
M∑
k=1

εkZk‖X

=
2
M

E max
`∈[m]

∣∣∣∣∣
M∑
k=1

εk〈x`,Zk〉

∣∣∣∣∣ ,
where εεε is a Rademacher sequence, which is independent of (Z1, . . . ,ZM ). Now we
fix a realization of (Z1, . . . ,ZM ) and consider only expectation and probability with
respect to εεε for the moment (that is, condiitional on (Z1, . . . ,ZM )). Since ‖x`‖∞ ≤ K
and Zk has only a single non-zero component of magnitude 1, we have |〈x`,Zk〉| ≤ K.
It follows that

‖(〈x`,Zk〉)Mk=1‖2 ≤
√
MK, ` ∈ [m].

Using Hoeffding’s inequality (Proposition 6.11) we obtain

Pεεε

(
|
M∑
k=1

εk〈x`,Zk〉| > K
√
Mu

)
≤ Pεεε

(
|
M∑
k=1

εk〈x`,Zk〉| > ‖(〈x`,Zk〉)Mk=1‖2u

)
≤ 2e−u

2/2, for all u > 0, ` ∈ [m].

Lemma 6.6 yields

E max
`∈[m]

|
M∑
k=1

εk〈x`,Zk〉| ≤ CK
√
M
√

ln(8m) (8.9)

with C =
√

2 + 1
4
√

2 ln(8)
≈ 1.499 < 1.5. By Fubini’s theorem we finally obtain

E‖z− x‖X ≤
2
M

EZEεεε max
`∈[m]

∣∣∣∣∣
M∑
k=1

εk〈x`,Zk〉

∣∣∣∣∣ ≤ 3K√
M

√
ln(8m) .
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This implies that there exists a vector of the form

z =
1
M

M∑
k=1

zk, (8.10)

where each zk is one of the vectors in {±ej ,±iej : j ∈ [N ]}, such that

‖z− x‖X ≤
3K√
M

√
ln(8m). (8.11)

(Note that z has sparsity at most M .) In particular,

‖z− x‖X ≤ t (8.12)

provided
3K√
M

√
ln(8m) ≤ t. (8.13)

Each zk takes 4N values, so that z can take at most (4N)M values. (Actually, it takes
strictly less than (4N)M values, since if some ej appears more than once in the sum,
then it always appears with the same sign.) For each x ∈ U we can therefore find a
vector z of the form (8.10) such that ‖x − z‖X ≤ t. Further, the vector 0 is covered
as well, when simply adding it to the covering. (This enlarges the size of the covering
only by one, and therefore it still has cardinality at most (4N)M .) Hence, we provided
a covering of U , also when 0 ∈ U . The choice

M =

⌊
9K2

t2
ln(10m)

⌋
satisfies (8.13). Indeed, then

M ≥ 9K2

t2
ln(10m)− 1 =

9K2

t2
ln(8m) +

9K2 ln(10/8)
t2

− 1

≥ 9K2

t2
ln(8m) +

9 ln(10/8)
2

− 1 ≥ 9K2

t2
ln(8m)

since t ≤
√

2K and 9 ln(10/8)
2 > 1. Therefore, (8.13) is satisfied. We deduce that the

covering numbers can be estimated by

√
ln(N(U, ‖ · ‖X , t)) ≤

√
ln((4N)M ) ≤

√⌊
9K2

t2
ln(10m)

⌋
ln(4N)

≤ 3K
√

ln(10m) ln(4N)t−1,

This completes the proof of the lemma.
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8.4 Finishing the Proof of the Crucial Lemma

The estimate of the covering number in the lemma of the previous section will be good
for larger values of t. For small values of t we use a volumetric argument. First note
that by duality of `1 and `∞ we have

‖x‖X = max
`∈[m]

|〈x`,x〉| ≤ ‖x‖1 max
`∈[m]

‖x`‖∞ ≤
√

2‖x‖∗1K =
√

2K

for all x ∈ CN with ‖x‖∗1 = 1. Hence, S1
S = {x ∈ CN , ‖x‖∗1 = 1, suppx ⊂ S} is

contained in
√

2KBX where BX = {x ∈ CN , ‖x‖X ≤ 1}. Using Proposition 10.1
on covering numbers of subsets of unit spheres we obtain (identifying S1

S with a subset
of R2|S|)

N(S1
S ∪ {0}, ‖ · ‖X , t) ≤

(
1 +

2
√

2K
t

)2|S|

.

Our set of interest can be written as

D1,0
s,N =

⋃
S⊂[N ],|S|≤s

S1
S ∪ {0}.

There are

(
N

s

)
=
N(N − 1) · · · (N − s+ 1)

s!
≤ N s

s!
=
ss

s!
N s

ss
≤ esN

s

ss
=

(
eN

s

)s

subsets of [N ] of cardinality s. Hence, by subadditivity of the covering numbers we
obtain

N(D1,0
s,N , ‖ · ‖X , t) ≤ (eN/s)s

(
1 +

2
√

2K
t

)2s

. (8.14)

Next we note that D1,0
s,N ⊂

√
2KBX, so that

∆(D1,0
s,N , ‖ · ‖X) ≤

√
2K. (8.15)
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We obtain, for κ ∈ (0,
√

2K),

I :=
∫

∆(D2,0
s,N )

0

√
ln(N(D2,0

s,N , d̃, t))dt =

∫ √2K

0

√
ln(N(D1,0

s,N , ‖ · ‖X , t))dt

≤
√
s

∫ κ

0

√
ln(eN/s) + 2 ln

(
1 + 2

√
2Kt−1

)
dt

+ 3K
√

ln(10m) ln(4N)

∫ √2K

κ
t−1dt

≤ κ
√
s
√

ln(eN/s) + 4K
√
s

∫ κ/(2
√

2K)

0

√
ln(1 + t−1)dt

+ 3K
√

ln(10m) ln(4N) ln(
√

2K/κ)

≤ κ
√
s

(√
ln(eN/s) +

4
2
√

2

√
ln(e(1 + 2

√
2Kκ−1))

)
+ 3K

√
ln(10m) ln(4N) ln(

√
2K/κ). (8.16)

In the last step we have applied Lemma 10.3. The choice κ = 2
√

2
20 K/

√
s yields

I ≤ 2
√

2K
20

√
ln(eN/s) +

K

5

√
ln
(
e
(
1 + 20

√
s
))

+ 3K
√

ln(10m) ln(4N) ln
(√

100s
)

≤ C0K
√

ln(10m) ln(4N) ln (100s) .

where C0 =
√

2
10 + 1

5
√

2 ln(100)
+ 3/2 ≈ 1.67. Hereby, we applied the inequality√

ln(e(1 + 20
√
s)) ≤

√
ln(100s)/2 + ln(21e/10)

≤ 1√
2 ln(100)

ln(100s)
√

ln(21e/10)

≤ 1√
2 ln(100)

ln(100s)
√

ln(10m) ln(4N).

Plugging the above estimate and (8.15) into (8.7) yields

Ep ≤ β1/p√s2
√

2
(
C0CK

√
ln(10m) ln(4N) ln (100s) +

√
2DK

)
R

≤ β1/pC̃2
√
s
√

ln(10m) ln(4N) ln (100s)R,

where, for p ≥ 2, (and N,m ≥ 2),

C̃ = C̃2 = 2
√

2

(
C0C +

√
2D

C0C
√

ln(20) ln(8) ln(100)

)
≈ 67.97.
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For the case p = 1 we can use the slight better constants C1 and D1 in Dudley’s
inequality (6.41) to obtain

C̃ = C̃1 = 2
√

2

(
C0C1 +

√
2D1

C1C
√

ln(20) ln(8) ln(100)

)
≈ 78.04.

The proof of Lemma 8.2 is completed.

8.5 Completing the Proof of Theorem 8.1

We proceed similarly as in Section 7.2. Denote, for p ≥ 2,

Ep := (Eδps)1/p =

(
E||| 1
m

m∑
`=1

X`X
∗
` − Id|||ps

)1/p

.

Then (8.3) together with Lemma (8.2) yields

Epp ≤
(

2DN,m,s,p√
m

)p
E||| 1
m

m∑
`=1

X`X
∗
` − Id|||p/2

s

≤
(

2DN,m,s,p√
m

)p
E

(
||| 1
m

m∑
`=1

X`X
∗
` − Id|||s + 1

)p/2

, (8.17)

where
DN,m,s,p = β1/pC̃2

√
pK
√
s ln(100s)

√
ln(4N) ln(10m)

Using the triangle inequality we conclude that

Ep ≤
2DN,m,s,p√

m

√
Ep + 1.

Proceeding in the same way as in Section 7.2, see (7.8), and setting κ =
√

17+1
4 yields

(Emin{1/2, δs}p)1/p ≤
2κDN,m,s,p√

m

= β1/p2κC̃2
√
p

√
s

m

√
s ln(100s)

√
ln(4N) ln(10m), p ≥ 2.

(8.18)

Proposition (6.5) shows that for all u ≥ 2,

P
(

min{1/2, δs} ≥ 2κe1/2C̃2

√
s

m
ln(100s)

√
ln(4N) ln(10m) u

)
< 7e−u

2/2,

where we used that β < 7. Expressed differently, δs ≤ δ ≤ 1/2 with probability at
least 1− ε provided

m ≥ Dδ−2s ln2(100s) ln(4N) ln(10m) ln(7ε−1)

with D = 2(2κe1/2C̃2)
2 ≈ 163 931.48 < 163 932.
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8.6 Strengthening the Probability Estimate

In this section we slightly improve on Theorem 8.1. The next theorem immediately
implies Theorem 4.4 by noting Theorems 2.6 and 2.7. Its proof uses the deviation
inequality of Section 6.10.

Theorem 8.4. Let A be the random sampling matrix (4.4) associated to random sam-
pling in a bounded orthonormal system obeying (4.2) with some constant K ≥ 1. Let
ε ∈ (0, 1), δ ∈ (0, 1/2]. If

m

ln(10m)
≥ Cδ−2K2s ln2 (100s) ln(4N), (8.19)

m ≥ Dδ−2K2s ln(ε−1),

then with probability at least 1−ε the restricted isometry constant δs of 1√
m
A satisfies

δs ≤ δ. The constants satisfy C ≤ 17 190 and D ≤ 456.

Proof. Set E = Eδs. Using Lemma 8.2 for p = 1 and proceeding similarly as in the
preceding section we obtain

E ≤
2DN,m,s,1√

m

√
E + 1 = GN,m,s

√
E + 1

with

GN,m,s = C ′
√

s

m
ln(100s)

√
ln(10m) ln(4N)

and C ′ = 2C̃1. It follows from (7.7) that, if

GN,m,s ≤ σδ, with σ := 0.84 (8.20)

for δ ≤ 1/2, then
E ≤ Eδs < 8δ/9.

It remains to show that δs does not deviate much from its expectation with high prob-
ability. To this end we use the deviation inequality of Theorem 6.25. By definition of
the norm |||·|||s we can write

mδs = |||
m∑
`=1

(X`X
∗
` − Id)|||s = sup

S⊂[N ],|S|≤s
‖

m∑
`=1

(XS
` (X

S
` )
∗ − IdS)‖2→2

= sup
(z,w)∈Q2

s,N

Re

(
〈
m∑
`=1

(X`X
∗
` − Id)z,w〉

)

= sup
(z,w)∈Q2,∗

s,N

m∑
`=1

Re

(〈
m∑
`=1

(X`X
∗
` − Id)z,w

〉)
,
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where XS
` denotes the vector X` restricted to the entries in S, and

Q2
s,N =

⋃
S⊂[N ],|S|≤s

QS,N ,

where QS,N = {(z,w) : z,w ∈ CN , ‖z‖2 = ‖w‖2 = 1, supp z, suppw ⊂ S}.
Further, let Q2,∗

s,N denote a dense countable subset of Q2
s,N . Introducing fz,w(X) =

Re(〈(XX∗ − Id)z,w〉) we therefore have

m−1δs = sup
(z,w)∈Q2,∗

s,N

m∑
`=1

fz,w(X`).

Since EXX∗ = Id it follows that fz,w(X) = 0. Let us check the boundedness of fz,w
for (z,w) ∈ QS,N with |S| ≤ s,

|fz,w(X)| ≤ |〈(XX∗ − Id)z,w〉| ≤ ‖z‖2‖w‖2‖XS(XS)∗ − IdS‖2→2

≤ ‖XS(XS)∗ − IdS‖1→1 = max
j∈S

∑
k∈S
|ψj(t)ψk(t)− δj,k|

≤ sK2

by the boundedness condition (4.2). Hereby, we used that the operator norm on `2 is
bounded by the one on `1 for self-adjoint matrices, see (2.3) as well as the explicit
expression (2.1) for ‖ · ‖1→1. For the variance term σ2 we estimate

E|fz,w(X`)|2 ≤ E|〈(XX∗ − Id)z,w〉|2 = Ew∗(XX− Id)z((XX∗ − Id)z)∗w

≤ ‖w‖2
2E‖(XX− Id)z((XX∗ − Id)z)∗‖2→2 = E‖(XX∗ − Id)z‖2

2

= E
[
‖X‖2

2|〈X, z〉|2
]
− 2E|〈X, z〉|2 + 1.

Hereby we used that ‖uu∗‖2→2 = ‖u‖2
2. Observe that ‖X‖2 ≤

√
sK by the Cauchy

Schwarz inequality and the boundedness condition (4.2). Furthermore,

E|〈X, z〉|2 =
∑
j,k∈S

zjzkE[ψk(t)ψj(t)] = ‖z‖2
2 = 1

by orthogonality (4.1). Hence,

E|fz,w(X`)|2 ≤ E
[
‖X‖2

2|〈X, z〉|2
]
− 2E|〈X, z〉|2 + 1 ≤ (sK2 − 2)E|〈X, z〉|2 + 1

= sK2 − 1 < sK2.
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Now we are prepared to apply Theorem 6.25. Under condition (8.20) it gives

P(δs ≥ δ) ≤ P(δs ≥ Eδs + δ/9)

= P(|||
m∑
`=1

(X`X
∗
` − Id)|||s ≥ E|||

m∑
`=1

(X`X
∗
` − Id)|||s + δm/9)

≤ exp
(
− (δm/9)2

2msK2 + 4(8δ/9)m+ 2(δm/9)/3

)
= exp

(
−mδ

2

sK2
1

92(2 + 4 8δ
9sK2 +

2δ
3·9sK2 )

)
≤ exp

(
−mδ

2

sK2
1

162 + 9 · 32 + 6

)

= exp
(
− mδ2

456sK2

)
.

In the third line, it was used a second time that E|||
∑m

`=1(X`X
∗
` − Id|||s = mEδs ≤

m8δ/9. Also, note that δ/(sK2) < 1. It follows that δs ≤ δ with probability at least
1− ε provided

m ≥ 456 δ−2K2s ln(ε−1).

Taking also (8.20) into account, we proved that δs ≤ δ with probability at least 1 − ε
provided that m satisfies the two conditions

m

ln(10m)
≥ Cδ−2K2s ln2 (100s) ln(4N),

m ≥ 456 δ−2K2s ln(ε−1).

with C = σ−2(C ′)2 = 4σ−2C̃2
1 ≈ 17 189.09 < 17 190.

8.7 Notes

The estimates of the restricted isometry constants are somewhat related to the Λ1-
set problem [11, 12], where one aims at selecting a subset of characters (or bounded
orthonormal functions), such that all their linear combinations have comparable L1
and L2-norms, up to a logarithmic factor, see [124, 66]. The paper [66] considers
also the more involved problem of providing a Kashin splitting of a set of bounded
orthonormal functions. It is interesting to note that the analysis in [66] also uses the
norm ‖ · ‖X introduced in (8.8).

9 Proof of Recovery Theorem for Partial Circulant Matrices
The proof of Theorem 5.1 is based on Proposition 7.2, which requires to estimate the
coherence of A = 1√

m
ΦΘ(b) and to provide a probabilistic estimate of ‖A∗SAS −

Id‖2→2, where S = supp(x). We start with the coherence estimate.
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9.1 Coherence

The proof of the following coherence bound uses similar ideas as the one of Theorem
5.1 in [96].

Proposition 9.1. Let µ be the coherence of the partial random circulant matrix A =
1√
m

ΦΘ(εεε) ∈ Rm×N , where εεε is a Rademacher sequence and Θ ⊂ [N ] has cardinality
m. For convenience assume that m is divisible by three. Then with probability at least
1− ε the coherence satisfies

µ ≤
√

6 log(3N2/ε)

m
. (9.1)

Proof. The inner product between two different columns a`, ak, ` 6= k, of A can be
written

〈a`,ak〉 =
1
m

∑
j∈Θ

ε`−jεk−j ,

where here and in the following `− j and k− j is understood modulo N . The random
variables ε̃j = ε`−jεk−j , j ∈ Θ, are again Rademacher variables by independence of
the εj and since ` 6= k. We would like to apply Hoeffding’s inequality, but unfortu-
nately the ε̃j , j ∈ Θ, are not independent in general. Nevertheless, we claim that we
can always partition the ε̃j , j ∈ Θ into three sets Θ1,Θ2,Θ3 of cardinality m/3, such
that for each Θi the corresponding family {ε̃j , j ∈ Θi} forms a sequence of indepen-
dent Rademacher variables. To this end consider the sets Gj = {`− j, k − j}, j ∈ Θ,
and let

H = {j ∈ Θ : ∃j′ ∈ Θ such that Gj ∩Gj′ 6= ∅}.

The random variables ε̃j , j ∈ H , are not independent. In order to construct the desired
splitting into three sets, consider the graph with vertices j ∈ Θ. The graph contains an
edge between j and j′ if and only if Gj ∩Gj′ 6= ∅. Since any r ∈ Θ can be contained
in at most two setsGj (once as `−j and once as k−j), this graph has degree at most 2.
The independence problems are caused by the connected components of the graph. In
order to start with the construction of the three sets Θ1,Θ2,Θ3 we choose a connected
component of the graph, and then one of its endpoints (that is, a vertex that is only
connected to one other vertex). If the connected component is a cycle then we choose
an arbitrary vertex as starting point. We then move along the connected component,
and add the starting vertex j to Θ1, the second vertex to Θ2, the third to Θ3, the fourth
to Θ1 etc. If the connected component is actually a cycle, and if the last vertex was
to be added to Θ1, then we add it to Θ2 instead. It is easily seen that after dealing
with the first connected component of the graph by this process, the random variables
{ε̃j , j ∈ Θi}, are independent for each i = 1, 2, 3. All random variables ε̃j with j
not being a member of the first connected component are independent of the already
treated ones. So we may repeat this process with the next connected component in the
same way, starting now with a Θi satisfying |Θi| ≤ |Θj |, j ∈ {1, 2, 3} \ {i}. After
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going through all connected components in this way, we add each element of Θ \ H
arbitrarily to one of the Θi, such that at the end |Θi| = m/3 for i = 1, 2, 3. By
construction, the random variables ε̃j , j ∈ Θi, are independent for each i = 1, 2, 3. By
the triangle inequality, the union bound, and Hoeffding’s inequality (6.16) we obtain

P(|〈a`,ak〉| ≥ u) ≤
3∑
i=1

P

 1
m
|
∑
j∈Θi

ε̃j | ≥ u/3


=

3∑
i=1

P

|∑
j∈Θi

ε̃j | ≥
√
|Θi|

um

3
√
|Θi|

 ≤ 2
3∑
i=1

exp
(
− u

2m2

18|Θi|

)

≤ 6 exp
(
−u

2m

6

)
. (9.2)

Taking the union bound over all N(N − 1)/2 possible pairs {`, k} ⊂ [N ] we get the
coherence bound

P(µ ≥ u) ≤ 3N(N − 1)e−u
2m/6.

This implies that the coherence satisfies µ ≤ u with probability at least 1− ε provided

m ≥ 6
u2 ln(3N2/ε).

Yet another reformulation is the statement of the proposition.

Note that (9.1) is a slight improvement with respect to Proposition III.2 in [105]. It
implies a non-optimal estimate for the restricted isometry constants of A.

Corollary 9.2. The restricted isometry constant of the renormalized partial random
circulant matrix A ∈ Rm×N (with m divisible by three) satisfies δs ≤ δ with proba-
bility exceeding 1− ε provided

m ≥ 6δ−2s2 ln(3N2/ε).

Proof. Combine Proposition 9.1 with Proposition 2.10(c).

9.2 Conditioning of Submatrices

Our key estimate, which will be presented next, is mainly based on the noncommuta-
tive Khintchine inequality for Rademacher chaos, Theorem 6.22.

Theorem 9.3. Let Θ, S ⊂ [N ] with |Θ| = m and |S| = s ∈ N. Let εεε ∈ RN be
a Rademacher sequence. Denote A = 1√

m
ΦΘ(εεε) and assume, for ε ∈ (0, 1/2], δ ∈

(0, 1),
m ≥ 16δ−2s ln2(25/2s2/ε), (9.3)

Then with probability at least 1− ε it holds ‖A∗SAS − Id‖2→2 ≤ δ.
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Proof. Let us denote HS = A∗SAS− IdS . We introduce the elementary shift operators
on RN ,

(Tjx)` = x`−j mod N , j = 1, . . . , N.

Further, denote by RΘ : CN → CΘ the operator that restricts a vector to the indices in
Θ. Then we can write

Φ
Θ(εεε) = RΘ

N∑
j=1

εjTj . (9.4)

We introduce R∗S : CS → CN to be the extension operator that fills up a vector in CS
with zeros outside S. Observe that

A∗SAS =
1
m

N∑
j=1

εjRST
∗
j R
∗
Θ

N∑
k=1

εkRΘTkR
∗
S

=
1
m

N∑
j,k=1
j 6=k

εjεkRST
∗
j PΘTkR

∗
S +

1
m
RS

 N∑
j=1

T ∗j PΘTj

R∗S ,

where PΘ = R∗
Θ
RΘ denotes the projection operator which cancels all components of

a vector outside Θ. It is straightforward to check that

N∑
j=1

T ∗j PΘTj = mIdN , (9.5)

where IdN is the identity on CN . Since RSR∗S = IdS we obtain

HS =
1
m

∑
j 6=k

εjεkRST
∗
j PΘTkR

∗
S =

1
m

∑
j 6=k

εjεkBj,k

with Bj,k = RST
∗
j PΘTkR

∗
S . Our goal is to apply the noncommutative Khintchine in-

equality for decoupled Rademacher chaos, Theorem 6.22. To this end we first observe
that by (9.5)

N∑
j=1

B∗j,kBj,` = RST
∗
kPΘ

 N∑
j=1

TjPST
∗
j

PΘT`R
∗
S = sRST

∗
kPΘT`R

∗
S .

Using (9.5) once more this yields

N∑
j,k=1

B∗j,kBj,k = sRS

(
N∑
k=1

T ∗kPΘTk

)
R∗S = smRSR

∗
S = smIdS .
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Since the entries of all matrices Bj,k are non-negative we get

‖(
∑
j 6=k

B∗j,kBj,k)
1/2‖2n

S2n
= Tr

∑
j 6=k

B∗j,kBj,k

n

≤ Tr

∑
j,k

B∗j,kBj,k

n

= Tr (smIdS)
n = sn+1mn.

Furthermore, since B∗j,k = Bk,j we have
∑

j 6=k B
∗
j,kBj,k =

∑
j 6=k Bj,kB

∗
j,k. Let F

denote the block matrix F = (B̃j,k)j,k where B̃j,k = Bj,k if j 6= k and B̃j,j = 0.
Expressing the product (F ∗F )n as multiple sums over the block-components B̃j,k and
applying the trace yields

‖F‖2n
S2n

= Tr [(F ∗F )n]

= Tr

 N∑
j1,j2,...,jn=1
k1,k2,...,kn=1

B̃∗j1,k1
B̃j1,k2B̃

∗
j2,k2

B̃j2,k3 · · · B̃
∗
jn,knB̃jn,k1


≤ Tr

N∑
k1,...,kn=1

 N∑
j1=1

B∗j1,k1
Bj1,k2 · · ·

N∑
jn=1

B∗jn,knBjn,k1


= sn Tr

N∑
k1,...,kn=1

[
RST

∗
k1
PΘTk2R

∗
SRST

∗
k2
PΘTk3R

∗
S · · ·RST ∗knPΘTk1R

∗
S

]
,

where we applied also (9.5) once more. In the inequality step we used again that the
entries of all matrices are non-negative. Using the cyclicity of the trace and applying
(9.5) another time, together with the fact that Tk = T ∗−k mod N , gives

‖F‖2n
S2n
≤ sn Tr

 N∑
k1=1

Tk1PST
∗
k1
PΘ

N∑
k2=1

Tk2PST
∗
k2
PΘ · · ·

N∑
kn=1

TknPST
∗
knPΘ


= s2n Tr[PΘ] = ms2n.



Compressive Sensing and Structured Random Matrices 83

Next, let F̃ denote the block matrix F̃ = (B̃∗j,k)j,k. Similarly as above we get

‖F̃‖2n
S2n

= Tr

 N∑
j1,j2,...,jn=1
k1,k2,...,kn=1

B̃j1,k1B̃
∗
j1,k2

B̃j2,k2B̃
∗
j2,k3
· · · B̃jn,knB̃∗jn,k1



≤ Tr

 N∑
j1,j2,...,jn=1
k1,k2,...,kn=1

RST
∗
j1
PΘTk1PST

∗
k2
PΘTj1PS · · ·PST

∗
jnPΘTknPST

∗
k1
PΘTjnR

∗
S

 .
Using that T ∗kPΘ = PΘ−kTk and TjT ∗k = T ∗kTj we further obtain

‖F̃‖2n
S2n
≤ Tr

 N∑
j1,j2,...,jn=1
k1,k2,...,kn=1

RSTk1T
∗
j1
PΘ−k1PSPΘ−k2Tj1T

∗
k2
PS

· · ·PSTknT ∗jnPΘ−knPSTΘ−k1TjnT
∗
k1
R∗S
]

= Tr

 N∑
k1=1

|(Θ− k1) ∩ S ∩ (Θ− k2)|T ∗k1
PSTk1

· · ·
N∑

kn=1

|(Θ− kn) ∩ S ∩ (Θ− k1)|T ∗knPSTkn

 .
In the last step we have used that PΘ−k1PSPΘ−k2 = P(Θ−k1)∩S∩(Θ−k2) together with
(9.5), and in addition the cyclicity of the trace. Clearly,

|(Θ− k1) ∩ S ∩ (Θ− k2)| ≤ |(Θ− k1) ∩ S| ≤ |S| = s,

and furthermore, |(Θ − k1) ∩ S| is non-zero if and only if k1 ∈ Θ − S. This implies
that

N∑
k1=1

|(Θ− k1) ∩ S ∩ (Θ− k2)|T ∗k1
PSTk1 ≤

N∑
k1=1

|(Θ− k1) ∩ S|PS−k1 ≤ s
2PS+S−Θ,

where the inequalities are understood entrywise. Combining the previous estimates
yields

‖F̃‖2n
S2n
≤ s2n Tr[PS+S−Θ] = s2n|S + S −Θ| ≤ s2ns2m.
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Since by assumption (9.3) s ≤ m it follows that

max

‖(∑
j 6=k

B∗j,kBj,k)
1/2‖2n

S2n
, ‖(
∑
j 6=k

Bj,kB
∗
j,k)

1/2‖2n
S2n
, ‖F‖2n

S2n
, ‖F̃‖2n

S2n


≤ mnsn+2.

Using ‖HS‖2→2 = ‖HS‖S∞ ≤ ‖HS‖Sp and applying the decoupling Lemma 6.21
and the Khintchine inequality in Theorem 6.22 we obtain for an integer n

E‖HS‖2n
2→2 = E‖A∗SAS − IdS‖2n

2→2 ≤ E‖A∗SAS − IdS‖2n
S2n

=
1
m2nE‖

∑
j 6=k

εjεkBj,k‖2n
S2n
≤ 42n

m2nE‖
∑
j 6=k

εjε
′
kBj,k‖2n

S2n
≤ 2 · 42n

(
(2n)!
2nn!

)2 sn+2

mn
.

Here εεε′ denotes a Rademacher sequence, inpendent of εεε. Let p = 2n + 2θ = (1 −
θ)2n + θ(2n + 2) with θ ∈ [0, 1]. Applying Hölder’s inequality, see also (6.12), and
the series of inequalities in (6.13) yields

E‖HS‖2n+2θ
2→2 ≤ (E‖HS‖2n

2→2)
1−θ(E‖HS‖2n+2

2→2 )θ

≤ 2 · 42n+2θ

((
(2n)!
2nn!

)1−θ ( (2(n+ 1))!
2n+1(n+ 1)!

)θ)2
sn+θ+2

mn+θ

≤ 2 · 23/242n+2θ(2/e)2n+2θ(n+ θ)2n+2θ s
n+θ+2

mn+θ
.

In other words, for p ≥ 2,

(
E‖HS‖p2→2

)1/p ≤ 4e−1
√

s

m
(25/2s2)1/pp.

An application of Proposition 6.5 yields

P
(
‖HS‖2→2 ≥ 4

√
s

m
u

)
≤ 25/2s2e−u (9.6)

for all u ≥ 2. Note that s ≥ 1 implies 25/2s2e−u ≥ 1/2 for u < 2. Therefore,
setting the right hand side equal ε ≤ 1/2 yields u ≥ 2. In particular, ‖HS‖ ≤ δ with
probability at least 1− ε provided (9.3) holds true.

9.3 Completing the Proof

Let us now complete the proof of Theorem 5.1. Set

α =

√
st

1− δ
(9.7)
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for some t, δ ∈ (0, 1) to be chosen later such that α < 1/
√

2. According to Proposi-
tions 7.1 and 7.2, the probability that recovery fails is bounded from above by

23/4(N − s)e−α−2/2 + P(‖A∗SAS − Id‖2→2 > δ) + P(µ > t). (9.8)

By Theorem 9.3 we have P(‖A∗SAS − Id‖2→2 > δ) ≤ ε/3 provided

m ≥ 16δ−2s ln2(3 · 25/2s2/ε), (9.9)

and Proposition 9.1 yields P(µ > t) ≤ ε/3 if

m ≥ 6t−2 ln(9N2/ε). (9.10)

The first term of (9.8) equals ε/3 for

α =
1√

2 ln(23/4 · 3(N − s)/ε)
<

1√
2
.

Solving for t in (9.7) gives

t =
1− δ√

2s ln(23/4 · 3(N − s)/ε)
,

and plugging into (9.10) yields the condition

m ≥ 12s
(1− δ)2 ln(9N2/ε) ln(23/4 · 3(N − s)/ε). (9.11)

Choose δ = 8/15. Then (5.1) implies both (9.9) and (9.11).

10 Appendix
Here we show some lemmas that are needed in some of the proofs.

10.1 Covering Numbers for the Unit Ball

Proposition 10.1. Let ‖ · ‖ be some semi-norm on Rn and let U be a subset of the unit
ball B = {x ∈ Rn, ‖x‖ ≤ 1}. Then the covering numbers satisfy, for t > 0,

N(U, ‖ · ‖, t) ≤
(

1 +
2
t

)n
. (10.1)

Proof. If ‖ · ‖ fails to be a norm, we consider the quotient space X = Rn/N where
N = {x ∈ Rn, ‖x‖ = 0} is the kernel of ‖ · ‖. Then ‖ · ‖ is a norm on X , and the
latter is isomorphic to Rn−d, where d is the dimension of N . Hence, we may assume
without loss of generality that ‖ · ‖ is actually a norm.
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Let {x1, . . . ,xN} ⊂ U be a maximal t packing of U , that is, a maximal set satisfy-
ing d(xi,xj) > t for all i 6= j. Then the ballsB(x`, t/2) = {x ∈ Rn, ‖x−x`‖ ≤ t/2}
do not intersect and they are contained in the scaled unit ball (1+t/2)B. By comparing
volumes (that is, Lebesgue measures) of the involved balls we get

vol

(
N⋃
`=1

B(x`, t/2)

)
= N vol ((t/2)B) ≤ vol ((1 + t/2)B) .

(Note that vol (B) <∞ since ‖ · ‖ is a norm.) On Rn the volume satisfies vol (tB) =
tn vol (B), hence, N(t/2)n vol (B) ≤ (1 + t/2)n vol (B) or N ≤ (1 + 2/t)n. To
conclude the proof, observe that the balls B(x`, t), ` = 1, . . . , N form a covering of
U . Indeed, if there were an x ∈ U that is not covered, then d(x`,x) > t, so that x
could be added to the packing. But this is a contradiction to the maximality of the
packing.

10.2 Integral Estimates

This section contains estimates for two integrals.

Lemma 10.2. For u > 0 it holds∫ ∞
u

e−t
2/2dt ≤ min

{√
π

2
,

1
u

}
exp(−u2/2).

Proof. A change of variables yields∫ ∞
u

e−t
2/2dt =

∫ ∞
0

e−
(t+u)2

2 dt = e−u
2/2
∫ ∞

0
e−tue−t

2/2dt.

On the one hand, using that e−tu ≤ 1 for t, u ≥ 0, we get∫ ∞
u

e−t
2/2dt ≤ e−u2/2

∫ ∞
0

e−t
2/2dt =

√
π

2
e−u

2/2.

On the other hand, using that e−t
2 ≤ 1 for t ≥ 0 yields∫ ∞

u
e−t

2/2dt ≤ e−u2/2
∫ ∞

0
e−tudt =

1
u
e−u

2/2. (10.2)

This shows the desired estimate.

Lemma 10.3. For α > 0 it holds∫ α

0

√
ln(1 + t−1)dt ≤ α

√
ln(e(1 + α−1)). (10.3)
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Proof. First apply the Cauchy-Schwarz inequality to obtain∫ α

0

√
ln(1 + t−1)dt ≤

√∫ α

0
1dt
∫ α

0
ln(1 + t−1)dt.

A change of variables and integration by parts yields∫ α

0
ln(1 + t−1)dt =

∫ ∞
α−1

u−2 ln(1 + u)du

= −u−1 ln(1 + u)
∣∣∞
α−1 +

∫ ∞
α−1

u−1 1
1 + u

du ≤ α ln(1 + α−1) +

∫ ∞
α−1

1
u2du

= α ln(1 + α−1) + α.

Combining the above estimates concludes the proof.
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Numerical Methods for Sparse Recovery

Massimo Fornasier

Abstract. These lecture notes address the analysis of numerical methods for performing opti-
mizations with linear model constraints and additional sparsity conditions to solutions, i.e., we
expect solutions which can be represented as sparse vectors with respect to a prescribed basis.
In the first part of the manuscript we illustrate the theory of compressed sensing with emphasis
on computational aspects. We present the analysis of the homotopy method, the iteratively
re-weighted least squares method, and the iterative hard-thresholding. In the second part, start-
ing from the analysis of iterative soft-thresholding, we illustrate several numerical methods for
addressing sparse optimizations in Hilbert spaces. The third and final part is concerned with
numerical techniques, based on domain decomposition methods, for dimensionality reduction
in large scale computing. In the notes we are mainly focusing on the analysis of the algorithms,
and we report a few illustrative numerical examples.

Key words. Numerical methods for sparse optimization, calculus of variations, algorithms for
nonsmooth optimization.

AMS classification.15A29, 65K10, 90C25, 52A41, 49M30.

1 Introduction

These lecture notes are an introduction to methods recently developed for performing
numerical optimizations with linear model constraints and additional sparsity condi-
tions to solutions, i.e., we expect solutions which can be represented as sparse vectors
with respect to a prescribed basis. Such a type of problems has been recently greatly
popularized by the development of the field of nonadaptive compressed acquisition of
data, the so-calledcompressed sensing, and its relationship withℓ1-minimization. We
start our presentation by recalling the mathematical setting of compressed sensing as a
reference framework for developing further generalizations. In particular we focus on
the analysis of algorithms for such problems and their performances. We introduce and
analyse the homotopy method, the iteratively reweighted least squares method, and the
iterative hard thresholding algorithm. We will see that the properties of convergence
of these algorithms to solutions depend very much on special spectral properties, the
Restricted Isometry Property or the Null Space Property, of the matrices which define
the linear models. This provides a link to the analysis of random matrices which are
typical examples of matrices with such properties. The concept of sparsity does not
necessarily affect the entries of a vector only, but it can also be applied, for instance,
to their variation. We will show that some of the algorithms proposed for compressed
sensing are in fact useful for optimization problems with total variation constraints.
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These optimizations on continuous domains are related to thecalculus of variations on
bounded variation (BV) functions and to geometric measure theory.
In the second part of the lecture notes we address sparse optimizations in Hilbert
spaces, and especially for situations where no Restricted Isometry Property or Null
Space Property are assumed for the linear model. We will be able to formulate effi-
cient algorithms based on so-callediterative soft-thresholdingalso for such situations,
although their analysis will require different tools, typically from nonsmooth convex
analysis.
A common feature of the illustrated algorithms will be their variational nature, in the
sense that they are derived as minimization strategies of given energy functionals. Not
only does the variational framework allow us to derive very precise statements about
the convergence properties of these algorithms, but it also provides the algorithms with
an intrinsic robustness.
We will finally address large scale computations, showing how we can define domain
decomposition strategies for these nonsmooth optimizations, for problems coming
from compressed sensing andℓ1-minimization as well as for total variation minimiza-
tion problems.
The first part of the lecture notes is elementary and it does not require more than the
basic knowledge of notions of linear algebra and standard inequalities. The second
part of the course is slightly more advanced and addresses problems in Hilbert spaces,
and we will make use of concepts of nonsmooth convex analysis. We refer the inter-
ested reader to the books [36, 50] for an introduction to convex analysis, variational
methods, and related numerical techniques.
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1.1 Notations

In the following we collect general notations. More specific notations will be intro-
duced and recalled in the following sections.
We will considerX = R

N as a Banach space endowed with different norms. In
particular, later we use theℓp-(quasi-)norms

‖x‖p := ‖x‖ℓp := ‖x‖ℓN
p

:=





(∑N
i=1 |xj |p

)1/p
, 0< p <∞,

maxj=1,...,N |xj |, p = ∞.
(1.1)

Associated to these norms we denote their unit balls byBℓp := BℓN
p

:= {x ∈ R :

‖x‖p ≤ 1} and the balls of radiusR by Bℓp(R) := BℓN
p

(R) := R · BℓN
p

. As-

sociated to a closed convex body 0∈ Ω ⊂ R
N , we define its polar set byΩ◦ =

{y ∈ R
N : supx∈Ω〈x, y〉 ≤ 1}. This allow us to define an associated norm‖x‖Ω =

supy∈Ω◦〈x, y〉.
The index setI is supposed to be countable and we will consider theℓp(I) spaces of
p-summable sequences over the index setI as well. Their norm are defined as usual
and similarly to the case ofRN . We use the same notationsBℓp for theℓp(I)-balls as
for the ones inRN . With A we will usually denote am × N real matrix,m,N ∈ N

or an operatorA : ℓ2(I) → Y . We denote withA∗ the adjoint matrix or withK∗ the
adjoint of an operatorK. We will always work on real vector spaces, hence, in finite
dimensions,A∗ usually coincides with the transposed matrix ofA. The norm of an
operatorK : X → Y acting between two Banach spaces is denoted by‖K‖X→Y ; for
matrices the norm‖A‖ denotes the spectral norm. The support of a vectoru ∈ ℓ2(I),
i.e., the set of coordinates which are not zero, is denoted bysupp(u).
We will consider index setsΛ ⊂ I and their complementsΛc = I \ Λ. The symbols
|Λ| and#Λ are used indifferently for indicating the cardinality ofΛ. With a slight
abuse we will denote

‖u‖0 := ‖u‖ℓ0(I) := # supp(u), (1.2)

which is popularly called the “ℓ0-norm” in the literature. When#I = N thenℓ2(I) =
R

N and we may also denote‖u‖ℓN
0

:= ‖u‖ℓ0(I) We use the notationAΛ to indicate
a submatrix extracted fromA by retaining only the columns indexed inΛ as well as
the restrictionsuΛ of vectorsu to the index setΛ. We also denote byA∗AΛ×Λ :=
(A∗A)Λ×Λ := A∗

ΛAΛ the submatrix extracted fromA∗A by retaining only the entries
indexed onΛ × Λ.
Generic positive constants used in estimates are denoted as usual by

c, C, c̃, C̃, c0, C0, c1, C1, c2, C2, . . . .
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2 An Introduction to Sparse Recovery

2.1 A Toy Mathematical Model for Sparse Recovery

2.1.1 Adaptive and Compressed Acquisition

Let k,N ∈ N, k ≤ N and

Σk := {x ∈ R
N : ‖x‖ℓN

0
:= # supp(x) ≤ k},

be the set of vectors with at mostk nonzero entries, which we will callk-sparse vec-
tors. Thek-best approximation errorthat we can achieve in this set to a vectorx ∈ R

N

with respect to a suitable space quasi-norm‖ · ‖X is defined by

σk(x)X = inf
z∈Σk

‖x− z‖X .

Example 2.1 Let r(x) be thenonincreasing rearrangementof x, i.e.,

r(x) = (|xi1|, . . . , |xiN |)T and|xij | ≥ |xij+1|, for j = 1, . . . ,N − 1.

Then it is straightforward to check that

σk(x)ℓN
p

:=




N∑

j=k+1

rj(x)
p




1/p

, 1 ≤ p <∞.

In particular, the vectorx[k] derived fromx by setting to zero all theN − k smallest
entries in absolute value is called thebestk-term approximationto x and it coincides
with

x[k] = arg min
z∈Σk

‖x− z‖ℓN
p
. (2.3)

for any 1≤ p <∞.

Lemma 2.2 Let r = 1
q − 1

p andx ∈ R
N . Then

σk(x)ℓp ≤ ‖x‖ℓqk
−r, k = 1,2, . . . ,N.

Proof. Let Λ be the set of indexes of ak-largest entries ofx in absolute value. If
ε = rk(x), thekth-entry of the nonincreasing rearrangementr(x), then

ε ≤ ‖x‖ℓqk
− 1

q .

Therefore

σk(x)
p
ℓp

=
∑

j /∈Λ

|xj|p ≤
∑

j /∈Λ

εp−q|xj |q

≤ ‖x‖p−q
ℓq

k
− p−q

q ‖x‖q
ℓq
,
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which implies
σk(x)ℓp ≤ ‖x‖ℓqk

−r.

The computation of the bestk-term approximation ofx ∈ R
N in general requires the

search of the largest entries ofx in absolute value, and therefore the testing of all the
entries of the vectorx. This procedure isadaptive, since it depends on the particular
vector, and it is currently at the basis of lossy compression methods, such as JPEG [58].

2.1.2 Nonadaptive and Compressed Acquisition: Compressed Sensing

One would like to describe alinear encoderwhich allows us to compute approximately
k measurements(y1, . . . , yk)

T and a nearly optimal approximation ofx in the follow-
ing sense:

Provided a setK ⊂ R
N , there exists a linear mapA : R

N → R
m,

with m ≈ k and a possibly nonlinear map∆ : R
m → R

N such that

‖x− ∆(Ax)‖X ≤ Cσk(x)X

for all x ∈ K.

Note that the way we encodey = Ax is via a prescribed mapA which is indepen-
dent ofx. Also the decoding procedure∆ might depend onA, but not onx. This
is why we call this strategy anonadaptive (or universal) and compressed acquisition
of x. Note further that we would like to recover an approximation tox from nearly
k-linear measurements which is of the order of thek-best approximation error. In this
sense we say that the performances of the encoder/decoder system(A,∆) is nearly
optimal.

2.1.3 Optimal Performances of Encoder/Decoder Pairs

Let us defineAm,N the set of all encoder/decoder pairs(A,∆) with A a m × N
matrix and∆ : R

m → R
N any function. We wonder whether there exists such a

nearly optimal pair as claimed above. Let us fixm ≤ N two natural numbers, and
K ⊂ R

N . For 1≤ k ≤ N we denote

σk(K)X := sup
x∈K

σk(x)X , andEm(K)X := inf
(A,∆)∈Am,N

sup
x∈K

‖x− ∆(Ax)‖X .

We would like to find the largestk such that

Em(K)X ≤ C0σk(K)X .

We answer this question in the particular case whereK = BℓN
1

andX = ℓN2 . This
setting will turn out to be particularly useful later on and it is already sufficient for
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showing that, unfortunately, it is impossible to reconstruct x ∈ BℓN
1

with an accuracy
asymptotically (form,N larger and larger) of the order of thek-best approximation
error inℓM2 if k = m, but it is necessary to have a slightly larger number of measure-
ments, i.e.,k = m− ε(m,N), ε(m,N) > 0.

The proper estimate ofEm(K)X turns out to be linked to the geometrical concept
of Gelfand width.

Definition 2.3 Let K be a compact set inX. Then theGelfand widthof K of order
m is

dm(K)X := inf
Y ≤ X

codim(Y ) ≤ m

sup{‖x‖X : x ∈ K ∩ Y }.

The infimum is taken over the set of linear subspacesY of X with codimension less
of equal tom.

We have the following fundamental equivalence.

Proposition 2.4 LetK ⊂ R
N be any closed compact set for whichK = −K and

such that there exists a constantC0 > 0 for whichK +K ⊂ C0K. If X ⊂ R
N is a

normed space, then

dm(K)X ≤ Em(K)X ≤ C0d
m(K)X .

Proof. For a matrixA ∈ R
m×N , we denoteN = kerA. Note thatY = N has codi-

mension less or equal thanm. Conversely, given any spaceY ⊂ R
N of codimension

less or equal thanm, we can associate a matrixA whose rows are a basis forY ⊥. With
this identification we see that

dm(K)X = inf
A∈Rm×N

sup{‖η‖X : η ∈ N ∩K}.

If (A,∆) is an encoder/decoder pair inAm,N andz = ∆(0), then for anyη ∈ N we
have also−η ∈ N . It follows that either‖η − z‖X ≥ ‖η‖X or ‖ − η − z‖X ≥ ‖η‖X .
Indeed, if we assumed that both were false then

‖2η‖X = ‖η − z + z + η‖X ≤ ‖η − z‖X + ‖ − η − z‖X < 2‖η‖X ,

a contradiction. SinceK = −K we conclude that

dm(K)X = inf
A∈Rm×N

sup{‖η‖X : η ∈ N ∩K}

≤ sup
η∈N∩K

‖η − z‖X

= sup
η∈N∩K

‖η − ∆(Aη)‖X

≤ sup
x∈K

‖x− ∆(Ax)‖X .
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By taking the infimum over all(A,∆) ∈ Am,N we obtain

dm(K)X ≤ Em(K)X .

To prove the upper inequality, let us choose an optimalY such that

dm(K)X = sup{‖x‖X : x ∈ Y ∩K}.

(Actually such an optimal subspaceY always exists [54].) As mentioned above, we
can associate toY a matrixA such thatN = kerA = Y . Let us denote the affine
solution spaceF(y) := {x : Ax = y}. Let us now define a decoder as follows: If
F(y) ∩K 6= ∅ then we takēx(y) ∈ F(y) ∩K and∆(y) = x̄(y). If F(y) ∩K = ∅
then∆(y) ∈ F(y). Hence, we can estimate

Em(K)X = inf
(A,∆)∈Am,N

sup
x∈K

‖x− ∆(Ax)‖X

≤ sup
x,x′∈K;Ax=Ax′

‖x− x′‖X

≤ sup
η∈C0(N∩K)

‖η‖X ≤ C0d
m(K)X .

The following result was proven in the relevant work of Kashin, Garnaev, and
Gluskin [46, 47, 51] already in the ’70s and ’80s. See [20, 33] for a description of
the relationship between this result and the more modern point of view on compressed
sensing.

Theorem 2.5 The Gelfand widths ofℓNq -balls in ℓNp for 1 ≤ q < p ≤ 2 are estimated
by

C1Ψ(m,N, p, q) ≤ dm(BℓN
q

)ℓN
p
≤ C2Ψ(m,N, p, q),

where

Ψ(m,N, p, q) = min
{

1,N1− 1
qm− 1

2

} 1/q−1/p
1/q−1/2

, 1< q < p ≤ 2

Ψ(m,N,2,1) = min

{
1,
√

log(N/m)+1
m

}
, q = 1 andp = 2.

From Proposition 2.4 and Theorem 2.5 we obtain

C̃1Ψ(m,N, p, q) ≤ Em(BℓN
q

)ℓN
p
≤ C̃2Ψ(m,N, p, q).

In particular, forq = 1 andp = 2, we obtain, form,N large enough, the estimate

C̃1

√
log(N/m) + 1

m
≤ Em(BℓN

1
)ℓN

2
.
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If we wanted to enforce

Em(BℓN
1

)ℓN
2
≤ Cσk(BℓN

1
)ℓN

2
,

then Lemma 2.2 would imply
√

log(N/m) + 1
m

≤ C0k
− 1

2 , or k ≤ C0
m

log N
m + 1

.

Hence, we proved the following

Corollary 2.6 Form,N fixed, there exists an optimal encoder/decoder pair(A,∆) ∈
Am,N , in the sense that

Em(BℓN
1

)ℓN
2
≤ Cσk(BℓN

1
)ℓN

2
,

only if

k ≤ C0
m

log N
m + 1

, (2.4)

for some constantC0 > 0 independent ofm,N .

The next section is devoted to the construction of optimal encoder/decoder pairs(A,∆) ∈
Am,N as stated in the latter corollary.

2.2 Survey on Mathematical Analysis of Compressed Sensing

In the following sections we want to show that under a certain property, called the
Restricted Isometry Property(RIP) for a matrixA,

The decoder, which we callℓ1-minimization,

∆(y) = arg min
Az=y=Ax

‖z‖ℓN
1

(2.5)

performs
‖x− ∆(y)‖ℓN

1
≤ C1σk(x)ℓN

1
, (2.6)

as well as

‖x− ∆(y)‖ℓN
2
≤ C2

σk(x)ℓN
1

k1/2
, (2.7)

for all x ∈ R
N .

Note that by (2.7) we immediately obtain

Em(BℓN
1

)ℓN
2
≤ C0k

−1/2,

implying once again (2.4). Hence, the following question we will address is the exis-
tence of matricesA with RIP for whichk is optimal, i.e.,

k ≍ m

logN/m + 1
.
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2.2.1 An Intuition Why ℓ1-Minimization Works Well

In this section we would like to provide an intuitive explanation of the near-optimal
error estimates (2.6) and (2.7) provided byℓ1-minimization (2.5) in recovering vectors
from partial linear measurements. Equations (2.6) and (2.7) ensure in particular that if
the vectorx is k-sparse, thenℓ1-minimization (2.5) will be able to recover itexactly
fromm linear measurementsy obtained via the matrixA. This result is quite surprising
because the problem of recovering a sparse vector, or the solution of the following
optimization

min ‖x‖ℓN
0

subject toAx = y, (2.8)

is know to beNP-complete1 [59, 61] whereasℓ1-minimization is a convex problem
which can be solved at any prescribed accuracy in polynomial time. For instance
interior-point methods are guaranteed to solve theℓ1-problem to a fixed precision in
timeO(m2N1.5) [63]. The first intuitive approach to this perhaps surprising result is
by interpretingℓ1-minimization as theconvex relaxationof the problem (2.8).

-4 -2 0 2 4
0

5

10

15

20

25

Figure 2.1A non convex functionf and a convex approximationg ≤ f from below.

If we were interested in solving an optimization problem

min f(x) subject tox ∈ C,

wheref is a nonconvex, lower-semincontinuous function, andC is a closed convex set,
it might be convenient to recast the problem by considering its convexification, i.e.,

min f̄(x) subject tox ∈ C,

wheref̄ is called theconvex relaxationor theconvex envelopeof f and is given by

f̄(x) := sup{g(x) ≤ f(x) : g is a convex function}.

The motivation of this choice is simply geometrical. Whilef can have many minimiz-
ers onC, its convex envelop̄f has global minimizers, and such global minimizers are

1 NP stands for non-deterministic polynomial-time and indicates a class of problems for which the verifi-
cation of their solution has a computational costs which is polynomial in the size of the input. However
presently it is not known whether such problems can be solved with a polynomial complexity algorithm.
This issue is the first in the list of theMillennium Prize Problemsof the Clay Mathematics Institute.
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likely to be in a neighborhood of a global minimizer off , see Figure 2.1. Actually if
C is compact, then the global minima off andf̄ must necessarily coincide. Unfortu-
nately, the precise computation of̄f is again a very difficult problem. In the case of

0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

Figure 2.2The absolute value function| · | is the convex relaxation of the function| · |0
on [0,1].

‖x‖ℓN
0

, one rewrites

‖x‖ℓN
0

:=

N∑

j=1

|xj |0, |t|0 :=

{
0, t = 0

1, t 6= 0
.

Its convex envelope inBℓN
∞

(R) ∩ {z : Az = y} is bounded below by1
R‖x‖ℓN

1
:=

1
R

∑N
j=1 |xj|, see Figure 2.2. This observation gives already a first impression of the

motivation whyℓ1-minimization can help in approximating sparse solutions ofAx =
y. However, it is not yet clear when a global minimizer of

min ‖x‖ℓN
1

subject toAx = y, (2.9)

really coincides with a solution to (2.8), since theℓ1-norm is not yet the precise convex
envelope of‖ · ‖ℓN

0
over the solution space{z : Az = y}. Again a simple geometrical

reasoning can help us to get a feeling about more general principles which will be
addressed more formally in the following sections.

Assume for a moment thatN = 2 andm = 1. Hence we are dealing with an affine
space of solutionsF(y) = {z : Az = y}which is just a line inR2. When we search for
the ℓ1- norm minimizers among the elementsF(y) (see Figure 2.3), we immediately
realize that, except for pathological situations whereN = kerA is parallel to one of
the faces of the polytopeBℓ2

1
, there is a unique solution which coincides also with a

solution with a minimal number of nonzero entries. Therefore, if we exclude situations
in which there existsη ∈ N such that|η1| = |η2| or, equivalently, we assume that

|ηi| < |η{1,2}\{i}| (2.10)

for all η ∈ N and for onei = 1,2, then the solution to (2.9) is a solution to (2.8)!
Note also that, if we give a uniform probability distribution to the angle in[0,2π]
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0

Az=y

 l1-ball

Figure 2.3 Theℓ1-minimizer within the affine space of solutions of the linear system
Ax = y coincides with the sparsest solution.

formed byN and any of the coordinate axes, then we realize that the pathological
situation of violating (2.10) has zero probability. Of course, in higher dimension such
simple reasoning becomes more involved, since the number of faces and edges of an
ℓN1 -ball BℓN

1
becomes larger and larger and one should cumulate the probabilities of

different angles with respect to possible affine spaces of codimensionN−m. However,
condition (2.10) is the right prototype of a property (we call it theNull Space Property
(NSP) and we describe it in detail in the next section) which guarantees, also in higher
dimension, that the solution to (2.9) is a solution to (2.8).

2.2.2 Restricted Isometry Property and Null Space Property

Definition 2.7 One says thatA ∈ R
m×N has theNull Space Property(NSP) of order

k for 0< γ < 1 if
‖ηΛ‖ℓN

1
≤ γ‖ηΛc‖ℓN

1
,

for all setsΛ ⊂ {1, . . . ,N}, #Λ ≤ k and for allη ∈ N = kerA.

Note that this definition essentially generalizes condition (2.10) which we intro-
duced by our simple and rough geometrical reasoning inR

2. Further we need to intro-
duce a related property for matrices.

Definition 2.8 One says thatA ∈ R
m×N has theRestricted Isometry Property(RIP)

of orderK if there exists 0< δK < 1 such that

(1− δK)‖z‖ℓN
2
≤ ‖Az‖ℓN

2
≤ (1 + δK)‖z‖ℓN

2
,

for all z ∈ ΣK .

The RIP turns out to be very useful in the analysis of stability of certain algorithms
as we will show in Section 3.1.4. The RIP is also introduced because it implies the
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Null Space Property, and when dealing with random matrices (see Section 2.2.4) it is
more easily addressed. In fact we have:

Lemma 2.9 Assume thatA ∈ R
m×N has the RIP of orderK = k+h with 0< δK <

1. ThenA has the NSP of orderk and constantγ =
√

k
h

1+δK
1−δK

.

Proof. LetΛ ⊂ {1, . . . ,N}, #Λ ≤ k. DefineΛ0 = Λ andΛ1,Λ2, . . . ,Λs disjoint sets
of indexes of size at mosth, associated to a decreasing rearrangement of the entries of
η ∈ N = ker(A). Then, by using Cauchy-Schwarz inequality, the RIP twice, the fact
thatAη = 0, and eventually the triangle inequality, we have the following sequence of
inequalities:

‖ηΛ‖ℓN
1

≤
√
k‖ηΛ‖ℓN

2
≤

√
k‖ηΛ0∪Λ1‖ℓN

2

≤ (1− δK)−1
√
k‖AηΛ0∪Λ1‖ℓN

2
= (1− δK)−1

√
k‖AηΛ2∪Λ3∪···∪Λs‖ℓN

2

≤ (1− δK)−1
√
k

s∑

j=2

‖AηΛj‖ℓN
2
≤ 1 + δK

1− δK

√
k

s∑

j=2

‖ηΛj‖ℓN
2
. (2.11)

Note now thati ∈ Λj+1 andℓ ∈ Λj imply by construction ofΛ′
js by nonincreasing

rearrangement of the entries ofη

|ηi| ≤ |ηℓ|.

By taking the sum overℓ first and than theℓN2 -norm overi we get

|ηi| ≤ h−1‖ηΛj‖ℓN
1
, and‖ηΛj+1‖ℓN

2
≤ h−1/2‖ηΛj‖ℓN

1
.

By using the latter estimates in (2.11) we obtain

‖ηΛ‖ℓN
1
≤ 1 + δK

1− δK

√
k

h

s−1∑

j=1

‖ηΛj‖ℓN
1
≤
(

1 + δK
1− δK

√
k

h

)
‖ηΛc‖ℓN

1
.

The RIP property does imply the NSP, but the converse is not true. Actually the RIP
is significantly more restrictive.

2.2.3 Performances ofℓ1-Minimization as an Optimal Decoder

In this section we address the proofs of the approximation properties (2.6) and (2.7).

Theorem 2.10 Let A ∈ R
m×N satisfy the RIP of order2k with δ2k ≤ δ <

√
2−1√
2+1

(or simplyA satisfies the NSP of orderk with constantγ = 1+δ
1−δ

√
1
2 < 1) , then the

decoder∆ as in(2.5)satisfies(2.6).
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Proof. By Lemma 2.9 we have

‖ηΛ‖ℓN
1
≤ 1 + δ

1− δ

√
1
2
‖ηΛc‖ℓN

1
,

for all Λ ⊂ {1, . . . ,N}, #Λ ≤ k andη ∈ N = kerA. Let x∗ = ∆(Ax), so that
η = x∗ − x ∈ N , and

‖x∗‖ℓN
1
≤ ‖x‖ℓN

1
.

One denotes now withΛ the set of thek-largest entries ofx in absolute value. One has

‖x∗Λ‖ℓN
1

+ ‖x∗Λc‖ℓN
1
≤ ‖xΛ‖ℓN

1
+ ‖xΛc‖ℓN

1
.

It follows immediately by triangle inequality

‖xΛ‖ℓN
1
− ‖ηΛ‖ℓN

1
+ ‖ηΛc‖ℓN

1
− ‖xΛc‖ℓN

1
≤ ‖xΛ‖ℓN

1
+ ‖xΛc‖ℓN

1
.

Hence

‖ηΛc‖ℓN
1
≤ ‖ηΛ‖ℓN

1
+ 2‖xΛc‖ℓN

1
≤ 1 + δ

1− δ

√
1
2
‖ηΛc‖ℓN

1
+ 2σk(x)ℓN

1
,

or, equivalently,

‖ηΛc‖ℓN
1
≤ 2

1− 1+δ
1−δ

√
1
2

σk(x)ℓN
1
. (2.12)

In particular, note that forδ <
√

2−1√
2+1

we have1+δ
1−δ

√
1
2 < 1. Eventually we conclude

the estimates

‖x− x∗‖ℓN
1

= ‖ηΛ‖ℓN
1

+ ‖ηΛc‖ℓN
1

≤
(

1 + δ

1− δ

√
1
2

+ 1

)
‖ηΛc‖ℓN

1

≤ C1σk(x)ℓN
1
,

whereC1 :=




2

„
1+δ
1−δ

q
1
2+1

«

1− 1+δ
1−δ

q
1
2


.

Similarly we address the second estimate (2.7).

Theorem 2.11LetA ∈ R
m×N satisfy the RIP of order3k with δ3k ≤ δ <

√
2−1√
2+1

, then
the decoder∆ as in(2.5)satisfies(2.7).
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Proof. Letx∗ = ∆(Ax). As we proceeded in Lemma 2.9, we denoteη = x∗−x ∈ N ,
Λ0 = Λ the set of the 2k-largest entries ofη in absolute value, andΛj of size at most
k composed of nonincreasing rearrangement entries ofη. Then

‖ηΛ‖ℓN
2
≤ 1 + δ

1− δ
k−

1
2‖ηΛc‖ℓN

1
.

Note now that by Lemma 2.2 and by Lemma 2.9

‖ηΛc‖ℓN
2

≤ (2k)−
1
2‖η‖ℓN

1
= (2k)−1/2

(
‖ηΛ‖ℓN

1
+ ‖ηΛc‖ℓN

1

)

≤ (2k)−1/2
(
C‖ηΛc‖ℓN

1
+ ‖ηΛc‖ℓN

1

)

=
C + 1√

2
k−1/2‖ηΛc‖ℓN

1
,

for a suitable constantC > 0. Note that, beingΛ the set of the in absolute value
2k-largest entries ofη, one has also

‖ηΛc‖ℓN
1
≤ ‖η(supp x[2k])c‖ℓN

1
≤ ‖η(supp x[k])c‖ℓN

1
, (2.13)

wherex[h] is the besth-term approximation tox. The use of this latter estimate,
combined with inequality (2.12) finally gives

‖x− x∗‖ℓN
2

≤ ‖ηΛ‖ℓN
2

+ ‖ηΛc‖ℓN
2

≤ C1k
−1/2‖ηΛc‖ℓN

1

≤ C2k
−1/2σk(x)ℓN

1
.

We would like to conclude this section by mentioning a furtherstability property of
ℓ1-minimization as established in [12].

Theorem 2.12 LetA ∈ R
m×N which satisfies the RIP of order4k with δ4k sufficiently

small. Assume further thatAx + e = y wheree is a measurement error. Then the
decoder∆ has the further enhanced stability property:

‖x− ∆(y)‖ℓN
2
≤ C3

(
σk(x)ℓN

2
+
σk(x)ℓN

1

k1/2
+ ‖e‖ℓN

2

)
. (2.14)

2.2.4 Random Matrices and Optimal RIP

In this section we would like to mention how, for different classes of random matrices,
it is possible to show that the RIP property can hold with optimal constants, i.e.,

k ≍ m

logN/m + 1
.

at least with high probability. This implies in particular, that such matrices exist, they
are frequent, but they are given to us only with an uncertainty.
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Gaussian and Bernoulli random matrices

Let (Ω,P) be a probability space andX a random variable on(Ω,P). One can de-
fine a random matrixA(ω), ω ∈ ΩmN , as the matrix whose entries are independent
realizations ofX . We assume further that‖A(ω)x‖2

ℓN
2

has expected value‖x‖2
ℓN

2
and

P

(∣∣∣‖A(ω)x‖2
ℓN

2
− ‖x‖2

ℓN
2

∣∣∣ ≥ ε‖x‖2
ℓN

2

)
≤ 2e−mc0(ε), 0< ε < 1. (2.15)

Example 2.13 Here we collect two relevant examples for which the concentration
property (2.15) holds:

1. One can choose, for instance, the entries ofA as i.i.d. Gaussian random variables,
Aij ∼ N (0, 1

m), andc0(ε) = ε2/4 − ε3/6. This can be shown by using Chernoff
inequalities and a comparison of the moments of a Bernoulli random variable with
respect to those of a Gaussian random variable;

2. One can also use matrices where the entries are independent realizations of±1
Bernoulli random variables, i.e.,

Aij =

{
+1/

√
m, with probability 1

2

−1/
√
m, with probability 1

2

.

Then we have the following result, shown, for instance in [3].

Theorem 2.14 Suppose thatm,N and0 < δ < 1 are fixed. IfA(ω), ω ∈ ΩmN is a
random matrix of sizem×N with the concentration property(2.15), then there exist
constantsc1, c2 > 0 depending onδ such that the RIP holds forA(ω) with constantδ
andk ≤ c1

m
log(N/m)+1 with probability exceeding1− 2e−c2m.

An extensive study on RIP properties of different types of matrices, for instance
partial orthogonal matrices or random structured matrices, is provided in [70].

3 Numerical Methods for Compressed Sensing

The previous sections showed thatℓ1-minimization performs very well in recover-
ing sparse or approximately sparse vectors from undersampled measurements. In ap-
plications it is important to have fast methods for actually solvingℓ1-minimization
or at least with similar guarantees of stability. Three such methods – the homotopy
(LARS) method introduced in [35,67], the iteratively reweighted least squares method
(IRLS) [30], and the iterative hard thresholding algorithm [6,7] – will be explained in
more detail below.
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As a first remark, theℓ1-minimization problem

min ‖x‖ℓN
1

subject toAx = y (3.16)

is in the real case equivalent to the linear program

min

N∑

j=1

vj subject to v ≥ 0, (A| −A)v = y. (3.17)

The solutionx∗ to (3.16) is obtained from the solutionv∗ of (3.17) viax∗ = (I|−I)v∗,
for I the identity matrix. Any linear programming method may therefore be used for
solving (3.16). The simplex method as well as interior point methods apply in particu-
lar [63], and standard software may be used. (In the complex case, (3.16) is equivalent
to a second order cone program (SOCP) and can be solved with interior point methods
as well.) However, such methods and software are of general purpose and one may
expect that methods specialized to (3.16) outperform such existing standard methods.
Moreover, standard software often has the drawback that one has to provide the full
matrix rather than fast routines for matrix-vector multiplication which are available for
instance in the case of partial Fourier matrices. In order to obtain the full performance
of such methods one would therefore need to re-implement them, which is a daunting
task because interior point methods usually require much fine tuning. On the contrary
the three specialized methods described below are rather simple to implement and
very efficient. Many more methods are available nowadays, including greedy meth-
ods, such as Orthogonal Matching Pursuit [78] and CoSaMP [77]. However, only the
three methods below are explained in detail because they highlight the fundamental
concepts which are useful to comprehend also other algorithms.

3.1 Direct and Iterative Methods

3.1.1 The Homotopy Method

The homotopy method – or modified LARS – [34, 35, 65, 67] solves (3.16) and is a
direct method, i.e., it solves the problem exactly in a finite number of steps.

One considers theℓ1-regularized least squares functionals

Jλ(x) =
1
2
‖Ax− y‖2

2 + λ‖x‖ℓN
1
, x ∈ R

N , λ > 0, (3.18)

and their minimizersxλ. Whenλ = λ̂ is large enough thenxλ̂ = 0, and furthermore,
limλ→0xλ = x∗, wherex∗ is the solution to (3.16). The idea of the homotopy method
is to trace the solutionxλ from xλ̂ = 0 to x∗. The crucial observation is that the
solution pathλ 7→ xλ is piecewise linear, and it is enough to trace the endpoints of the
linear pieces.
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The minimizer of (3.18) can be characterized using thesubdifferential[36], which
is defined for a general convex functionF : R

N → R at a pointx ∈ R
N by

∂F (x) = {v ∈ R
N , F (y) − F (x) ≥ 〈v, y − x〉 for all y ∈ R

N}.

Clearly,x is a minimizer ofF if and only if 0 ∈ ∂F (x). The subdifferential ofJλ is
given by

∂Jλ(x) = A∗(Ax− y) + λ∂‖ · ‖ℓN
1

(x),

where the subdifferential of theℓ1-norm is given by

∂‖ · ‖ℓN
1

(x) = {v ∈ R
N : vℓ ∈ ∂| · |(xℓ), ℓ = 1, . . . ,N},

with the subdifferential of the absolute value being

∂| · |(z) =

{
{sgn(z)}, if z 6= 0,

[−1,1] if z = 0.

See also Example 5.1 in Section 5.1.1 where we will repeat these concepts in more
generality. The inclusion 0∈ ∂Jλ(x) is equivalent to

(A∗(Ax− y))ℓ = λ sgn(xℓ) if xℓ 6= 0, (3.19)

|(A∗(Ax− y))ℓ| ≤ λ if xℓ = 0, (3.20)

for all ℓ = 1, . . . ,N .
As already mentioned above the homotopy method starts withx(0) = xλ̂ = 0.

By conditions (3.19) and (3.20) the correspondingλ can be chosen aŝλ = λ(0) =
‖A∗y‖∞. In the further stepsj = 1,2, . . . the algorithm computes minimizersx(1), x(2), . . .
and maintains an active (support) setΛj. Denote by

c(j) = A∗(y −Ax(j−1))

the current residual vector. The columns of the matrixA are denoted byaℓ, ℓ =
1, . . . ,N and for a subsetΛ ⊂ {1, . . . ,N} we letAΛ be the submatrix ofA cor-
responding to the columns indexed byΛ.

Step 1: Let

ℓ(1) := arg max
ℓ=1,...,N

|(A∗y)ℓ| = arg max
ℓ=1,...,N

|c(1)ℓ |.

One assumes here and also in the further steps that the maximum is attained at only one
indexℓ. The case that the maximum is attained simultaneously at two or more indeces
ℓ (which almost never happens) requires more complications, which we would like to
avoid here. One may refer to [35] for such details.
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Now setΛ1 = {ℓ(1)}. The vectord(1) ∈ R
N describing the direction of the solution

(homotopy) path has components

d
(1)
ℓ(1) = ‖aℓ(1)‖−2

2 sgn((Ay)ℓ(1)), d
(1)
ℓ = 0, ℓ 6= ℓ(1).

The first linear piece of the solution path then takes the form

x = x(γ) = x(0) + γd(1) = γd(1), γ ∈ [0, γ(1)].

One verifies with the definition ofd(1) that (3.19) is always satisfied forx = x(γ) and
λ = λ(γ) = λ(0) − γ, γ ∈ [0, λ(0)]. The next breakpoint is found by determining the
maximalγ = γ(1) > 0 for which (3.20) is satisfied, which is

γ(1) = min
ℓ 6=ℓ(1)

{
λ(0) − c

(1)
ℓ

1− (A∗Ad(1))ℓ
,

λ(0) + c
(1)
ℓ

1 + (A∗Ad(1))ℓ

}
, (3.21)

where the minimum is taken only over positive arguments. Thenx(1) = x(γ(1)) =
γ(1)d(1) is the next minimizer ofJλ for λ = λ(1) := λ(0) − γ(1). This λ(1) satis-
fiesλ(1) = ‖c(1)‖∞. Let ℓ(2) be the index where the minimum in (3.21) is attained
(where we again assume that the minimum is attained only at one index) and put
Λ2 = {ℓ(1), ℓ(2)}.

Stepj: Determine the new directiond(j) of the homotopy path by solving

A∗
Λj
AΛjd

(j)
Λj

= sgn(c
(j)
Λj

), (3.22)

which is a linear system of equations of size at most|Λj | × |Λj |. Outside the com-

ponents inΛj one setsd(j)
ℓ = 0, ℓ /∈ Λj. The next piece of the path is then given

by
x(γ) = x(j−1) + γd(j), γ ∈ [0, γ(j)].

The maximalγ such thatx(γ) satisfies (3.20) is

γ
(j)
+ = min

ℓ/∈Λj

{
λ(j−1) − c

(j)
ℓ

1− (A∗Ad(j))ℓ
,
λ(j−1) + c

(j)
ℓ

1 + (A∗Ad(j))ℓ

}
. (3.23)

The maximalγ such thatx(γ) satisfies (3.19) is determined as

γ
(j)
− = min

ℓ∈Λj

{−x(j−1)
ℓ /d

(j)
ℓ }. (3.24)

Both in (3.23) and (3.24) the minimum is taken only over positive arguments. The
next breakpoint is given byx(j+1) = x(γ(j)) with γ(j) = min{γ(j)

+ , γ
(j)
− }. If γ(j)

+

determines the minimum then the indexℓ(j)+ /∈ Λj providing the minimum in (3.23) is

added to the active set,Λj+1 = Λj ∪ {ℓ(j)+ }. If γ(j) = γ
(j)
− then the indexℓ(j)− ∈ Λj
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is removed from the active set,Λj+1 = Λj \ {ℓ(j)− }. Further, one updatesλ(j) =

λ(j−1) − γ(j). By constructionλ(j) = ‖c(j)‖∞.

The algorithm stops whenλ(j) = ‖c(j)‖∞ = 0, i.e., when the residual vanishes,
and outputsx∗ = x(j). Indeed, this happens after a finite number of steps. In [35] the
authors proved the following result.

Theorem 3.1 If in each step the minimum in(3.23) and (3.24) is attained in only
one indexℓ, then the homotopy algorithm as described yields the minimizer of the
ℓ1-minimization problem(3.16).

If the algorithm is stopped earlier at some iterationj then obviously it yields the
minimizer ofJλ = Jλ(j) . In particular, obvious stopping rules may also be used to
solve the problems

min ‖x‖ℓN
1

subject to‖Ax− y‖ℓm
2
≤ ǫ (3.25)

and min ‖Ax− y‖ℓm
2

subject to‖x‖ℓN
1
≤ δ. (3.26)

The second of these is called thelasso[76].
The LARS (least angle regression) algorithm is a simple modification of the ho-

motopy method, which only adds elements to the active set in each step. Soγ
(j)
− in

(3.24) is not considered. (Sometimes the homotopy method is therefore also called
modified LARS.) Clearly, LARS is not guaranteed any more to yield the solution of
(3.16). However, it is observed empirically – and can be proven rigorously in certain
cases [34] – that often in sparse recovery problems, the homotopy method does never
remove elements from the active set, so that in this case LARS and homotopy perform
the same steps. It is a crucial point that if the solution of (3.16) isk-sparse and the
homotopy method never removes elements then the solution is obtained after precisely
k-steps. Furthermore, the most demanding computational part at stepj is then the
solution of thej × j linear system of equations (3.22). In conclusion, the homotopy
and LARS methods are very efficient for sparse recovery problems.

3.1.2 Iteratively Reweighted Least Squares

In this section we want to present an iterative algorithm which, under the condition that
A satisfies the NSP, is guaranteed to reconstruct vectors with the same approximation
guarantees (2.6) asℓ1-minimization. Moreover, we will also show that such algorithm
has a guaranteed (local) linear rate of convergence which, with a minimal modification,
can be improved to a superlinear rate. We need to make first a brief introduction which
hopefully will shed light on the basic principles of this algorithm and their interplay
with sparse recovery andℓ1-minimization.
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DenoteF(y) = {x : Ax = y} andN = kerA. Let us start with a few non-rigorous
observations; next we will be more precise. Fort 6= 0 we simply have

|t| =
t2

|t| .

Hence, anℓ1-minimization can be recast into a weightedℓ2-minimization, and we may
expect

arg min
x∈F(y)

N∑

j=1

|xj | ≈ arg min
x∈F(y)

N∑

j=1

x2
j |x∗j |−1,

as soon asx∗ is the wantedℓ1-norm minimizer (see the following Lemma 3.3 for
a precise statement). Clearly the advantage of this approximate reformulation is that
minimizing a smooth quadratic function|t|2 is better than addressing the minimization
of the nonsmooth function|t|. However, the obvious drawbacks are that neither we
dispose ofx∗ a priori (this is the vector we are interested to compute!) nor we can
expect thatx∗j 6= 0 for all j = 1, . . . ,N , since we hope fork-sparse solutions. Hence,

we start assuming that we dispose of a good approximationwn
j of |(x∗j )2 + ǫ2n|−1/2 ≈

|x∗j |−1 and we compute

xn+1 = arg min
x∈F(y)

N∑

j=1

x2
jw

n
j , (3.27)

then we up-dateǫn+1 ≤ ǫn, we define

wn+1
j = |(xn+1

j )2 + ǫ2n+1|−1/2, (3.28)

and we iterate the process. The hope is that a proper choice ofǫn → 0 will allow
us for the computation of anℓ1-minimizer, although such a limit property is far from
being obvious. The next sections will help us to describe the right mathematical setting
where such limit is justified.

The relationship betweenℓ1-minimization and reweighted ℓ2-minimization

Let us start with a characterization ofℓ1-minimizers.

Lemma 3.2 An elementx∗ ∈ F(y) has minimalℓ1-norm among all elementsz ∈
F(y) if and only if

|
∑

x∗
j 6=0

sgn(x∗j )ηj | 6
∑

x∗
j=0

|ηj |, for all η ∈ N . (3.29)

Moreover,x∗ is unique if and only if we have the strict inequality for allη ∈ N which
are not identically zero.



Numerical Methods for Sparse Recovery 21

Proof. If x ∈ F(y) has minimumℓ1-norm, then we have, for anyη ∈ N and any
t ∈ R,

N∑

j=1

|xj + tηj| >

N∑

j=1

|xj |. (3.30)

Fix η ∈ N . If t is sufficiently small thenxj + tηj andxj will have the same sign
sj := sgn(xj) wheneverxj 6= 0. Hence, (3.30) can be written as

t
∑

xj 6=0

sjηj +
∑

xj=0

|tηj | > 0.

Choosingt of an appropriate sign, we see that (3.29) is a necessary condition.
For the opposite direction, we note that if (3.29) holds then for eachη ∈ N , we

have

N∑

j=1

|xj | =
∑

xj 6=0

sjxj =
∑

xj 6=0

sj(xj + ηj) −
∑

xj 6=0

sjηj

6
∑

xj 6=0

sj(xj + ηj) +
∑

xj=0

|ηj | 6

N∑

j=1

|xj + ηj |, (3.31)

where the first inequality uses (3.29).
If x is unique then we have strict inequality in (3.30) and hence subsequently in

(3.29). If we have strict inequality in (3.29) then the subsequent strict inequality in
(3.31) implies uniqueness.

Next, consider the minimization in a weightedℓ2(w)-norm. Suppose that the weight
w is strictly positivewhich we define to mean thatwj > 0 for all j ∈ {1, . . . ,N}. In
this case,ℓ2(w) is a Hilbert space with the inner product

〈u, v〉w :=

N∑

j=1

wjujvj . (3.32)

Define
xw := arg min

z∈F(y)
‖z‖ℓN

2 (w). (3.33)

Because the‖·‖ℓN
2 (w)-norm is strictly convex, the minimizerxw is necessarily unique;

we leave as an easy exercise thatxw is completely characterized by the orthogonality
conditions

〈xw, η〉w = 0, for all η ∈ N . (3.34)

A fundamental relationship betweenℓ1-minimization and weightedℓ2-minimization,
which might seem totally unrelated at first sight, due to the different characterization
of respective minimizers, is now easily shown.
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Lemma 3.3 Assume thatx∗ is anℓ1-minimizer and thatx∗ has no vanishing coordi-
nates. Then the (unique) solutionxw of the weighted least squares problem

xw := arg min
z∈F(y)

‖z‖ℓN
2 (w), w := (w1, . . . , wN ), wherewj := |x∗j |−1,

coincides withx∗.

Proof. Assume thatx∗ is not theℓN2 (w)-minimizer. Then there existsη ∈ N such
that 0< 〈x∗, η〉w =

∑N
j=1wjηjx

∗
j =

∑N
j=1 ηj sgn(x∗j ). However, by Lemma 3.2 and

becausex∗ is anℓ1-minimizer, we have
∑N

j=1 ηj sgn(x∗j ) = 0, a contradiction.

An iteratively re-weighted least squares algorithm (IRLS)

Since we do not knowx∗, this observation cannot be used directly. However, it leads
to the following paradigm for findingx∗. We choose a starting weightw0 and solve the
weightedℓ2-minimization for this weight. We then use this solution to define a new
weightw1 and repeat this process. An Iteratively Re-weighted Least Squares (IRLS)
algorithm of this type appeared for the first time in the approximation practice in the
Ph.D. thesis of Lawson in 1961 [53], in the form of an algorithm for solving uniform
approximation problems, in particular by Chebyshev polynomials, by means of limits
of weightedℓp–norm solutions. This iterative algorithm is now well-known in classical
approximation theory as Lawson’s algorithm. In [19] it is proved that this algorithm
has in principle a linear convergence rate. In the 1970s extensions of Lawson’s al-
gorithm for ℓp-minimization, and in particularℓ1-minimization, were proposed. In
signal analysis, IRLS was proposed as a technique to build algorithms for sparse sig-
nal reconstruction in [48]. Perhaps the most comprehensive mathematical analysis of
the performance of IRLS forℓp-minimization was given in the work of Osborne [66].
However, the interplay of NSP,ℓ1-minimization, and a reweighted least squares algo-
rithm has been clarified only recently in the work [30]. In the following we describe
the essential lines of the analysis of this algorithm, by taking advantage of results and
terminology already introduced in previous sections. Our analysis of the algorithm in
(3.27) and (3.28) starts from the observation that

|t| = min
w>0

1
2

(
wt2 + w−1) ,

the minimum being reached forw = 1
|t| . Inspired by this simple relationship, given

a real numberǫ > 0 and a weight vectorw ∈ R
N , with wj > 0, j = 1, . . . ,N , we

define

J (z,w, ǫ) :=
1
2




N∑

j=1

z2
jwj +

N∑

j=1

(ǫ2wj + w−1
j )


 , z ∈ R

N . (3.35)
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The algorithm roughly described in (3.27) and (3.28) can be recast as an alternating
method for choosing minimizers and weights based on the functionalJ .

To describe this more rigorously, we define forz ∈ R
N the nonincreasing rear-

rangementr(z) of the absolute values of the entries ofz. Thusr(z)i is thei-th largest
element of the set{|zj |, j = 1, . . . ,N}, and a vectorv is k-sparse if and only if
r(v)k+1 = 0.

Algorithm 1. We initialize by takingw0 := (1, . . . ,1). We also setǫ0 := 1. We
then recursively define forn = 0,1, . . . ,

xn+1 := arg min
z∈F(y)

J (z,wn, ǫn) = arg min
z∈F(y)

‖z‖ℓ2(wn) (3.36)

and

ǫn+1 := min

(
ǫn,

r(xn+1)K+1

N

)
, (3.37)

whereK is a fixed integer that will be described more fully later. We also define

wn+1 := arg min
w>0

J (xn+1, w, ǫn+1). (3.38)

We stop the algorithm ifǫn = 0; in this case we definexℓ := xn for ℓ > n.
However, in general, the algorithm will generate an infinite sequence(xn)n∈N of
distinct vectors.

Each step of the algorithm requires the solution of a weightedleast squares problem.
In matrix form

xn+1 = D−1
n A∗(AD−1

n A∗)−1y, (3.39)

whereDn is theN × N diagonal matrix whosej-th diagonal entry iswn
j andA∗

denotes the transpose of the matrixA. Oncexn+1 is found, the weightwn+1 is given
by

wn+1
j = [(xn+1

j )2 + ǫ2n+1]
−1/2, j = 1, . . . ,N. (3.40)

Preliminary results

We first make some observations about the nonincreasing rearrangementr(z) and the
j-term approximation errors for vectors inRN . We have the following lemma:

Lemma 3.4 The mapz 7→ r(z) is Lipschitz continuous on(RN , ‖ · ‖ℓN
∞

): for any
z, z′ ∈ R

N , we have
‖r(z) − r(z′)‖ℓN

∞
6 ‖z − z′‖ℓN

∞
. (3.41)

Moreover, for anyj, we have

|σj(z)ℓN
1
− σj(z

′)ℓN
1
| 6 ‖z − z′‖ℓN

1
, (3.42)
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and for anyJ > j, we have

(J − j)r(z)J 6 ‖z − z′‖ℓN
1

+ σj(z
′)ℓN

1
. (3.43)

Proof. For any pair of vectorsz andz′, and anyj ∈ {1, . . . ,N}, let Λ be a set ofj−1
indices corresponding to thej − 1 largest entries inz′. Then

r(z)j 6 max
i∈Λc

|zi| 6 max
i∈Λc

|z′i| + ‖z − z′‖ℓN
∞

= r(z′)j + ‖z − z′‖ℓN
∞
. (3.44)

We can also reverse the roles ofz andz′. Therefore, we obtain (3.41). To prove (3.42),
we approximatez by aj-term best approximationz′[j] ∈ Σj of z′ in ℓN1 . Then

σj(z)ℓN
1

6 ‖z − z′[j]‖ℓN
1

6 ‖z − z′‖ℓN
1

+ σj(z
′)ℓN

1
,

and the result follows from symmetry.
To prove (3.43), it suffices to note that(J − j) r(z)J 6 σj(z)ℓN

1
.

Our next result is an approximate reverse triangle inequality for points inF(y). Its
importance to us lies in its implication that whenever two pointsz, z′ ∈ F(y) have
closeℓ1-norms and one of them is close to ak-sparse vector, then they necessarily are
close to each other. (Note that it also implies that the other vector must then also be
close to thatk-sparse vector.) This is a geometric property of the null space.

Lemma 3.5 (Inverse triangle inequality) Assume that the NSP holds with orderL
and0< γ < 1. Then, for anyz, z′ ∈ F(y), we have

‖z′ − z‖ℓN
1

6
1 + γ

1− γ

(
‖z′‖ℓN

1
− ‖z‖ℓN

1
+ 2σL(z)ℓN

1

)
. (3.45)

Proof. Let Λ be a set of indices of theL largest entries inz. Then

‖(z′ − z)Λc‖ℓN
1

6 ‖z′Λc‖ℓN
1

+ ‖zΛc‖ℓN
1

= ‖z′‖ℓN
1
− ‖z′Λ‖ℓN

1
+ σL(z)ℓN

1

= ‖z‖ℓN
1

+ ‖z′‖ℓN
1
− ‖z‖ℓN

1
− ‖z′Λ‖ℓN

1
+ σL(z)ℓN

1

= ‖zΛ‖ℓN
1
− ‖z′Λ‖ℓN

1
+ ‖z′‖ℓN

1
− ‖z‖ℓN

1
+ 2σL(z)ℓN

1

6 ‖(z′ − z)Λ‖ℓN
1

+ ‖z′‖ℓN
1
− ‖z‖ℓN

1
+ 2σL(z)ℓN

1
. (3.46)

Using the NSP, this gives

‖(z′−z)Λ‖ℓN
1

6 γ‖(z′−z)Λc‖ℓN
1

6 γ(‖(z′−z)Λ‖ℓN
1

+‖z′‖ℓN
1
−‖z‖ℓN

1
+2σL(z)ℓN

1
).

(3.47)
In other words,

‖(z′ − z)Λ‖ℓN
1

6
γ

1− γ
(‖z′‖ℓN

1
− ‖z‖ℓN

1
+ 2σL(z)ℓN

1
). (3.48)
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Using this, together with (3.46), we obtain

‖z′−z‖ℓN
1

= ‖(z′−z)Λc‖ℓN
1

+‖(z′−z)Λ‖ℓN
1

6
1 + γ

1− γ
(‖z′‖ℓN

1
−‖z‖ℓN

1
+2σL(z)ℓN

1
),

(3.49)
as desired.

By using the previous lemma we obtain the following estimate.

Lemma 3.6 Assume that the NSP holds with orderL and 0 < γ < 1. Suppose that
F(y) contains anL-sparse vector. Then this vector is the uniqueℓ1-minimizer in
F(y); denoting it byx∗, we have moreover, for allv ∈ F(y),

‖v − x∗‖ℓN
1

6 2
1 + γ

1− γ
σL(v)ℓN

1
. (3.50)

Proof. We may immediately see thatx∗ is the uniqueℓ1-minimizer, by an application
of Theorem 2.10. However, we would like to show this statement below, as conse-
quence of the inverse triangle inequality in Lemma 3.5. For the time being, we denote
theL-sparse vector inF(y) by xs.
Applying (3.45) withz′ = v andz = xs, we find

‖v − xs‖ℓN
1

6
1 + γ

1− γ
[‖v‖ℓN

1
− ‖xs‖ℓN

1
] ;

sincev ∈ F(y) is arbitrary, this implies that‖v‖ℓN
1
−‖xs‖ℓN

1
> 0 for all v ∈ F(y), so

thatxs is anℓ1-norm minimizer inF(y).
If x′ were anotherℓ1-minimizer in F(y), then it would follow that‖x′‖ℓN

1
=

‖xs‖ℓN
1

, and the inequality we just derived would imply‖x′ − xs‖ℓN
1

= 0, orx′ = xs.
It follows that xs is the uniqueℓ1-minimizer in F(y), which we denote byx∗, as
proposed earlier.

Finally, we apply (3.45) withz′ = x∗ andz = v, and we obtain

‖v − x∗‖ 6
1 + γ

1− γ
(‖x∗‖ℓN

1
− ‖v‖ℓN

1
+ 2σL(v)ℓN

1
) 6 2

1 + γ

1− γ
σL(v)ℓN

1
,

where we have used theℓ1-minimization property ofx∗.

Our next set of remarks centers around the functionalJ defined by (3.35). Note
that for eachn = 1,2, . . . , we have

J (xn+1, wn+1, ǫn+1) =
N∑

j=1

[(xn+1
j )2 + ǫ2n+1]

1/2. (3.51)

We also have the following monotonicity property which holds for alln > 0:

J (xn+1, wn+1, ǫn+1) 6 J (xn+1, wn, ǫn+1) 6 J (xn+1, wn, ǫn) 6 J (xn, wn, ǫn).
(3.52)
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Here the first inequality follows from the minimization property that defineswn+1,
the second inequality fromǫn+1 6 ǫn, and the last inequality from the minimization
property that definesxn+1. For eachn, xn+1 is completely determined bywn; for
n = 0, in particular,x1 is determined solely byw0, and independent of the choice
of x0 ∈ F(y). (With the initial weight vector defined byw0 = (1, . . . ,1), x1 is the
classical minimumℓ2-norm element ofF(y).) The inequality (3.52) forn = 0 thus
holds for arbitraryx0 ∈ F(y).

Lemma 3.7 For eachn > 1 we have

‖xn‖ℓN
1

6 J (x1, w0, ǫ0) =: A (3.53)

and
wn

j > A−1, j = 1, . . . ,N. (3.54)

Proof. The bound (3.53) follows from (3.52) and

‖xn‖ℓN
1

6

N∑

j=1

[(xn
j )2 + ǫ2n]1/2 = J (xn, wn, ǫn).

The bound (3.54) follows from

(wn
j )−1 = [(xn

j )2 + ǫ2n]1/2 6 J (xn, wn, ǫn) 6 A,

where the last inequality uses (3.52).

Convergence of the algorithm

In this section, we prove that the algorithm converges. Our starting point is the follow-
ing lemma that establishes(xn − xn+1) → 0 for n→ ∞.

Lemma 3.8 Given anyy ∈ R
m, thexn satisfy

∞∑

n=1

‖xn+1 − xn‖2
ℓN

2
6 2A2. (3.55)

whereA is the constant of Lemma3.7. In particular, we have

lim
n→∞

(xn − xn+1) = 0. (3.56)

Proof. For eachn = 1,2, . . . , we have

2[J (xn, wn, ǫn) − J (xn+1, wn+1, ǫn+1)] > 2[J (xn, wn, ǫn) − J (xn+1, wn, ǫn)]
= 〈xn, xn〉wn − 〈xn+1, xn+1〉wn

= 〈xn + xn+1, xn − xn+1〉wn
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= 〈xn − xn+1, xn − xn+1〉wn

=

N∑

j=1

wn
j (xn

j − xn+1
j )2

> A−1‖xn − xn+1‖2
ℓN

2
, (3.57)

where the third equality uses the fact that〈xn+1, xn − xn+1〉wn = 0 (observe that
xn+1 − xn ∈ N and invoke (3.34)), and the inequality uses the bound (3.54) on the
weights. If we now sum these inequalities overn > 1, we arrive at (3.55).

From the monotonicity ofǫn, we know thatǫ := limn→∞ ǫn exists and is non-
negative. The following functional will play an important role in our proof of conver-
gence:

fǫ(z) :=

N∑

j=1

(z2
j + ǫ2)1/2. (3.58)

Notice that if we knew thatxn converged tox then, in view of (3.51),fǫ(x) would
be the limit ofJ (xn, wn, ǫn). Whenǫ > 0 the functionalfǫ is strictly convex and
therefore has a unique minimizer

xε := arg min
z∈F(y)

fǫ(z). (3.59)

This minimizer is characterized by the following lemma:

Lemma 3.9 Let ǫ > 0 andz ∈ F(y). Thenz = xǫ if and only if〈z, η〉ew(z,ǫ) = 0 for

all η ∈ N , wherew̃(z, ǫ)j = [z2
j + ǫ2]−1/2.

Proof. For the “only if” part, letz = xǫ andη ∈ N be arbitrary. Consider the analytic
function

Gǫ(t) := fǫ(z + tη) − fǫ(z).

We haveGǫ(0) = 0, and by the minimization propertyGǫ(t) > 0 for all t ∈ R. Hence,
G′

ǫ(0) = 0. A simple calculation reveals that

G′
ǫ(0) =

N∑

j=1

ηjzj

[z2
j + ǫ2]1/2

= 〈z, η〉ew(z,ǫ),

which gives the desired result.
For the “if” part, assume thatz ∈ F(y) and

〈z, η〉ew(z,ǫ) = 0 for all η ∈ N , (3.60)
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wherew̃(z, ǫ) is defined as above. We shall show thatz is a minimizer offǫ onF(y).
Indeed, consider the convex univariate function[u2 + ǫ2]1/2. For any pointu0 we have
from convexity that

[u2 + ǫ2]1/2 > [u2
0 + ǫ2]1/2 + [u2

0 + ǫ2]−1/2u0(u− u0), (3.61)

because the right side is the linear function which is tangent to this function atu0. It
follows that for any pointv ∈ F(y) we have

fǫ(v) > fǫ(z)+

N∑

j=1

[z2
j +ǫ2]−1/2zj(vj−zj) = fǫ(z)+〈z, v−z〉w̃(z,ǫ) = fǫ(z), (3.62)

where we have used the orthogonality condition (3.60) and the fact thatv − z is inN .
Sincev is arbitrary, it follows thatz = xε, as claimed.

We now prove the convergence of the algorithm.

Theorem 3.10LetK (the same index as used in the update rule(3.37)) be chosen so
that A satisfies the Null Space Property of orderK, with γ < 1. Then, for eachy ∈
R

m, the output of Algorithm 1 converges to a vectorx̄, with r(x̄)K+1 = N limn→∞ ǫn
and the following hold:
(i) If ǫ = limn→∞ ǫn = 0, thenx̄ isK-sparse; in this case there is therefore a unique
ℓ1-minimizerx∗, andx̄ = x∗; moreover, we have, fork 6 K, and anyz ∈ F(y),

‖z − x̄‖ℓN
1

6 cσk(z)ℓN
1
, with c :=

2(1 + γ)

1− γ
(3.63)

(ii) If ǫ = limn→∞ ǫn > 0, thenx̄ = xǫ;
(iii) In this last case, ifγ satisfies the stricter boundγ < 1− 2

K+2 (or, equivalently, if
2γ

1−γ < K), then we have, for allz ∈ F(y) and anyk < K − 2γ
1−γ , that

‖z − x̄‖ℓN
1

6 c̃σk(z)ℓN
1
, with c̃ :=

2(1 + γ)

1− γ

[
K − k + 3

2

K − k − 2γ
1−γ

]
(3.64)

As a consequence, this case is excluded ifF(y) contains a vector of sparsityk <
K − 2γ

1−γ .

Note that the approximation properties (3.63) and (3.64) are exactly of the same order
as the one (2.6) provided byℓ1-minimization. However, in general,̄x is not necessarily
anℓ1-minimizer, unless it coincides with a sparse solution.
The constant̃c can be quite reasonable; for instance, ifγ 6 1/2 andk 6 K − 3, then
we havẽc 6 9 1+γ

1−γ 6 27.
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Proof. Note that sinceǫn+1 ≤ ǫn, theǫn always converge. We start by considering the
caseǫ := limn→∞ ǫn = 0.

Caseǫ = 0: In this case, we want to prove thatxn converges , and that its limit
is anℓ1-minimizer. Suppose thatǫn0

= 0 for somen0. Then by the definition of the
algorithm, we know that the iteration is stopped atn = n0, andxn = xn0 , n > n0.
Thereforex̄ = xn0. From the definition ofǫn, it then also follows thatr(xn0)K+1 = 0
and sox̄ = xn0 is K-sparse. As noted in Lemma 3.6, if aK-sparse solution exists
whenA satisfies the NSP of orderK with γ < 1, then it is the uniqueℓ1-minimizer.
Therefore,̄x equalsx∗, this unique minimizer.

Suppose now thatǫn > 0 for all n. Sinceǫn → 0, there is an increasing sequence
of indices(ni) such thatǫni < ǫni−1 for all i. By the definition (3.37) of(ǫn)n∈N, we
must haver(xni)K+1 < Nǫni−1 for all i. Noting that(xn)n∈N is a bounded sequence,
there exists a subsequence(pj)j∈N of (ni)i∈N such that(xpj )j∈N converges to a point
x̃ ∈ F(y). By Lemma 3.4, we know thatr(xpj)K+1 converges tor(x̃)K+1. Hence we
get

r(x̃)K+1 = lim
j→∞

r(xpj)K+1 6 lim
j→∞

Nǫpj−1 = 0, (3.65)

which means that the support-width ofx̃ is at mostK, i.e. x̃ is K-sparse. By the
same token used above, we again have thatx̃ = x∗, the uniqueℓ1-minimizer. We
must still show thatxn → x∗. Sincexpj → x∗ and ǫpj → 0, (3.51) implies
J (xpj , wpj , ǫpj ) → ‖x∗‖ℓN

1
. By the monotonicity property stated in (3.52), we get

J (xn, wn, ǫn) → ‖x∗‖ℓN
1

. Since (3.51) implies

J (xn, wn, ǫn) −Nǫn 6 ‖xn‖ℓN
1

6 J (xn, wn, ǫn), (3.66)

we obtain‖xn‖ℓN
1

→ ‖x∗‖ℓN
1

. Finally, we invoke Lemma 3.5 withz′ = xn, z = x∗,
andk = K to get

lim sup
n→∞

‖xn − x∗‖ℓN
1

6
1 + γ

1− γ

(
lim

n→∞
‖xn‖ℓN

1
− ‖x∗‖ℓN

1

)
= 0, (3.67)

which completes the proof thatxn → x∗ in this case.
Finally, (3.63) follows from (3.50) of Lemma 3.6 (withL = K), and the observation

thatσn(z) > σn′(z) if n 6 n′.
Caseǫ > 0: We shall first show thatxn → xǫ, n → ∞, with xǫ as defined by

(3.59). By Lemma 3.7, we know that(xn)∞n=1 is a bounded sequence inR
N and hence

this sequence has accumulation points. Let(xni) be any convergent subsequence of
(xn) and letx̃ ∈ F(y) be its limit. We want to show that̃x = xǫ.

Sincewn
j = [(xn

j )2 + ǫ2n]−1/2 6 ǫ−1, it follows that limi→∞wni
j = [(x̃j)

2 +

ǫ2]−1/2 = w̃(x̃, ǫ)j =: w̃j , j = 1, . . . ,N . On the other hand, by invoking Lemma 3.8,
we now find thatxni+1 → x̃, i→ ∞. It then follows from the orthogonality relations
(3.34) that for everyη ∈ N , we have

〈x̃, η〉ew = lim
i→∞

〈xni+1, η〉wni = 0. (3.68)
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Now the “if” part of Lemma 3.9 implies that̃x = xǫ. Hencexǫ is the unique accumu-
lation point of(xn)n∈N and therefore its limit. This establishes (ii).

To prove the error estimate (3.64) stated in (iii), we first note that for anyz ∈ F(y),
we have

‖xǫ‖ℓN
1

6 fǫ(x
ǫ) 6 fǫ(z) 6 ‖z‖ℓN

1
+Nǫ, (3.69)

where the second inequality uses the minimizing property ofxǫ. Hence it follows that
‖xǫ‖ℓN

1
− ‖z‖ℓN

1
6 Nǫ. We now invoke Lemma 3.5 to obtain

‖xǫ − z‖ℓN
1

6
1 + γ

1− γ
[Nǫ+ 2σk(z)ℓN

1
]. (3.70)

From Lemma 3.4 and (3.37), we obtain

Nǫ = lim
n→∞

Nǫn 6 lim
n→∞

r(xn)K+1 = r(xǫ)K+1. (3.71)

It follows from (3.43) that

(K + 1− k)Nǫ 6 (K + 1− k)r(xǫ)K+1

6 ‖xǫ − z‖ℓN
1

+ σk(z)ℓN
1

6
1 + γ

1− γ
[Nǫ+ 2σk(z)ℓN

1
] + σk(z)ℓN

1
, (3.72)

where the last inequality uses (3.70). Since by assumption onK, we haveK − k >
2γ

1−γ , i.e.K + 1− k > 1+γ
1−γ , we obtain

Nǫ+ 2σk(z)ℓN
1

6
2(K − k) + 3

(K − k) − 2γ
1−γ

σk(z)ℓN
1
.

Using this back in (3.70), we arrive at (3.64).
Finally, notice that ifF(y) contains ak-sparse vector (withk < K − 2γ

1−γ ), then we
know already that this must be the uniqueℓ1-minimizerx∗; it then follows from our
arguments above that we must haveǫ = 0. Indeed, if we hadǫ > 0, then (3.72) would
hold for z = x∗; sincex∗ is k-sparse,σk(x

∗)ℓN
1

= 0, implying ǫ = 0, a contradiction
with the assumptionǫ > 0. This finishes the proof.

Local linear rate of convergence

It is instructive to show a further very interesting result concerning the local rate of
convergence of this algorithm, which makes heavy use of the NSP as well as the op-
timality properties we introduced above. One assumes here thatF(y) contains the
k-sparse vectorx∗. The algorithm produces the sequencexn, which converges tox∗,
as established above. One denotes the (unknown) support of thek-sparse vectorx∗ by
Λ.
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We introduce an auxiliary sequence of error vectorsηn ∈ N via ηn := xn −x∗ and

En := ‖ηn‖ℓN
1

= ‖x∗ − xn‖ℓN
1
.

We know thatEn → 0.
The following theorem gives a bound on the rate of convergence ofEn to zero.

Theorem 3.11 AssumeA satisfies NSP of orderK with constantγ such that0< γ <
1− 2

K+2. Suppose thatk < K − 2γ
1−γ , 0 < ρ < 1, and0 < γ < 1− 2

K+2 are such
that

µ :=
γ(1 + γ)

1− ρ

(
1 +

1
K + 1− k

)
< 1.

Assume thatF(y) contains ak-sparse vectorx∗ and letΛ = supp(x∗). Let n0 be
such that

En0
6 R∗ := ρ min

j∈Λ
|x∗j |. (3.73)

Then for alln > n0, we have
En+1 6 µEn. (3.74)

Consequentlyxn converges tox∗ exponentially.

Proof. We start with the relation (3.34) withw = wn, xw = xn+1 = x∗ + ηn+1, and
η = xn+1 − x∗ = ηn+1, which gives

N∑

j=1

(x∗j + ηn+1
j )ηn+1

j wn
j = 0.

Rearranging the terms and using the fact thatx∗ is supported onΛ, we get

N∑

j=1

|ηn+1
j |2wn

j = −
∑

j∈Λ

x∗jη
n+1
j wn

j = −
∑

j∈Λ

x∗j
[(xn

j )2 + ǫ2n]1/2
ηn+1

j . (3.75)

Prove of the theorem is by induction. One assumes that we have shownEn 6 R∗

already. We then have, for allj ∈ Λ,

|ηn
j | 6 ‖ηn‖ℓN

1
= En 6 ρ|x∗j | ,

so that
|x∗j |

[(xn
j )2 + ǫ2n]1/2

6
|x∗j |
|xn

j |
=

|x∗j |
|x∗j + ηn

j |
6

1
1− ρ

, (3.76)

and hence (3.75) combined with (3.76) and NSP gives

N∑

j=1

|ηn+1
j |2wn

j 6
1

1− ρ
‖ηn+1

Λ ‖ℓN
1

6
γ

1− ρ
‖ηn+1

Λc ‖ℓN
1
.
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At the same time, the Cauchy-Schwarz inequality combined with the above estimate
yields

‖ηn+1
Λc ‖2

ℓN
1

6



∑

j∈Λc

|ηn+1
j |2wn

j





∑

j∈Λc

[(xn
j )2 + ǫ2n]1/2




6




N∑

j=1

|ηn+1
j |2wn

j





∑

j∈Λc

[(ηn
j )2 + ǫ2n]1/2




6
γ

1− ρ
‖ηn+1

Λc ‖ℓN
1

(
‖ηn‖ℓN

1
+Nǫn

)
. (3.77)

If ηn+1
Λc = 0, thenxn+1

Λc = 0. In this casexn+1 is k-sparse and the algorithm has
stopped by definition; sincexn+1 − x∗ is in the null spaceN , which contains nok-
sparse elements other than 0, we have already obtained the solutionxn+1 = x∗. If
ηn+1
Λc 6= 0, then after canceling the factor‖ηn+1

Λc ‖ℓN
1

in (3.77), we get

‖ηn+1
Λc ‖ℓN

1
6

γ

1− ρ

(
‖ηn‖ℓN

1
+Nǫn

)
,

and thus

‖ηn+1‖ℓN
1

= ‖ηn+1
Λ ‖ℓN

1
+‖ηn+1

Λc ‖ℓN
1

6 (1+γ)‖ηn+1
Λc ‖ℓN

1
6
γ(1 + γ)

1− ρ

(
‖ηn‖ℓN

1
+Nǫn

)
.

(3.78)
Now, we also have by (3.37) and (3.43)

Nǫn 6 r(xn)K+1 6
1

K + 1− k
(‖xn − x∗‖ℓN

1
+ σk(x

∗)ℓN
1

) =
‖ηn‖ℓN

1

K + 1− k
, (3.79)

since by assumptionσk(x
∗) = 0. This, together with (3.78), yields the desired bound,

En+1 = ‖ηn+1‖ℓN
1

6
γ(1 + γ)

1− ρ

(
1 +

1
K + 1− k

)
‖ηn‖ℓN

1
= µEn.

In particular, sinceµ < 1, we haveEn+1 6 R∗, which completes the induction step.
It follows thatEn+1 6 µEn for all n > n0.

A surprising superlinear convergence promotingℓτ -minimization for τ < 1

The linear rate (3.74) can be improved significantly, by a very simple modification of
the rule of updating the weight:

wn+1
j =

(
(xn+1

j )2 + ǫ2n+1

)− 2−τ
2
, j = 1, . . . ,N, for any 0< τ < 1.
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This corresponds to the substitution of the functionJ with

Jτ (z,w, ǫ) :=
τ

2




N∑

j=1

z2
jwj +

N∑

j=1


ǫ2wj +

2− τ

τ

1

w
τ

2−τ

j




 ,

z ∈ R
N , w ∈ R

N
+ , ǫ ∈ R+.

Surprisingly the rate of local convergence of this modified algorithm is superlinear;
the rate is larger for smallerτ , increasing to approach a quadratic regime asτ → 0.
More precisely the local errorEn := ‖xn − x∗‖τ

ℓN
τ

satisfies

En+1 6 µ(γ, τ)E2−τ
n , (3.80)

whereµ(γ, τ) < 1 for γ > 0 sufficiently small. The validity of (3.80) is restricted
to xn in a (small) ball centered atx∗. In particular, ifx0 is close enough tox∗ then
(3.80) ensures the convergence of the algorithm to thek-sparse solutionx∗. We refer
the reader to [30] for more details.

Some open problems

1. In practice this algorithm appears very robust and its convergence is either linear
or even superlinear when properly tuned as previously indicated. However, such guar-
antees of rate of convergence are valid only in a neighborhood of a solution which is
presently very difficult to estimate. This does not allow us yet to properly estimate the
complexity of this method.

2. Forτ < 1 the algorithm seems to converge properly whenτ is not too small, but
when, say,τ < 0.5, then the algorithm tends to fail to reach the region of guaranteed
convergence. It is an open problem to very sharply characterize such phase transitions,
and heuristic methods to avoid local minima are also of great interest.

3. While error guarantees of the type (2.6) are given, it is open whether (2.7) and
(2.14) can hold for this algorithm. In this case one expects that the RIP plays a relevant
role, instead of the NSP, as we show in Section 3.1.4 below.

3.1.3 Extensions to the Minimization of Functionals with Total Variation Terms

In concrete applications, e.g., for image processing, one might be interested in recov-
ering at best a digital image provided only partial linear or nonlinear measurements,
possibly corrupted by noise. Given the observation that natural and man-made images
can be characterized by a relatively small number of edges and extensive, relatively
uniform parts, one may want to help the reconstruction by imposing that the interest-
ing solution is the one which matches the given data and also has a few discontinuities
localized on sets of lower dimension.

In the context ofcompressed sensingas described in the previous sections, we have
already clarified that the minimization ofℓ1-norms occupies a fundamental role for the
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promotion of sparse solutions. This understanding furnishes an important interpreta-
tion of total variation minimization, i.e., the minimization of theL1-norm of deriva-
tives [72], as a regularization technique for image restoration. The problem can be
modelled as follows; letΩ ⊂ R

d, for d = 1,2 be a bounded open set with Lipschitz
boundary, andH = L2(Ω). Foru ∈ L1

loc(Ω)

V (u,Ω) := sup

{∫

Ω
udivϕ dx : ϕ ∈

[
C1

c (Ω)
]d
, ‖ϕ‖∞ ≤ 1

}

is the variation ofu, actually in the literature this is called in a popular way thetotal
variation of u. Further,u ∈ BV (Ω), the space of bounded variation functions [1,38],
if and only if V (u,Ω) < ∞. In this case, we denote|D(u)|(Ω) = V (u,Ω). If
u ∈ W 1,1(Ω) (the Sobolev space ofL1-functions withL1-distributional derivatives),
then|D(u)|(Ω) =

∫
Ω |∇u| dx. We consider as in [16,81] the minimization inBV (Ω)

of the functional

J (u) := ‖Ku− g‖2
L2(Ω) + 2α |D(u)| (Ω), (3.81)

whereK : L2(Ω) → L2(Ω) is a bounded linear operator,g ∈ L2(Ω) is a datum,
andα > 0 is a fixedregularization parameter. Several numerical strategies to effi-
ciently perform total variation minimization have been proposed in the literature, see
for instance [15,26,49,68,83]. However, in the following we will discuss only how to
adapt an iteratively reweighted least squares algorithm to this particular situation. For
simplicity, we would like to work in a discrete setting [32] and we refer to [16,44] for
more details in the continuous setting.

Let us fix the main notations. Since we are interested in a discrete setting we define
thediscreted-orthotopeΩ = {x1

1 < . . . < x1
N1
} × . . . × {xd

1 < . . . < xd
Nd

} ⊂ R
d,

d ∈ N and the considered function spaces areH = R
N1×N2×...×Nd , whereNi ∈ N for

i = 1, . . . , d. Foru ∈ H we writeu = u(xi)i∈I with

I :=

d∏

k=1

{1, . . . ,Nk}

and
u(xi) = u(x1

i1
, . . . , xd

id
)

whereik ∈ {1, . . . ,Nk}. Then we endowH with the Euclidean norm

‖u‖H = ‖u‖2 =

(
∑

i∈I
|u(xi)|2

)1/2

=

(
∑

x∈Ω

|u(x)|2
)1/2

.

We define the scalar product ofu, v ∈ H as

〈u, v〉H =
∑

i∈I
u(xi)v(xi),
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and the scalar product ofp, q ∈ Hd as

〈p, q〉Hd =
∑

i∈I
〈p(xi), q(xi)〉Rd ,

with 〈y, z〉Rd =
∑d

j=1 yjzj for everyy = (y1, . . . , yd) ∈ R
d andz = (z1, . . . , zd) ∈

R
d. We will consider also other norms, in particular

‖u‖p =

(
∑

i∈I
|u(xi)|p

)1/p

, 1 ≤ p <∞,

and
‖u‖∞ = sup

i∈I
|u(xi)|.

We denote the discrete gradient∇u by

(∇u)(xi) = ((∇u)1(xi), . . . , (∇u)d(xi)),

with

(∇u)j(xi) =

{
u(x1

i1
, . . . , xj

ij+1, . . . , x
d
id

) − u(x1
i1
, . . . , xj

ij
, . . . , xd

id
) if ij < Nj

0 if ij = Nj

for all j = 1, . . . , d and for alli = (i1, . . . , id) ∈ I.
Letϕ : R → R, we define forω ∈ Hd

ϕ(|ω|)(Ω) =
∑

i∈I
ϕ(|ω(xi)|) =

∑

x∈Ω

ϕ(|ω(x)|),

where|y| =
√
y2

1 + . . . + y2
d. In particular we define thetotal variationof u by setting

ϕ(s) = s andω = ∇u, i.e.,

|∇u|(Ω) :=
∑

i∈I
|∇u(xi)| =

∑

x∈Ω

|∇u(x)|.

For an operatorK we denoteK∗ its adjoint. Further we introduce thediscrete diver-
gencediv : Hd → H defined, in analogy with the continuous setting, bydiv = −∇∗

(∇∗ is the adjoint of the gradient∇). The discrete divergence operator is explicitly
given by

(div p)(xi) =





p1(x1
i1
, . . . , xd

id
) − p1(x1

i1−1, . . . , x
d
id

) if 1 < i1 < N1

p1(x1
i1
, . . . , xd

id
) if i1 = 1

−p1(x1
i1−1, . . . , x

d
id

) if i1 = N1

+ . . .+





pd(x1
i1
, . . . , xd

id
) − pd(x1

i1
, . . . , xd

id−1) if 1 < id < Nd

pd(x1
i1
, . . . , xd

id
) if id = 1

−pd(x1
i1
, . . . , xd

id−1) if id = Nd,
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for everyp = (p1, . . . , pd) ∈ Hd and for alli = (i1, . . . , id) ∈ I. (Note that if we
considered discrete domainsΩ which are not discreted-orthotopes, then the definitions
of gradient and divergence operators should be adjusted accordingly.) We will use the
symbol 1 to indicate the constant vector with entry values 1 and 1D to indicate the
characteristic function of the domainD ⊂ Ω. We are interested in the minimization of
the functional

J (u) := ‖Ku− g‖2
2 + 2α |∇(u)| (Ω), (3.82)

whereK ∈ L(H) is a linear operator,g ∈ H is a datum, andα > 0 is a fixed constant.
In order to guarantee the existence of minimizers for (3.82) we assume that:

(C) J is coercive inH, i.e., there exists a constantC > 0 such that{J ≤ C} :=
{u ∈ H : J (u) ≤ C} is bounded inH.

It is well known that if 1/∈ ker(K) then condition (C) is satisfied, see [81, Proposition
3.1], and we will assume this condition in the following.

Similarly to (3.35) for the minimization of theℓ1-norm, we consider the augmented
functional

J (u,w) := ‖Ku− g‖2
2 + α

(
∑

x∈Ω

w(x)|∇u(x)|2 +
1

w(x)

)
. (3.83)

We used again the notationJ with the clear understanding that, when applied to one
variable only, it refers to (3.82), otherwise to (3.83). Then, as the IRLS method for
compressed sensing, we consider the following

Algorithm 2. We initialize by takingw0 := 1. We also set 1≥ ε > 0. We then
recursively define forn = 0,1, . . . ,

un+1 := arg min
u∈H

J (u,wn) (3.84)

and
wn+1 := arg min

ε≤wi≤1/ε,i∈I
J (un+1, w). (3.85)

Note that, by considering the Euler-Lagrange equations, (3.84) is equivalent to the
solution of the following linear second order partial difference equation

div (wn∇u) − 2
α
K∗(Ku− g) = 0, (3.86)

which can be solved, e.g., by a preconditioned conjugate gradient method. Note that
ε ≤ wn

i
≤ 1/ε, i ∈ I and therefore the equation can be recast into a symmetric
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positive definite linear system. Moreover, as perhaps already expected, the solution to
(3.85) is explicitly computed by

wn+1 = max

(
ε,min

(
1

|∇un+1| ,1/ε
))

.

For the sake of the analysis of the convergence of this algorithm, let us introduce the
following C1 function (i.e., it is continuously differentiable):

ϕε(z) =





1
2ε
z2 +

ε

2
0 ≤ z ≤ ε

z ε ≤ z ≤ 1/ε

ε

2
z2 +

1
2ε

z ≥ 1/ε.

Note that
ϕε(z) ≥ |z|,

and
|z| = lim

ε→0
ϕε(z), pointwise.

We consider the following functional:

Jε(u) := ‖Ku− g‖2
2 + 2αϕε(|∇(u)|)(Ω), (3.87)

which is clearly approximatingJ from above, i.e.,

Jε(u) ≥ J (u), and lim
ε→0

Jε(u) = J (u), pointwise. (3.88)

Moreover, sinceJε is convex and smooth, by taking the Euler-Lagrange equations, we
have thatuε is a minimizer forJε if and only if

div

(
ϕ′

ε(|∇u)|
|∇u| ∇u

)
− 2
α
K∗(Ku− g) = 0, (3.89)

We have the following result of convergence of the algorithm.

Theorem 3.12 The sequence(un)n∈N has subsequences that converge to a minimizer
uε := u∞ of Jε. If the minimizer were unique, then the full sequence would converge
to it.

Proof. Observe that

J (un, wn) − J (un+1, wn+1) =
(
J (un, wn) − J (un+1, wn)

)
︸ ︷︷ ︸

An

+
(
J (un+1, wn) − J (un+1, wn+1)

)
︸ ︷︷ ︸

Bn

≥ 0.
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ThereforeJ (un, wn) is a nonincreasing sequence and moreover it is bounded from
below, since

inf
ε≤w≤1/ε

(
∑

x∈Ω

w(x)|∇u(x)|2 +
1

w(x)

)
≥ 0.

This implies thatJ (un, wn) converges. Moreover, we can write

Bn =
∑

x∈Ω

c(wn(x), |∇un+1(x)|) − c(wn+1(x), |∇un+1(x)|),

wherec(t, z) := tz2 + 1
t . By Taylor’s formula, we have

c(wn, z) = c(wn+1, z) +
∂c

∂t
(wn+1, z)(wn − wn+1) +

1
2
∂2c

∂t2
(ξ, z)|wn − wn+1|2,

for ξ ∈ conv(wn, wn+1) (the segment betweenwn andwn+1). By definition ofwn+1,
and taking into account thatε ≤ wn+1 ≤ 1

ε , we have

∂c

∂t
(wn+1, |∇un+1(x)|)(wn − wn+1) ≥ 0,

and ∂2c
∂t2 (t, z) = 2

t3 ≥ 2ε3, for anyt ≤ 1/ε. This implies that

J (un, wn) − J (un+1, wn+1) ≥ Bn ≥ ε3
∑

x∈Ω

|wn(x) − wn+1(x)|2,

and sinceJ (un, wn) is convergent, we have

‖wn − wn+1‖2 → 0, (3.90)

for n → ∞. Sinceun+1 is a minimizer ofJ (u,wn) it solves the following system of
variational equations

0 =
∑

x∈Ω

(
wn∇un+1(x) · ∇ϕ(x) +

2
α

(Kun+1 − g)(x)Kϕ(x)

)
, (3.91)

for all ϕ ∈ H. Therefore we can write

∑

x∈Ω

(
wn+1∇un+1(x) · ∇ϕ(x) +

2
α

(Kun+1 − g)(x)Kϕ(x)

)

=
∑

x∈Ω

(wn+1 − wn)∇un+1(x) · ∇ϕ(x),

and
∣∣∣∣∣
∑

x∈Ω

(
wn+1∇un+1(x) · ∇ϕ(x) +

2
α

(Kun+1 − g)(x)Kϕ(x)

)∣∣∣∣∣

≤ ‖wn+1 − wn‖2‖∇un+1‖2‖∇ϕ‖2.
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By monotonicity of(J (un+1, wn+1))n, and sincewn+1 = ϕ′
ε(|∇un+1|)
|∇un+1| , we have

J (u1, w0) ≥ J (un+1, wn+1) = Jε(u
n+1) ≥ J (un+1) ≥ c1|∇u|(Ω) ≥ c2‖∇un+1‖2.

Moreover, sinceJε(u
n+1) ≥ J (un+1) andJ is coercive, by condition (C), we have

that ‖un+1‖2 and ‖∇un+1‖2 are uniformly bounded with respect ton. Therefore,
using (3.90), we can conclude that

∣∣∣∣∣
∑

x∈Ω

(
wn+1∇un+1(x) · ∇ϕ(x) +

2
α

(Kun+1 − g)(x)Kϕ(x)

)∣∣∣∣∣

≤ ‖wn+1 − wn‖2‖∇un+1‖2‖∇ϕ‖2 → 0,

for n → ∞, and there exists a subsequence(u(nk+1))k that converges inH to a func-

tion u∞. Sincewnk+1 = ϕ′
ε(|∇unk+1|)
|∇unk+1| , and by taking the limit fork → ∞, we obtain

that in fact

div

(
ϕ′

ε(|∇u∞|)
|∇u∞| ∇u∞

)
− 2
α
K∗(Ku∞ − g) = 0, (3.92)

The latter are the Euler-Lagrange equations (3.89) associated to the functionalJε and
thereforeu∞ is a minimizer ofJε.

It is left as a – not simple – exercise to prove the following result. One has to
make use of the monotonicity of the approximation (3.88), of the coerciveness ofJ
(property (C)), and of the continuity ofJε. See also [25] for more general tools from
so-calledΓ-convergencefor achieving such variational limits.

Proposition 3.13 Let us assume that(εh)h is a sequence of positive numbers mono-
tonically converging to zero. The accumulation points of the sequence(uεh

)h of mini-
mizers ofJεh

are minimizers ofJ .

Let us note a few differences between Algorithm 1 and Algorithm 2. In Algorithm
1 we have been able to establish a rule for up-dating the parameterǫ according to the
iterations. This was not done for Algorithm 2, where we considered the limit forε→ 0
only at the end. It is an interesting open question how can we simultaneously address
a choice of a decreasing sequence(εn)n during the iterations and show directly the
convergence of the resulting sequence to a minimizer ofJ .

3.1.4 Iterative Hard Thresholding

Let us now return to the sparse recovery problem (2.8) and address a new iterative
algorithm which, under the RIP forA, has stability properties as in (2.14), which are
reached in a finite number of iterations. In this section we address the following
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Algorithm 3. We initialize by takingx0 = 0. We iterate

xn+1 = Hk(x
n +A∗(y −Axn)), (3.93)

where
Hk(x) = x[k], (3.94)

is the operator which returns the bestk-term approximation tox, see (2.3).

Note that ifx∗ isk-sparse andAx∗ = y, thenx∗ is a fixed point of

x∗ = Hk(x
∗ +A∗(y −Ax∗)).

This algorithm can be seen as a minimizing method for the functional

J (x) = ‖y −Ax‖2
ℓN

2
+ 2α‖x‖ℓN

0
, (3.95)

for a suitableα = α(k) > 0 or equivalently for the solution of the optimization
problem

min
x

‖y −Ax‖2
ℓN

2
subject to‖x‖ℓN

0
≤ k.

Actually, it was shown in [6] that if‖A‖ < 1 then this algorithm converges to a
local minimizer of (3.95). We would like to analyze this algorithm following [7] in
the caseA satisfies the RIP. We start with a few technical lemmas which shed light
on fundamental properties of RIP matrices and sparse approximations, as established
in [77].

Lemma 3.14 For all index setsΛ ⊂ {1, . . . ,N} and allA for which the RIP holds
with orderk = |Λ|, we have

‖A∗
Λy‖ℓN

2
≤ (1 + δk)‖y‖ℓN

2
, (3.96)

(1− δk)2‖xΛ‖ℓN
2
≤ ‖A∗

ΛAΛxΛ‖ℓN
2
≤ (1 + δk)

2‖xΛ‖ℓN
2
, (3.97)

and
‖(I −A∗

ΛAΛ)xΛ‖ℓN
2
≤ δ2

k‖xΛ‖ℓN
2
. (3.98)

Furthermore, for two disjoint setsΛ1 andΛ2 and allA for which the RIP holds with
order k = |Λ|, Λ = Λ1 ∪ Λ2,

‖A∗
Λ1
AΛ2xΛ2‖ℓN

2
≤ δ2

k‖xΛ‖ℓN
2
. (3.99)

Proof. The proof of (3.96)-(3.98) is a simple exercise, and it is left to the reader. For
(3.99), just note thatA∗

Λ1
AΛ2 is a submatrix ofA∗

Λ1∪Λ2
AΛ1∪Λ2 − I, and therefore

‖A∗
Λ1
AΛ2‖ ≤ ‖I −A∗

Λ1∪Λ2
AΛ1∪Λ2‖. One concludes by (3.98).
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Lemma 3.15 Suppose the matrixA satisfies the RIP of orderk with constantδk > 0.
Then for all vectorsx, the following bound holds

‖Ax‖ℓN
2
≤ (1 + δk)

(
‖x‖ℓN

2
+

‖x‖ℓN
1

k1/2

)
. (3.100)

Proof. In this proof we considerRN as a Banach space endowed with several different
norms. In particular, the statement of the lemma can be regarded as a result about the
operator norm ofA as a map between two Banach spaces. For a setΛ ⊂ {1,2, . . . ,N},
we considerBℓΛ2

the ℓ2-norm unit ball of vectors supported inΛ and we define the
convex set

S = conv




⋃

|Λ|≤k

BℓΛ2



 ⊂ R

N .

The setS can be considered the unit ball of a norm‖ · ‖S onR
N , and the upper bound

of the RIP property a statement about the norm ofA betweenS := (RN , ‖ · ‖S) and
ℓN2 := (ℓN2 , ‖ · ‖ℓN

2
), i.e., (with a slight abuse of notation)

‖A‖S→ℓN
2

= max
x∈S

‖Ax‖ℓN
2
≤ (1 + δk).

Let us define a second convex body,

K =

{
x : ‖x‖ℓN

2
+

‖x‖ℓN
1

k1/2
≤ 1

}
⊂ R

N ,

and we consider, analogously (and with the same abuse of notation), the operator norm

‖A‖K→ℓN
2

= max
x∈K

‖Ax‖ℓN
2
.

The content of the lemma is in fact the claim that

‖A‖K→ℓN
2
≤ ‖A‖S→ℓN

2
.

To establish this point it is sufficient to check thatK ⊂ S. To do that we prove the
reverse inclusion of the polar sets, i.e.,

S◦ ⊂ K◦.

We recall here that the polar set ofΩ ⊂ R
N is

Ω◦ := {y : sup
x∈Ω

〈x, y〉 ≤ 1}.

If Ω is convex thanΩ◦◦ = Ω. Moreover, the norm associated to a convex bodyΩ can
also be expressed by

‖x‖Ω = sup
y∈Ω◦

〈x, y〉.
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In particular, the norm with unit ballS◦ is easily calculated as

‖x‖S◦ = max
|Λ|≤k

‖xΛ‖2.

Now, consider a vectorx in the unit ballS◦ and letΛ be the support of thek-best
approximation ofx. We must have

‖xΛc‖∞ ≤ 1√
k
,

otherwise|xj | > 1√
k

for all j ∈ Λ, but then‖x‖S◦ ≥ ‖xΛ‖2 > 1, a contradiction.
Therefore, we can write

x = xΛ + xΛc ∈ BℓN
2

+
1√
k
BℓN

∞
.

But the set on the right-hand side is preciselyK◦ since

sup
y∈K◦

〈x, y〉 = ‖x‖K = ‖x‖ℓN
2

+
‖x‖ℓN

1

k1/2

= sup
y∈B

ℓN
2

〈x, y〉 + sup
z∈ 1

k1/2 B
ℓN
∞

〈x, z〉 = sup
y∈B

ℓN
2

+ 1

k1/2 B
ℓN
∞

〈x, y〉.

In summaryS◦ ⊂ K◦.

Lemma 3.16 For any x we denotex[k] = x − x[k], wherex[k] is the bestk-term
approximation tox. Let

y = Ax+ e = Ax[k] +Ax[k] + e = Ax[k] + ẽ.

If A has the RIP of orderk, then the norm of the error̃e can be bounded by

‖ẽ‖ℓN
2
≤ (1 + δk)

(
σk(x)ℓN

2
+
σk(x)ℓN

1√
k

)
+ ‖e‖ℓN

2
. (3.101)

Proof. Decomposex = x[k] + x[k] and ẽ = Ax[k] + e. To compute the norm of the
error term, we simply apply the triangle inequality and Lemma 3.15.

After this collection of technical results, we are able to establish a first convergence
result.

Theorem 3.17 Let us assume thaty = Ax+ e is a noisy encoding ofx viaA, where
x is k-sparse. IfA has the RIP of order3k and constantδ2

3k <
1√
32

, then, at iteration
n, Algorithm 2 will recover an approximationxn satisfying

‖x− xn‖ℓN
2
≤ 2−n‖x‖ℓN

2
+ 5‖e‖ℓN

2
. (3.102)
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Furthermore, after at most

n∗ =

⌈
log2

(
‖x‖ℓN

2

‖e‖ℓN
2

)⌉
(3.103)

iterations, the algorithm estimatesx with accuracy

‖x− xn∗‖ℓN
2
≤ 6‖e‖ℓN

2
. (3.104)

Proof. Let us denotezn := xn + A∗(y − Axn), rn = x− xn, andΛn := supp(rn).
By triangle inequality we can write

‖x−xn+1‖ℓN
2

= ‖(x−xn+1)Λ(n+1)‖ℓN
2
≤ ‖xΛn+1 − zn

Λn+1‖ℓN
2

+ ‖xn+1
Λn+1 − zn

Λn+1‖ℓN
2
.

By definitionxn+1 = Hk(z
n) = z

(n)
[k] . This implies

‖xn+1
Λn+1 − zn

Λn+1‖ℓN
2
≤ ‖xΛn+1 − zn

Λn+1‖ℓN
2
,

and
‖x− xn+1‖ℓN

2
≤ 2‖xΛn+1 − zn

Λn+1‖ℓN
2
.

We can also write

zn
Λn+1 = xn

Λn+1 +A∗
Λn+1Ar

n +A∗
Λn+1e.

We then have

‖x− xn+1‖ℓN
2

≤ 2‖xΛn+1 − xn
Λn+1 −A∗

Λn+1Ar
n −A∗

Λn+1e‖ℓN
2

≤ 2‖(I −A∗
Λn+1AΛn+1)rn‖ℓN

2
+ 2‖A∗

Λn+1AΛn\Λn+1rn‖ℓN
2

+ 2‖A∗
Λn+1e‖ℓN

2
.

Note that|Λn| ≤ 2k and that|Λn+1 ∪ Λn| ≤ 3k. By an application of the bounds in
Lemma 3.14, and by using the fact thatδ2k ≤ δ3k (note that a 2k-sparse vector is also
3k-sparse)

‖rn+1‖ℓN
2
≤ 2δ2

2k‖rn
Λn+1‖ℓN

2
+ 2δ2

3k‖rn
Λn\Λn+1‖ℓN

2
+ 2(1 + δ2k)‖e‖ℓN

2

Moreover‖rn
Λn+1‖ℓN

2
+ ‖rn

Λn\Λn+1‖ℓN
2
≤

√
2‖rn‖ℓN

2
. Therefore we have the bound

‖rn+1‖ℓN
2
≤ 2

√
2δ2

3k‖rn‖ℓN
2

+ 2(1 + δ3k)‖e‖ℓN
2
.

By assumptionδ2
3k <

1√
32

and 2
√

2δ2
3k <

1
2. (Note that here we could simply choose

any valueδ2
3k <

1√
8

and obtain a slightly different estimate!) Then we get the recursion

‖rn+1‖ℓN
2
≤ 2−1‖rn‖ℓN

2
+ 2.17‖e‖ℓN

2
,
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which iterated (note thatx0 = 0 and 2.17
∑∞

n=0 2−n ≤ 4.34) gives

‖rn+1‖ℓN
2
≤ 2−n‖x‖ℓN

2
+ 4.34‖e‖ℓN

2
.

This is precisely the bound we were looking for. The rest of the statements of the
theorem is left as an exercise.

We have also the following result.

Corollary 3.18 Let us assume thaty = Ax+ e is a noisy encoding ofx viaA, where
x is an arbitrary vector. If A has the RIP of order3k and constantδ2

3k <
1√
32

, then, at
iterationn, Algorithm 2 will recover an approximationxn satisfying

‖x− xn‖ℓN
2
≤ 2−n‖x‖ℓN

2
+ 6

(
σk(x)ℓN

2
+
σk(x)ℓN

1√
k

+ ‖e‖ℓN
2

)
. (3.105)

Furthermore, after at most

n∗ =

⌈
log2

(
‖x‖ℓN

2

‖e‖ℓN
2

)⌉
(3.106)

iterations, the algorithm estimatesx with accuracy

‖x− xn∗‖ℓN
2
≤ 7

(
σk(x)ℓN

2
+
σk(x)ℓN

1√
k

+ ‖e‖ℓN
2

)
. (3.107)

Proof. We first note

‖x− xn‖ℓN
2
≤ σk(x)ℓN

2
+ ‖x[k] − xn‖ℓN

2
.

The proof now follows by bounding‖x[k]−xn‖ℓN
2

. For this we simply apply Theorem
3.17 tox[k] with ẽ instead ofe, and use Lemma 3.16 to bound‖ẽ‖ℓN

2
. The rest is left

as an exercise.

A brief discussion

This algorithm has a guaranteed error reduction from the very beginning of the itera-
tion, and it is robust to noise, i.e., an estimate of the type (2.14) holds. Moreover, each
iteration costs mainly as much as an application ofA∗A. At first glance this algorithm
is greatly superior with respect to IRLS; however, we have to stress that IRLS can
converge superlinearly and a fine analysis of its complexity is widely open.

4 Numerical Methods for Sparse Recovery

In the previous chapters we put most of the emphasis on finite dimensional linear prob-
lems (also of relatively small size) where the model matrixA has the RIP or the NSP.
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This setting is suitable for applications in coding/decoding or compressed acquisition
problems, hence from human-made problems coming from technology; however it
does not fit many possible applications where we are interested in recovering quanti-
ties from partial real-life measurements. In this case we may need to work with large
dimensional problems (even infinite dimensional) where the model linear (or nonlin-
ear) operator which defines the measurements has not such nice properties as the RIP
and NSP.

Here and later we are concerned with the more general setting and the efficient
minimization of functionals of the type:

J (u) := ‖Ku− y‖2
Y + 2‖(〈u, ψ̃λ〉)λ∈I‖ℓ1,α(I), (4.108)

whereK : X → Y is a bounded linear operator acting between two separable Hilbert
spacesX andY , y ∈ Y is a given measurement, andΨ := (ψλ)λ∈I is a prescribed
countable basis forX with associated dual̃Ψ := (ψ̃λ)λ∈I . For 1 ≤ p < ∞, the

sequence norm‖u‖ℓp,α(I) :=
(∑

λ∈I |uλ|pαλ

)1/p
is the usual norm for weightedp-

summable sequences, with weightα = (αλ)λ∈I ∈ R
I
+, such thatαλ ≥ ᾱ > 0.

Associated to the basis, we are given the synthesis mapF : ℓ2(I) → X defined by

Fu :=
∑

λ∈I
uλψλ, u ∈ ℓ2(I). (4.109)

We can re-formulate equivalently the functional in terms of sequences inℓ2(I) as
follows:

J (u) := Jα(u) = ‖(K ◦ F )u − y‖2
Y + 2‖u‖ℓ1,α(I). (4.110)

For ease of notation let us writeA := K ◦ F . Such functional turns out to be very
useful in many practical problems, where one cannot observe directly the quantities
of most interest; instead their values have to be inferred from their effect on observ-
able quantities. When this relationship between the observabley and the interesting
quantityu is (approximately) linear the situation can be modeled mathematically by
the equation

y = Ku , (4.111)

If K is a “nice” (e.g., well-conditioned), easily invertible operator, and if the datay
are free of noise, then this is a well-known task which can be addressed with standard
numerical analysis methods. Often, however, the mappingK is not invertible or ill-
conditioned. Moreover, typically (4.111) is only an idealized version in which noise
has been neglected; a more accurate model is

y = Ku + e , (4.112)

in which the data are corrupted by an (unknown) noisee. In order to deal with this
type of reconstruction problem aregularizationmechanism is required [37]. Regular-
ization techniques try, as much as possible, to take advantage of (often vague) prior
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knowledge one may have about the nature ofu, which is embedded into the model.
The approach modelled by the functionalJ in (4.108) is indeed tailored to the case
whenu can be represented by asparseexpansion, i.e., whenu can be represented by
a series expansion (4.109) with respect to an orthonormal basis (or a frame [27]) that
has only a small number of large coefficients. The previous chapters should convince
the reader that imposing an additionalℓ1-norm term as in (4.109) has indeed the effect
of sparsifying possible solutions. Hence, we model the sparsity constraint by a regu-
larizing ℓ1−term in the functional to be minimized; of course, we could consider also
a minimization of the type (3.95), but that has the disadvantage of being nonconvex
and not being necessarily robust to noise, when no RIP conditions are imposed on the
model operatorA.

In the following we will not use anymore the bold formu for a sequence inℓ2(I),
since here and later we will exclusively work with the spaceℓ2(I).

4.1 Iterative Soft-Thresholding in Hilbert Spaces

Several authors have proposed independently an iterative soft-thresholding algorithm
to approximate minimizersu∗ := u∗α of the functional in (4.109), see [35, 39, 74, 75].
More precisely,u∗ is the limit of sequencesu(n) defined recursively by

u(n+1) = Sα

[
u(n) +A∗y −A∗Au(n)

]
, (4.113)

starting from an arbitraryu(0), whereSα is the soft-thresholding operation defined by
Sα(u)λ = Sαλ

(uλ) with

Sτ (x) =





x− τ x > τ

0 |x| ≤ τ

x+ τ x < −τ
. (4.114)

This is our starting point and the reference iteration on which we want to work out
several innovations. Strong convergence of this algorithm was proved in [28], under
the assumption that‖A‖ < 1 (actually, convergence can be shown also for‖A‖ <

√
2

[21]; nevertheless, the condition‖A‖ < 1 is by no means a restriction, since it can
always be met by a suitable rescaling of the functionalJ , in particular ofK, y, andα).
Soft-thresholding plays a role in this problem because it leads to the unique minimizer
of a functional combiningℓ2 andℓ1−norms, i.e., (see Lemma 4.1)

Sα(a) = arg min
u∈ℓ2(I)

(
‖u− a‖2 + 2‖u‖1,α

)
. (4.115)

We will call the iteration (4.113) theiterative soft-thresholding algorithmor thethresh-
olded Landweber iteration(ISTA).
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In this section we would like to provide the analysis of the convergence of this
algorithm. Due to the lack of assumptions such as the RIP or the NSP, the methods we
use come exclusively from convex analysis and we cannot take advantage of relatively
simple estimates as we did for the convergence analysis of Algorithm 1 and Algorithm
3.

4.1.1 The Surrogate Functional

The first relevant observation is that the algorithm can be recast into an iterated min-
imization of a properly augmented functional, which we call thesurrogate functional
of J , and which is defined by

J S(u, a) := ‖Au− y‖2
Y + 2‖u‖ℓ1,α(I) + ‖u− a‖2

ℓ2(I) − ‖Au−Aa‖2
Y . (4.116)

Assume here and later that‖A‖ < 1. Observe that, in this case, we have

‖u− a‖2
ℓ2(I) − ‖Au−Aa‖2

Y ≥ C‖u− a‖2
ℓ2(I), (4.117)

for C = (1− ‖A‖2) > 0. Hence

J (u) = J S(u, u) ≤ J S(u, a), (4.118)

and
J S(u, a) − J S(u, u) ≥ C‖u− a‖2

ℓ2(I). (4.119)

In particular,J S is strictly convex with respect tou and it has a unique minimizer
with respect tou oncea is fixed. We have the following technical lemmas.

Lemma 4.1 The soft-thresholding operator is the solution of the following optimiza-
tion problem:

Sα(a) = arg min
u∈ℓ2(I)

(
‖u− a‖2 + 2‖u‖1,α

)
.

Proof. By componentwise optimization, we can reduce the problem to a scalar prob-
lem, i.e., we need to prove that

Sαλ
(aλ) = arg min

x
(x− aλ)2 + 2αλ|x|,

which is shown by a simple direct computation. Letx∗ be the minimizer. It is clear that
sgn(x∗) sgn(aλ) ≥ 0 otherwise the function is increased. Hence we need to optimize
(x−aλ)2+2αλ sgn(aλ)x which has minimum at̄x = (aλ−sgn(aλ)αλ). If |aλ| > αλ

thanx∗ = x̄. Otherwisesgn(x̄) sgn(aλ) < 0 andx̄ cannot be the minimizer, and we
have to choosex∗ = 0.

Lemma 4.2 We can express the optimization ofJ S(u, a) with respect tou explicitly
by

Sα(a+A∗(y −Aa)) = arg min
u∈ℓ2(I)

J S(u, a).
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Proof. By developing the norm squares in (4.116) it is a straightforward computation
to show

J S(u, a) = ‖u− (a+A∗(y −Aa))‖2
ℓ2(I) + 2‖u‖1,α + Φ(a,A, y),

whereΦ(a,A, y) is a function which does not depend onu. The statement follows
now from an application of Lemma 4.1 and by the observation that the addition of
constants to a functional does not modify its minimizer.

4.1.2 The Algorithm and Preliminary Convergence Properties

By Lemma 4.2 we achieve the following formulation of the algorithm;

Algorithm 4. We initialize by taking anyu(0) ∈ ℓ2(I), for instanceu(0) = 0. We
iterate

u(n+1) = Sα

[
u(n) +A∗y −A∗Au(n)

]

= arg min
u∈ℓ2(I)

J S(u, u(n)).

Lemma 4.3 The sequence(J (u(n)))n∈N is nonincreasing. Moreover(u(n))n is bounded
in ℓ2(I) and

lim
n→∞

‖u(n+1) − u(n)‖2
ℓ2(I) = 0. (4.120)

Proof. Let us consider the estimates, which follow from the optimality ofu(n+1),
(4.118), and (4.119),

J (u(n)) = J S(u(n), u(n))

≥ J S(u(n+1), u(n))

≥ J S(u(n+1), u(n+1)) = J (u(n+1)),

Hence, the sequenceJ (u(n)) is nonincreasing, and

J (u(0)) ≥ J (u(n)) ≥ 2ᾱ‖u(n)‖ℓ1(I) ≥ 2ᾱ‖u(n)‖ℓ2(I).

Therefore,(u(n))n is bounded inℓ2(I). By (4.119), we have

J (u(n)) − J (u(n+1)) ≥ C‖u(n) − u(n+1)‖2
ℓ2(I).
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SinceJ (u(n)) ≥ 0 is a nonincreasing sequence and is bounded below, it also con-
verges, and

lim
n→∞

‖u(n+1) − u(n)‖2
ℓ2(I) = 0.

This lemma already gives strong hints that the algorithm converges. In particular,
two successive iterations become closer and closer (4.120), and by the uniform bound-
edness of(u(n))n, we know already that there are weakly converging subsequences.
However, in order to conclude the convergence of the full sequence to a minimizer of
J we need more technical work.

4.1.3 Weak Convergence of the Algorithm

As as simple exercise we state the following

Lemma 4.4 The operatorSα is nonexpansive, i.e.,

‖Sα(u) − Sα(a)‖ℓ2(I) ≤ ‖u− a‖ℓ2(I), (4.121)

for all u, a ∈ ℓ2(I).

Proof. Sketch: reason again componentwise and distinguish cases whetheruλ and/or
aλ are smaller or larger than the threshold±αλ.

Moreover, we can characterize minimizers ofJ in the following way.

Proposition 4.5 Define

Γ(u) = Sα [u+A∗y −A∗Au] .

Then the set of minimizers ofJ coincides with the setFix(Γ) of fixed points ofΓ. In
particular, sinceJ is a coercive functional (i.e.,{u : J (u) ≤ C} is weakly compact
for all C > 0), it has minimizers, and thereforeΓ has fixed points.

Proof. Assume thatu is the minimizer ofJ S(·, a), for a fixed. Let us now observe,
first of all, that

J S(u+ h, a) = J S(u, a) + 2〈h, u − a−A∗(y −Aa)〉
+

∑

λ∈I
2αλ(|uλ + hλ| − |uλ|) + ‖h‖2

ℓ2(I).
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We define nowI0 = {λ : uλ = 0} and I1 = I \ I0. Since by Lemma 4.2 we have
u = Sα(a+A∗(y −Aa)), substituting it foru, we then have

J S(u+ h, a) − J S(u, a) = ‖h‖2
ℓ2(I) +

∑

λ∈I0

[2αλ|hλ| − 2hλ(a−A∗(y −Aa))λ]

+
∑

λ∈I1

[2αλ|uλ + hλ| − 2αλ|uλ| + hλ(−2αλ sgn(uλ))] .

If λ ∈ I0 then|(a−A∗(y−Aa))λ| ≤ αλ, so that 2αλ|hλ|−2hλ(a−A∗(y−Aa))λ ≥ 0.
If λ ∈ I1, we distinguish two cases: ifuλ > 0, then

2αλ|uλ + hλ| − 2αλ|uλ| + hλ(−2αλ sgn(uλ)) = 2αλ[|uλ + hλ| − (uλ + hλ)] ≥ 0.

If uλ < 0, then

2αλ|uλ + hλ| − 2αλ|uλ| + hλ(−2αλ sgn(uλ)) = 2αλ[|uλ + hλ| + (uλ + hλ)] ≥ 0.

It follows
J S(u+ h, a) − J S(u, a) ≥ ‖h‖2

ℓ2(I). (4.122)

Let us assume now that
u = Sα [u+A∗y −A∗Au] .

Thenu is the minimizer ofJ S(·, u), and therefore

J S(u+ h, u) ≥ J S(u, u) + ‖h‖2
ℓ2(I).

Observing now thatJ (u) = J S(u, u) and thatJ S(u+h, u) = J (u+h)+‖h‖2
ℓ2(I)−

‖Ah‖2
Y , we conclude thatJ (u + h) ≥ J (u) + ‖Ah‖2

Y for everyh. Henceu is
a minimizer ofJ . Vice versa, ifu is a minimizer ofJ , then it is a minimizer of
J S(·, u), and hence a fixed point ofΓ.

We need now to recall an important and well-known result related to iterations of
nonexpansive maps [64]. We report it without proof; a simplified version of it can be
also found in the Appendix B of [28].

Theorem 4.6 (Opial’s Theorem) Let a mappingΓ from ℓ2(I) to itself satisfy the fol-
lowing conditions:

(i) Γ is nonexpansive, i.e.,‖Γ(u) − Γ(a)‖ℓ2(I) ≤ ‖u− a‖ℓ2(I), for all u, a ∈ ℓ2(I);

(ii) Γ is asymptotically regular, i.e.,‖Γn+1(u) − Γn(u)‖ℓ2(I) → 0 for n→ ∞;

(iii) the setFix(Γ) of its fixed points is not empty.

Then, for allu, the sequence(Γn(u))n∈N converges weakly to a fixed point inFix(Γ).

Eventually we have the weak convergence of the algorithm.
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Theorem 4.7 For any initial choiceu(0) ∈ ℓ2(I), Algorithm 4 produces a sequence
(u(n))n∈N which converges weakly to a minimizer ofJ .

Proof. It is sufficient to observe that, due to our previous results, Lemma 4.4, Lemma
4.3, and Proposition 4.5, and the assumption‖A‖ < 1, the map

Γ(u) = Sα [u+A∗y −A∗Au]

fulfills the requirements of Opial’s Theorem.

4.1.4 Strong Convergence of the Algorithm

In this section we shall prove the convergence of the successive iteratesu(n) not only in
the weak topology, but also in norm. Let us start by introducing some useful notations:

u∗ = w − lim
n
u(n), ξ(n) = u(n) − u∗, h = u∗ +A∗(y −Au∗),

where “w − lim” denotes the symbol for the weak limit. We again split the proof into
several intermediate lemmas.

Lemma 4.8 We have
‖Aξ(n)‖2

Y → 0,

for n→ ∞.

Proof. Since

ξ(n+1) − ξ(n) = Sα(h+ (I −A∗A)ξ(n)) − Sα(h) − ξ(n),

and for (4.120)‖ξ(n+1) − ξ(n)‖ℓ2(I) = ‖u(n+1) −u(n)‖ℓ2(I) → 0 for n→ ∞, we have

‖Sα(h+ (I −A∗A)ξ(n)) − Sα(h) − ξ(n)‖ℓ2(I) → 0, (4.123)

for n→ ∞, and hence, also

max(0, ‖ξn‖ℓ2(I) − ‖Sα(h+ (I −A∗A)ξ(n)) − Sα(h)‖ℓ2(I)) → 0, (4.124)

for n→ ∞. SinceSα is nonexpansive we have

−‖Sα(h+ (I −A∗A)ξ(n))− Sα(h)‖ℓ2(I) ≥ −‖(I −A∗A)ξ(n)‖ℓ2(I) ≥ −‖ξ(n)‖ℓ2(I);

therefore the “max” in (4.124) can be dropped, and it follows that

0 ≤ ‖ξn‖ℓ2(I) − ‖(I −A∗A)ξ(n)‖ℓ2(I) → 0, (4.125)

for n→ ∞. Because

‖ξn‖ℓ2(I) + ‖(I −A∗A)ξ(n)‖ℓ2(I) ≤ 2‖ξn‖ℓ2(I) = 2‖u(n) − u∗‖ℓ2(I) ≤ C,
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(Remember thatu(n) is uniformly bounded by Lemma 4.3.), we obtain

‖ξn‖2
ℓ2(I) − ‖(I −A∗A)ξ(n)‖2

ℓ2(I) → 0,

for n→ ∞ by (4.125). The inequality

‖ξn‖2
ℓ2(I) − ‖(I −A∗A)ξ(n)‖2

ℓ2(I) = 2‖Aξ(n)‖2
Y − ‖A∗Aξ(n)‖2

ℓ2(I) ≥ ‖Aξ(n)‖2
Y ,

then implies the statement.

The previous lemma allows us to derive the following fundamental property.

Lemma 4.9 For h given as above,‖Sα(h + ξ(n)) − Sα(h) − ξ(n)‖ℓ2(I) → 0, for
n→ ∞.

Proof. We have

‖Sα(h+ ξ(n)) − Sα(h) − ξ(n)‖ℓ2(I)

≤ ‖Sα(h+ (I −A∗A)ξ(n)) − Sα(h) − ξ(n)‖ℓ2(I)

+ ‖Sα(h+ ξ(n)) − Sα(h+ (I −A∗A)ξ(n))‖ℓ2(I)

≤ ‖Sα(h+ (I −A∗A)ξ(n)) − Sα(h) − ξ(n)‖ℓ2(I) + ‖A∗Aξ(n)‖ℓ2(I).

Both terms tend to 0, the first because of (4.123) and the second because of Lemma
4.8.

Lemma 4.10 If for somea ∈ ℓ2(I) and some sequence(vn)n∈N, w − limn v
n = 0,

and limn ‖Sα(a+ vn) − Sα(a) − vn‖ℓ2(I) = 0, then‖vn‖ℓ2(I) → 0, for n→ ∞.

Proof. Let us define a finite setI0 ⊂ I such that
∑

λ∈I\I0
|aλ|2 ≤

(
ᾱ
4

)2
, where

ᾱ = infλ αλ. Because this is a finite set
∑

λ∈I0
|vn

λ |2 → 0 for n → ∞, and hence
we can concentrate on

∑
λ∈I\I0

|vn
λ |2 only. For eachn, we splitI1 = I \ I0 into two

subsets:I1,n = {λ ∈ I1 : |vn
λ + aλ| < αλ} and Ĩ1,n = I1 \ I1,n. If λ ∈ I1,n then

Sαλ
(aλ + vn

λ) = Sαλ
(aλ) = 0 (since|aλ| ≤ ᾱ

4 ≤ αλ), so that|Sαλ
(aλ + vn

λ) −
Sαλ

(aλ) − vn
λ | = |vn

λ |. It follows

∑

λ∈I1,n

|vn
λ |2 ≤

∑

λ∈I
|Sαλ

(aλ + vn
λ) − Sαλ

(aλ) − vn
λ |2 → 0,

for n → ∞. It remains to prove that
∑

λ∈Ĩ1,n
|vn

λ |2 → 0 asn → ∞. If λ ∈ I1 and

|aλ + vn
λ | ≥ αλ, then|vn

λ | ≥ |aλ + vn
λ | − |aλ| ≥ αλ − ᾱ

4 >
ᾱ
4 ≥ |aλ|, so thataλ + vn

λ
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andvn
λ have the same sign. In particular,αλ − ᾱ

4 > |aλ| impliesαλ − |aλ| ≥ ᾱ
4 . It

follows that

|vn
λ − Sαλ

(aλ + vn
λ) + Sαλ

(aλ)| = |vn
λ − Sαλ

(aλ + vn
λ)|

= |vn
λ − (aλ + vn

λ) + αλ sgn(vn
λ)|

≥ αλ − |aλ| ≥
ᾱ

4
.

This implies that

∑

λ∈Ĩ1,n

|Sαλ
(aλ + vn

λ) − Sαλ
(aλ) − vn

λ |2 ≥
( ᾱ

4

)2
|Ĩ1,n|.

But,
∑

λ∈Ĩ1,n
|Sαλ

(aλ + vn
λ) − Sαλ

(aλ) − vn
λ |2 → 0 for n → ∞ and thereforẽI1,n

must be empty forn large enough.

The combination of Lemma 4.8 and Lemma 4.9, together with the weak convergence
Theorem 4.7 allows us to have norm convergence.

Theorem 4.11 For any initial choiceu(0) ∈ ℓ2(I), Algorithm 4 produces a sequence
(u(n))n∈N which converges strongly to a minimizeru∗ of J .

4.2 Principles of Acceleration

Recently, also the qualitative convergence properties of iterative soft-thresholding have
been investigated. Note first that the aforementioned condition‖A‖ < 1 (or even
‖A‖ <

√
2) does not guarantee contractivity of the iteration operator I − A∗A, since

A∗A may not be boundedly invertible. The insertion ofSα does not improve the
situation sinceSα is nonexpansive, but also noncontractive. Hence, for any minimizer
u∗ (which is also a fixed point of (4.113)), the estimate

‖u∗ − u(n+1)‖ℓ2(I) ≤
∥∥(I −A∗A)(u∗ − u(n))

∥∥
ℓ2(I)

≤ ‖I −A∗A‖‖u∗ − u(n)‖ℓ2(I)

(4.126)
does not give rise to a linear error reduction. However, under additional assumptions
on the operatorA or on minimizersu∗, linear convergence of (4.113) can be easily
ensured. In particular, ifA fulfills the so-calledfinite basis injectivity(FBI) condition
(see [10] where this terminology is introduced), i.e., for any finite setΛ ⊂ I, the
restrictionAΛ is injective, then (4.113) converges linearly to a minimizeru∗ of J . The
following simple argument shows indeed that the FBI condition implies linear error
reduction as soon as‖A‖ < 1. In that case, we have strong convergence (Theorem
4.11) of theu(n) to a finitely supported limit sequenceu∗. We can therefore find a
finite index setΛ ⊂ I such that all iteratesu(n) andu∗ are supported inΛ for n
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large enough. By the FBI condition,AΛ is injective and henceA∗AΛ×Λ is boundedly
invertible, so thatI −A∗

ΛAΛ is a contraction onℓ2(Λ). Using

u
(n+1)
Λ = Sα

(
u

(n)
Λ +A∗

Λ(y −AΛu
(n)
Λ )
)

and an analogous argument as in (4.126), it follows that‖u∗ − u(n+1)‖ℓ2(I) ≤ γ‖u∗ −
u(n)‖ℓ2(I), whereγ = max{|1 − ‖(A∗AΛ×Λ)−1‖−1|, |‖A∗AΛ×Λ‖ − 1|} ∈ (0,1).
Typical examples whereA = K◦F fulfills the FBI condition arise whenK is injective
andΨ is either a Riesz basis forX or a so-called FBI frame, i.e., each finite subsystem
of Ψ is linearly independent. However, depending onΛ, the matrixA∗AΛ×Λ can be
arbitrarily badly conditioned, resulting in a constant error reductionγ, arbitrarily close
to 1.

However, it is possible to show that for several FBI operatorsK and for certain
choices ofΨ, the matrixA∗A can be preconditioned by a matrixD−1/2, resulting in the
matrixD−1/2A∗AD−1/2, in such a way that any restriction(D−1/2A∗AD−1/2)Λ×Λ

turns out to be well-conditioned as soon asΛ ⊂ I is a small set, but independently of
its “selection” withinI. Let us remark that, in particular, we do not claim to be able to
have entirely well-conditioned matrices (as it happens in well-posed problems [23,24]
by simple diagonal preconditioning), but that only small arbitrary finite dimensional
submatrices are indeed well-conditioned. Let us say that one can promote a “local”
well-conditioning of the matrices.

Typically one considers injective (non local) compact operatorsK with Schwartz
kernel having certain polynomial decay properties of the derivatives, i.e.,

Ku(x) =

∫

Ω
Φ(x, ξ)u(ξ)dξ, x ∈ Ω̃,

for Ω̃,Ω ⊂ R
d, u ∈ X := Ht(Ω), and

|∂α
x ∂

β
ξ Φ(x, ξ)| ≤ cα,β|x− ξ|−(d+2t+|α|+|β|), t ∈ R, and multi-indexesα, β ∈ N

d.

Moreover, for the proper choice of the discrete matrixA∗A := F ∗K∗KF , one uses
multiscale basesΨ, such as wavelets, which do make a good job in this situation. We
refer the reader to [22] for more details.

4.2.1 From the Projected Gradient Method to Iterative Soft-Thresholding with
Decreasing Thresholding Parameter

With such “local” well-conditioning, it should also be clear that iterating on small sets
Λ will also improve the convergence rate. Unfortunately, iterative soft-thresholding
does not act initially on small sets (see also Figure 4.4), but it rather starts iterating on
relatively large sets, slowly shrinking to the size of the support of the limitu∗.

Let us take a closer look at the characteristic dynamics of Algorithm 4 in Figure 4.1.
Let us assume for simplicity here thatαλ = ᾱ > 0 for all λ ∈ I. As this plot of the
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10 20 10 20

‖Kx − y‖2

‖x‖1

‖Kx − y‖2

‖x‖1

(a) (b)

Figure 4.1 The path, in the‖x‖1 vs. ‖Kx − y‖2 plane, followed by the iteratesu(n)

of three different iterative algorithms. The operatorK and the datay are taken from a
seismic tomography problem [55]. The boxes (in both (a) and (b)) correspond to the
thresholded Landweber algorithm. In this example, iterative thresholded Landweber
(4.113) first overshoots theℓ1-norm of the limit (represented by the fat dot), and then
requires a large number of iterations to reduce‖u(n)‖1 again (500 are shown in this fig-
ure). In (a) the crosses correspond to the path followed by the iterates of the projected
Landweber iteration (which is given as in (4.127) forβ(n) = 1); in (b) the triangles
correspond to the projected steepest descent iteration (4.127); in both cases, only 15
iterates are shown. The discrepancy decreases more quickly for projected steepest de-
scent than for the projected Landweber algorithm. The solid line corresponds to the
limit trade-off curve, generated byu∗(ᾱ) for decreasing values of̄α > 0. The vertical
axes uses a logarithmic scale for clarity.
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discrepancyD(u(n)) = ‖Ku(n) − y‖2
Y = ‖Au(n) − y‖2

Y versus‖u(n)‖ℓ1(I) shows,
the algorithm converges initially relatively fast, then it overshoots the value‖u∗‖ℓ1(I)

and it takes very long to re-correct back. In other words, starting fromu(0) = 0, the
algorithm generates a path{u(n); n ∈ N} that is initially fully contained in theℓ1-ball
BR := Bℓ1(I)(R) := {u ∈ ℓ2(Λ); ‖u‖ℓ1(I) ≤ R}, with R := ‖u∗‖ℓ1(I). Then it gets
out of the ball to slowly inch back to it in the limit.

The way to avoid this long “external” detour was proposed in [29] by forcing the
successive iterates to remain within the ballBR. One method to achieve this is to
substitute for the thresholding operations the projectionPBR

, where, for any closed
convex setC, and anyu, we definePC(u) to be the unique point inC for which the
ℓ2−distance tou is minimal. With a slight abuse of notation, we shall denotePBR

by
PR; this will not cause confusion, because it will be clear from the context whether the
subscript ofP is a set or a positive number.

Furthermore, modifying the iterations by introducing an adaptive “descent parame-
ter” β(n) > 0 in each iteration, definingu(n+1) by

u(n+1) = PR

[
u(n) + β(n)A∗(y −Au(n))

]
, (4.127)

does lead, in numerical simulations, to much faster convergence. The typical dynamics
of this modified algorithm are illustrated in Figure 4.1(b), which clearly shows the
larger steps and faster convergence (when compared with theprojected Landweber
iteration in Fig. 4.1(a) which is the iteration (4.127) forβ(n) = 1 for all n). We shall
refer to this modified algorithm as theprojected gradient iterationor the projected
steepest descent(PSD). The motivation of the faster convergence behavior is the fact

10 20

‖Kx − y‖2

‖x‖1

Figure 4.2Trade-off curve and its approximation with algorithm (4.128) in 200 steps.

that we never leave the targetℓ1-ball, and we tend not to iterate on large index sets.
On the basis of this intuition we find even more promising results for an ‘interior’
algorithm in which we still project onℓ1-balls, but now with a slowly increasing radius,
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τ

‖Sτ (a)‖1

‖a‖1

τ

R

maxi |ai |

Figure 4.3For a given vectora ∈ ℓ2, ‖Sτ (a)‖ℓm
1

is a piecewise linear continuous and
decreasing function ofτ (strictly decreasing forτ < maxi |ai|) . The knots are located
at {|ai|, i = 1 . . . m} and 0. Findingτ such that‖Sτ (a)‖ℓm

1
= R ultimately comes

down to a linear interpolation. The figure is made for the finite dimensional case.

i.e.

u(n+1) = PR(n)

(
u(n) + β(n)A∗(y −Au(n))

)
and R(n+1) = (n+ 1)R/N

(4.128)
whereN is the prescribed maximum number of iterations (the origin is chosen as
the starting point of this iteration). The better performance of this algorithm can be
explained by the fact that the projectionPR(u) onto anℓ1-ball of radiusR coincides
with a thresholdingPR(u) = Sµ(u;R)(u) for a suitable thresholding parameterµ =
µ(u;R) depending onu andR, which is larger for smallerR.

Lemma 4.12 For any fixeda ∈ ℓ2(I) and forτ > 0, ‖Sτ (a)‖ℓ1(I) is a piecewise lin-
ear, continuous, decreasing function ofτ ; moreover, ifa ∈ ℓ1(I) then‖S0(a)‖ℓ1(I) =
‖a‖ℓ1(I) and‖Sτ (a)‖ℓ1(I) = 0 for τ ≥ maxλ |aλ|.

Proof. ‖Sτ (a)‖ℓ1(I) =
∑

λ |Sτ (aλ)| =
∑

λ Sτ (|aλ|) =
∑

|aλ|>τ (|aλ| − τ); the sum
in the right hand side is finite forτ > 0.

A schematic illustration is given in Figure 4.3.

Lemma 4.13 If ‖a‖ℓ1(I) > R, then theℓ2(I) projection ofa on theℓ1-ball with radius
R is given byPR(a) = Sµ(a) whereµ (depending ona andR) is chosen such that
‖Sµ(a)‖ℓ1(I) = R. If ‖a‖ℓ1(I) ≤ R thenPR(a) = S0(a) = a.
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Proof. Suppose‖a‖ℓ1(I) > R. Because, by Lemma 4.12,‖Sµ(a)‖ℓ1(I) is continu-
ous inµ and‖Sµ(a)‖ℓ1(I) = 0 for sufficiently largeµ, we can chooseµ such that
‖Sµ(a)‖ℓ1(I) = R. (See Figure 4.3.) On the other hand,u∗ = Sµ(a) is the unique
minimizer of‖u− a‖2

ℓ2(I) + 2µ‖u‖ℓ1(I) (see Lemma 4.1), i.e.,

‖u∗ − a‖2
ℓ2(I) + 2µ‖u∗‖ℓ1(I) < ‖u− a‖2

ℓ2(I) + 2µ‖u‖ℓ1(I),

for all u 6= u∗. Since‖u∗‖ℓ1(I) = R, it follows that

for all u ∈ BR, u 6= u∗ : ‖u∗ − a‖2 < ‖u− a‖2

Henceu∗ is closer toa than any otheru inBR. In other words,PR(a) = u∗ = Sµ(a).

This in particular implies that the algorithm (4.128) iterates initially on very small
sets which inflate by growing during the process and approach the size of the support of
the target minimizeru∗. Unlike the thresholded Landweber iteration and the projected
steepest descent [28, 29], unfortunately there is no proof yet of convergence of this
‘interior’ algorithm, this being a very interesting open problem.

However, we can provide an algorithm which mimics the behavior of (4.128), i.e., it
starts with large thresholding parametersα(n) and geometrically reduces them during
the iterations to a target limitα > 0, for which the convergence is guaranteed:

u(n+1) = Sα(n)

[
u(n) +A∗y −A∗Au(n)

]
. (4.129)

For matricesA for which the restrictionsA∗A|Λ×Λ are uniformly well-conditioned
with respect toΛ of small size, our analysis provides also a prescribed linear rate of
convergence of the iteration (4.129).

4.2.2 Sample of Analysis of Acceleration Methods

Technical lemmas

We are particularly interested in computing approximations with the smallest possi-
ble number of nonzero entries. As a benchmark, we recall that the most economical
approximations of a given vectorv ∈ ℓ2(I) are provided again by thebestk-term
approximationsv[k], defined by discarding inv all but thek ∈ N0 largest coefficients
in absolute value. The error of bestk-term approximation is defined as

σk(v)ℓ2 := ‖v − v[k]‖ℓ2(I). (4.130)

The subspace of allℓ2 vectors with bestk-term approximation rates > 0, i.e.,
σk(v)ℓ2 . k−s for some decay rates > 0, is commonly referred to as theweakℓτ
spaceℓwτ (I), for τ = (s+ 1

2)−1, which, endowed with

|v|ℓw
τ (I) := sup

k∈N0

(k + 1)sσk(v)ℓ2, (4.131)
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becomes the quasi-Banach space(ℓwτ (I), | · |ℓw
τ (I)). Moreover, for any 0< ǫ ≤ 2− τ ,

we have the continuous embeddingℓτ (I) →֒ ℓwτ (I) →֒ ℓτ+ǫ(I), justifying whyℓwτ (I)
is called weakℓτ (I).

When it comes to the concrete computations of good approximations with a small
number of active coefficients, one frequently utilizes certain thresholding procedures.
Here small entries of a given vector are simply discarded, whereas the large entries
may be slightly modified. As we have discussed so far, we shall make use ofsoft-
thresholdingthat we have already introduced in (4.114). We recall from Lemma 4.4
thatSα is non-expansive for anyα ∈ R

I
+,

‖Sα(v) − Sα(w)‖ℓ2(I) ≤ ‖v − w‖ℓ2(I), for all v,w ∈ ℓ2(I). (4.132)

Moreover, for any fixedx ∈ R, the mappingτ 7→ Sτ (x) is Lipschitz continuous and

|Sτ (x) − Sτ ′(x)| ≤ |τ − τ ′|, for all τ, τ ′ ≥ 0. (4.133)

We readily infer the following technical estimate.

Lemma 4.14 Assumev ∈ ℓ2(I), α, β ∈ R
I
+ such thatᾱ = infλ αλ = infλ βλ = β̄ >

0, and defineΛᾱ(v) :=
{
λ ∈ I : |vλ| > ᾱ

}
. Then

‖Sα(v) − Sβ(v)‖ℓ2(I) ≤
(
#Λᾱ(v)

)1/2
max

λ∈Λᾱ(v)
|αλ − βλ|. (4.134)

Proof. It is left as a simple exercise.

Let v ∈ ℓwτ (I), it is well-known [31,§7]

#Λᾱ(v) ≤ C|v|τℓw
τ (I)ᾱ

−τ , (4.135)

and, forαλ = ᾱ for all λ ∈ I, we have

‖v − Sα(v)‖ℓ2(I) ≤ C|v|τ/2
ℓw
τ (I)ᾱ

1−τ/2, (4.136)

where the constants are given byC = C(τ) > 0.
In the sequel, we shall also use the following support size estimate.

Lemma 4.15 Let v ∈ ℓwτ (I) andw ∈ ℓ2(I) with ‖v − w‖ℓ2(I) ≤ ǫ. Assumeα =

(αλ)λ∈I ∈ R
I
+ and infλ αλ = ᾱ > 0. Then it holds

# suppSα(w) ≤ #Λᾱ(w) ≤ 4ǫ2

ᾱ2 + 4C|v|τℓw
τ (I)ᾱ

−τ , (4.137)

whereC = C(τ) > 0.
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Proof. We consider two setsI1 = {λ ∈ I : |wλ| ≥ ᾱ, and|vλ| > ᾱ/2}, and
I2 = {λ ∈ I : |wλ| ≥ ᾱ, and|vλ| ≤ ᾱ/2}. Then from (4.135)

#I1 ≤ #{λ ∈ I : |vλ| > ᾱ/2} ≤ 2τC|v|τℓw
τ (I)ᾱ

−τ ≤ 4C|v|τℓw
τ (I)ᾱ

−τ ,

and

(ᾱ/2)2(#I2) ≤
∑

λ∈I2

|vλ − wλ|2 ≤ ε2.

These estimates imply (4.137).

Decreasing iterative soft-thresholding

For threshold parametersα,α(n) ∈ R
I
+, whereα(n) ≥ α, i.e.,α(n)

λ ≥ αλ for all λ ∈ Λ,
andᾱ = infλ∈I αλ > 0, we consider the iteration

Algorithm 5.

u(0) = 0, u(n+1) = Sα(n)

(
u(n) +A∗(y −Au(n))

)
, n = 0,1, . . . (4.138)

which, forα(n)
λ ≥ α

(n+1)
λ , we call thedecreasing iterative soft-thresholding algo-

rithm (D-ISTA).

Theorem 4.16 Let ‖A‖ <
√

2 and let ū := (I − A∗A)u∗ + A∗y ∈ ℓwτ (I) for some

0 < τ < 2. Moreover, letL = L(α) :=
4‖u∗‖2

ℓ2(I)

ᾱ2 + 4C‖ū‖τ
ℓw
τ (I)ᾱ

−τ , and as-
sume that forS∗ := suppu∗ and all finite subsetsΛ ⊂ I with at most#Λ ≤ 2L
elements, the operator(I − A∗A)(S∗∪Λ)×(S∗∪Λ) is contractive onℓ2(S

∗ ∪ Λ), i.e.,
‖(I −A∗A)S∗∪Λ×S∗∪Λw‖ℓ2(S∗∪Λ) ≤ γ0‖w‖ℓ2(S∗∪Λ), for all w ∈ ℓ2(S

∗ ∪ Λ), or

‖(I −A∗A)S∗∪Λ×S∗∪Λ‖ ≤ γ0, (4.139)

where0 < γ0 < 1. Then, for anyγ0 < γ < 1, the iteratesu(n) from (4.138)fulfill
# suppu(n) ≤ L and they converge tou∗ at a linear rate

‖u∗ − u(n)‖ℓ2(I) ≤ γn‖u∗‖ℓ2(I) =: ǫn (4.140)

whenever theα(n) are chosen according to

αλ ≤ α
(n)
λ ≤ αλ + (γ − γ0)L

−1/2ǫn, for all λ ∈ Λ. (4.141)
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Proof. We develop the proof by induction. For the initial iterate, we haveu(0) =
0, so that# suppu(0) ≤ L and (4.140) is trivially true. Assume as an induction
hypothesis thatS(n) := supp(u(n)) is such that#S(n) ≤ L, and‖u∗ − u(n)‖ℓ2(I) ≤
ǫn. Abbreviatingw(n) := u(n) + A∗(y − Au(n)), by ‖A∗A‖ ≤ 2 and the induction
hypothesis, it follows that

‖ū−w(n)‖ℓ2(I) =
∥∥(I −A∗A)(u∗ − u(n))

∥∥
ℓ2(I)

≤ ‖u∗ − u(n)‖ℓ2(I) ≤ ǫn. (4.142)

Hence, using (4.137), we obtain the estimate

#S(n+1) = # supp Sα(n)(w(n)) ≤ Λᾱ(w(n)) ≤ 4ǫ2n
ᾱ2 +4C|ū|τℓw

τ (I)ᾱ
−τ ≤ L. (4.143)

Since also#S(n) ≤ L by induction hypothesis, the setΛ(n) := S(n) ∪ S(n+1) has
at most 2L elements, so that, by assumption,(I − A∗A)S∪Λ(n)×S∪Λ(n) is contractive
with contraction constantγ0. Using the identities

u∗
S∪Λ(n) = Sα(ūS∪Λ(n))

= Sα(u∗
S∪Λ(n) +A∗

S∪Λ(n)(y −AS∪Λ(n)u∗S∪Λ(n))),

and

u
(n+1)
S∪Λ(n) = Sα(n)(w

(n)

S∪Λ(n))

= Sα(n)(u
(n)

S∪Λ(n) +A∗
S∪Λ(n)(y −AS∪Λ(n)u

(n)

S∪Λ(n))),

it follows from (4.132), (4.134), (4.126), andα(n) ≥ α that

‖u∗ − u(n+1)‖ℓ2(I)

= ‖(u∗ − u(n+1))S∪Λ(n)‖ℓ2(S∪Λ(n))

=
∥∥Sα(ūS∪Λ(n)) − Sα(n)(w

(n)

S∪Λ(n))
∥∥

ℓ2(S∪Λ(n))

≤
∥∥Sα(ūS∪Λ(n)) − Sα(w

(n)

S∪Λ(n))
∥∥

ℓ2(S∪Λ(n))

+
∥∥Sα(w

(n)

S∪Λ(n)) − Sα(n)(w
(n)

S∪Λ(n))
∥∥

ℓ2(S∪Λ(n))

≤
∥∥(I −A∗A)S∪Λ(n)×S∪Λ(n)(u∗ − u(n))S∪Λ(n)

∥∥
ℓ2(S∪Λ(n))

+
(
#Λᾱ(w(n))

)1/2(
max

λ∈Λᾱ(w(n))
|αλ − α

(n)
λ |
)

≤ γ0ǫn +
(
#Λᾱ(w(n))

)1/2(
max

λ∈Λᾱ(w(n))
|αλ − α

(n)
λ |
)
.

Using (4.143) we obtain‖u−u(n+1)‖ℓ2(I) ≤ γ0ǫn+
√
L
(

maxλ∈Λᾱ(w(n)) |α
(n)
λ −αλ|

)
,

and, since theα(n) are chosen according to (4.141), the claim follows.
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Note that assumption (4.139) in finite dimension essentiallycoincides with the re-
quest that the matrixA satisfies the RIP (see Lemma 3.14). With these results at hand
and those related to RIP matrices in finite dimension, we are in the situation of esti-
mating the relevant parameters in order to apply Theorem 4.16 when we are dealing
with a compressed sensing problem. We proceed to a numerical comparison of the
algorithm D-ISTA in (4.138) and the iterative soft-thresholding ISTA. In Figure 4.4
we show the behavior of the algorithms in the computation of a sparse minimizeru∗

for A being a 500× 2500 matrix with i.i.d. Gaussian entries,α = 10−4, γ0 = 0.01
andγ = 0.998. In this case, related to a small value ofα (we reiterate that a small
range ofα is the most crucial situation for the efficiency of iterative algorithms, see
the subsection below), ISTA tends to iterate initially on vectors with a large number
of nonzero entries, while D-ISTA slowly inflates the support size of the iterations to
eventually converge to the right support ofu∗. The iteration on an inflating support
allows D-ISTA to take advantage of the local well-conditioning of the matrixA from
the very beginning of the iterations. This effect results in acontrolled linear rate of
convergence which is much steeper than the one of ISTA. In particular in Figure 4.4
after 1500 iterations D-ISTA has correctly detected the support of the minimizeru∗

and reached already an accuracy of 10−0.5, whereas it is clear that the convergence of
ISTA is simply dramatically slow.

Related algorithms

There exist by now several iterative methods that can be used for the minimization
problem (4.110) infinite dimensions. We shall account a few of the most recently
analyzed and discussed:

(a) theGPSR-algorithm(gradient projection for sparse reconstruction), another iter-
ative projection method, in the auxiliary variablesx, z ≥ 0 with u = x− z, [40].

(b) theℓ1 − ℓs algorithm, an interior point method using preconditioned conjugate
gradient substeps (this method solves a linear system in each outer iteration step),
[52].

(c) FISTA (fast iterative soft-thresholding algorithm) is a variation of the iterative
soft-thresholding [5]. Define the operatorΓ(u) = Sα(u + A∗(y − Au)). The
FISTA is defined as the iteration, starting foru(0) = 0,

u(n+1) = Γ

(
u(n) +

t(n) − 1

t(n+1)

(
u(n) − u(n−1)

))
,

wheret(n+1) =
1+
√

1+4(t(n))2

2 and t(0) = 1.

As is addressed in the recent paper [56] which accounts a very detailed comparison
of these different algorithms, they do perform quite well when the regularization pa-
rameterα is sufficiently large, with a small advantage for GPSR. Whenα gets quite
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Figure 4.4 We show the behavior of the algorithms ISTA and D-ISTA in the compu-
tation of a sparse minimizeru∗ for A being a 500× 2500 matrix with i.i.d. Gaussian
entries,α = 10−4, γ0 = 0.01 andγ = 0.998. In the top left figure we present the dy-
namics of the algorithms in the plane‖u‖ℓ1 − log(‖Au− y‖2

2). On the bottom left, we
show the absolute error to the precomputed minimizeru∗ with respect to the number of
iterations. On the bottom right we show how the size of the supports of the iterations
grow with the number of iterations. The figure on the top right shows the vectoru∗,
and the approximations due to the algorithms. In this case D-ISTA detects the right
support ofu∗ after 1500 iterations, whereas ISTA keeps dramatically far behind.

small all the algorithms, except for FISTA, deteriorate significantly their performances.
Moreover, local conditioning properties of the linear operatorA seem particularly af-
fecting the performances of iterative algorithms.

While these methods are particularly suited for finite dimensional problems, it would
be interesting to produce an effective strategy, for any range of the parameterα, for
a large class of infinite dimensional problems. In the recent paper [22] the following
ingredients are combined for this scope:

• multiscale preconditioningallows for local well-conditioning of the matrixA and
therefore reproduces at infinite dimension the conditions of best performances for
iterative algorithms;
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• adaptivity combined with adecreasing thresholding strategyallow for a con-
trolled inflation of the support size of the iterations, promoting the minimal com-
putational cost in terms of number of algebraic equations, as well as from the
very beginning of the iteration the exploitation of the local well-conditioning of
the matrixA.

In [69] the authors propose also an adaptive method similar to [22] where, instead of
the soft-thresholding, acoarsening function, i.e., a compressed hard-thresholding pro-
cedure, is implemented. The emphasis in the latter contribution is on the regularization
properties of such an adaptive method which does not dispose of a reference energy
functional (4.108).

5 Large Scale Computing

5.1 Domain Decomposition Methods forℓ1-Minimization

Besides the elegant mathematics needed for the convergence proof, one of the ma-
jor features of Algorithm 4 is its simplicity, also in terms of implementation. Indeed
thresholding methods combined with wavelets have been often presented, e.g., in im-
age processing, as a possible good alternative to total variation minimization which
requires instead, as we have already discussed in the previous sections, the solution
of a degenerate partial differential equation. However, as pointed out in the previous
sections, in general, iterative soft-thresholding can converge very slowly.

In particular, it is practically not possible to use such algorithm when the dimension
of the problem is really large, unless we provide all the modifications we accounted
above (i.e., preconditioning, decreasing thresholding strategy, adaptivity etc.). And
still for certain very large scale problems, this might not be enough. For that we need
to consider further dimensionality reduction techniques. In this section we introduce a
sequential domain decomposition method for the linear inverse problem with sparsity
constraints modelled by (4.110). The goal is to join the simplicity of Algorithm 4 with
a dimension reduction technique provided by a decomposition which will improve the
convergence and the complexity of the algorithm without increasing the sophistication
of the algorithm.

For simplicity, we start by decomposing the “domain” of the sequencesI into two
disjoint setsI1,I2 so thatI = I1∪I2. The extension to decompositions into multiple
subsetsI = I1 ∪ · · · ∪ IN follows from an analysis similar to the basic caseN = 2.
Associated to a decompositionC = {I1,I2} we define theextension operatorsEi :
ℓ2(Ii) → ℓ2(I), (Eiv)λ = vλ, if λ ∈ Ii, (Eiv)λ = 0, otherwise,i = 1,2. The adjoint
operator, which we call therestriction operator, is denoted byRi := E∗

i . With these
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operators we may define the functional,J : ℓ2(I1) × ℓ2(I2) → R, given by

J (u1, u2) := J (E1u1 + E2u2).

For the sequenceui we use the notationuλ,i in order to denote its components. We

want to formulate and analyze the following algorithm: Pick an initialE1u
(0)
1 +

E2u
(0)
2 := u(0) ∈ ℓ1(I), for exampleu(0) = 0 and iterate





u
(n+1)
1 = arg minv1∈ℓ2(I1) J (v1, u

(n)
2 )

u
(n+1)
2 = arg minv2∈ℓ2(I2) J (u

(n+1)
1 , v2)

u(n+1) := E1u
(n+1)
1 + E2u

(n+1)
2 .

(5.144)

Let us observe that‖E1u1 + E2u2‖ℓ1(I) = ‖u1‖ℓ1(I1) + ‖u2‖ℓ1(I2), hence

arg min
v1∈ℓ2(I1)

J (v1, u
(n)
2 ) = arg min

v1∈ℓ2(I1)
‖(y −AE2u

(n)
2 ) −AE1v1‖2

Y + τ‖v1‖ℓ1(I).

A similar formulation holds forarg minv2∈ℓ2(I2) J (u
(n+1)
1 , v2). This means that the

solution of the local problems onIi is of the samekind as the original problem
arg minu∈ℓ2(I) J (u), but the dimension for each has been reduced. Unfortunately

the functionalsJ (u, u
(n)
2 ) andJ (u

(n+1)
1 , v) do not need to have a unique minimizer.

Therefore the formulation as in (5.144) is not in principle well defined. In the follow-
ing we will consider a particular choice of the minimizers and in particular we will
implement Algorithm 4 in order to solve each local problem. This choice leads to the
following algorithm.

Algorithm 6. Pick an initial E1u
(0)
1 + E2u

(0)
2 := u(0) ∈ ℓ1(I), for example

u(0) = 0, fix L,M ∈ N, and iterate









u
(n+1,0)
1 = u

(n,L)
1

u
(n+1,ℓ+1)
1 = Sα

(
u

(n+1,ℓ)
1 +R1A

∗((y −AE2u
(n,M)
2 ) −AE1u

(n+1,ℓ)
1 )

)

ℓ = 0, . . . , L− 1



u
(n+1,0)
2 = u

(n,M)
2

u
(n+1,ℓ+1)
2 = Sα

(
u

(n+1,ℓ)
2 +R2A

∗((y −AE1u
(n+1,L)
1 ) −AE2u

(n+1,ℓ)
2 )

)

ℓ = 0, . . . ,M − 1

u(n+1) := E1u
(n+1,L)
1 +E2u

(n+1,M)
2 .

(5.145)

Of course, forL = M = ∞ the previous algorithm realizes a particular instance of
(5.144). However, in practice we will never execute an infinite number of inner iter-
ations and therefore it is important to analyze the convergence of the algorithm when
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L,M ∈ N are finite.

At this point the question is whether algorithm (5.145) really converges to a mini-
mizer of the original functionalJ . This is the scope of the following sections. Only
for ease of notation, we assume now that the thresholding parameterα > 0 is a scalar,
henceSα(u) acts onu with the same thresholdingSα(uλ) for each vector component
uλ.

5.1.1 Weak Convergence of the Sequential Algorithm

A useful tool in the analysis of non-smooth functionals and their minima is the con-
cept of the subdifferential. We shortly introduced it already in the presentation of the
homotopy method in Section 3.1.1. Recall that for a convex functionalF on some
Banach spaceV its subdifferential∂F (x) at a pointx ∈ V with F (x) <∞ is defined
as the set

∂F (x) = {v ∈ V ∗, F (y) − F (x) ≥ v(y − x) for all y ∈ V },

whereV ∗ denotes the dual space ofV . It is obvious from this definition that 0∈
∂F (x) if and only if x is a minimizer ofF .

Example 5.1 Let V = ℓ1(I) andF (x) := ‖x‖ℓ1(I) is theℓ1-norm. We have

∂‖ · ‖ℓ1(I)(x) = {ξ ∈ ℓ∞(I) : ξλ ∈ ∂| · |(xλ), λ ∈ I} (5.146)

where∂| · |(z) = {sgn(z)} if z 6= 0 and∂| · |(0) = [−1,1].

By observing that∂(‖A · −y‖2
Y )(u) = {2A∗(Au− y)} and by an application of [36,

Proposition 5.2] combined with the example above, we obtain the following charac-
terizations of the subdifferentials ofJ andJ S (we recall thatJ S is the surrogate
functional defined in (4.116)).

Lemma 5.2 i) The subdifferential ofJ at u is given by

∂J (u) = 2A∗(Au− y) + 2α∂‖ · ‖ℓ1(I)(u)

= {ξ ∈ ℓ∞(I) : ξλ ∈ [2A∗(Au− y)]λ + 2α∂| · |(uλ)}.

ii) The subdifferential ofJ S with respect to the sole componentu is given by

∂uJ S(u, a) = −2(a+A∗(y −Aa)) + 2u+ 2α∂‖ · ‖ℓ1(I)(u)

= {ξ ∈ ℓ∞(I) : ξλ ∈ [−2(a+A∗(y −Aa))]λ + 2uλ + 2α∂| · |(uλ)}.
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In light of Lemma 4.2 we can reformulate Algorithm 6 by









u
(n+1,0)
1 = u

(n,L)
1

u
(n+1,ℓ+1)
1 = arg minu1∈ℓ2(I1) J S(E1u1 + E2u

(n,M)
2 , E1u

(n+1,ℓ)
1 + E2u

(n,M)
2 )

ℓ = 0, . . . , L− 1



u
(n+1,0)
2 = u

(n,M)
2

u
(n+1,ℓ+1)
2 = arg minu2∈ℓ2(I2) J S(E1u

(n+1,L)
1 + E2u2, E1u

(n+1,L)
1 + E2u

(n+1,ℓ)
2 )

ℓ = 0, . . . ,M − 1

u(n+1) := E1u
(n+1,L)
1 + E2u

(n+1,M)
2 .

(5.147)
Before we actually start proving the weak convergence of the algorithm in (5.147) we
recall the following definition [71].

Definition 5.3 Let V be a topological space andA = (An)n∈N a sequence of subsets
of V . The subsetA ⊆ V is called thelimit of the sequenceA, and we writeA =
limnAn, if

A = {a ∈ V : ∃an ∈ An, a = lim
n
an}.

The following observation will be useful to us, see, e.g., [71, Proposition 8.7].

Lemma 5.4 Assume thatΓ is a convex function onRM and (xn)n∈N ⊂ R
M a con-

vergent sequence with limitx such thatΓ(xn),Γ(x) < ∞. Then the subdifferentials
satisfy

lim
n→∞

∂Γ(xn) ⊆ ∂Γ(x).

In other words, the subdifferential∂Γ of a convex function is anouter semicontinuous
set-valued function.

Theorem 5.5 (Weak convergence)The algorithm in(5.147)produces a sequence(u(n))n∈N

in ℓ2(I) whose weak accumulation points are minimizers of the functionalJ . In par-
ticular, the set of the weak accumulation points is non-empty and ifu(∞) is a weak
accumulation point then

u(∞) = Sα(u(∞) +A∗(g −Au(∞))).

Proof. The proof is partially inspired by the one of Theorem 3.12, where also alter-
nating minimizations were considered. Let us first observe that by (4.118)

J (u(n)) = J S(u(n), u(n)) = J S(E1u
(n,L)
1 + E2u

(n,M)
2 , E1u

(n,L)
1 + E2u

(n,M)
2 )

= J S(E1u
(n,L)
1 + E2u

(n,M)
2 , E1u

(n+1,0)
1 + E2u

(n,M)
2 ).
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By definition ofu(n+1,1)
1 and its minimal properties in (5.147) we have

J S(E1u
(n,L)
1 + E2u

(n,M)
2 , E1u

(n+1,0)
1 + E2u

(n,M)
2 )

≥ J S(E1u
(n+1,1)
1 + E2u

(n,M)
2 , E1u

(n+1,0)
1 + E2u

(n,M)
2 ).

Again, an application of (4.118) gives

J S(E1u
(n+1,1)
1 + E2u

(n,M)
2 , E1u

(n+1,0)
1 + E2u

(n,M)
2 )

≥ J S(E1u
(n+1,1)
1 + E2u

(n,M)
2 , E1u

(n+1,1)
1 + E2u

(n,M)
2 ).

Concatenating these inequalities we obtain

J (u(n)) ≥ J S(E1u
(n+1,1)
1 + E2u

(n,M)
2 , E1u

(n+1,1)
1 + E2u

(n,M)
2 ).

In particular, from (4.119) we have

J (u(n)) − J S(E1u
(n+1,1)
1 + E2u

(n,M)
2 , E1u

(n+1,1)
1 + E2u

(n,M)
2 )

≥ C‖u(n+1,1)
1 − u

(n+1,0)
1 ‖2

ℓ2(I1)
.

By induction we obtain

J (u(n)) ≥ J S(E1u
(n+1,1)
1 + E2u

(n,M)
2 , E1u

(n+1,1)
1 + E2u

(n,M)
2 ) ≥ . . .

≥ J S(E1u
(n+1,L)
1 + E2u

(n,M)
2 , E1u

(n+1,L)
1 + E2u

(n,M)
2 )

= J (E1u
(n+1,L)
1 + E2u

(n,M)
2 ),

and

J (u(n)) − J (E1u
(n+1,L)
1 + E2u

(n,M)
2 ) ≥ C

L−1∑

ℓ=0

‖u(n+1,ℓ+1)
1 − u

(n+1,ℓ)
1 ‖2

ℓ2(I1)
.

By definition ofu(n+1,1)
2 and its minimal properties we have

J S(E1u
(n+1,L)
1 + E2u

(n,M)
2 , E1u

(n+1,L)
1 + E2u

(n,M)
2 )

≥ J S(E1u
(n+1,L)
1 + E2u

(n+1,1)
2 , E1u

(n+1,L)
1 + E2u

(n+1,0)
2 ).

By similar arguments as above we find

J (u(n)) ≥ J S(E1u
(n+1,L)
1 +E2u

(n+1,M)
2 , E1u

(n+1,L)
1 +E2u

(n+1,M)
2 ) = J (u(n+1)),

(5.148)
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and

J (u(n)) − J (u(n+1))

≥ C

(
L−1∑

ℓ=0

‖u(n+1,ℓ+1)
1 − u

(n+1,ℓ)
1 ‖2

ℓ2(I1)
+

M−1∑

m=0

‖u(n+1,m+1)
2 − u

(n+1,m)
2 ‖2

ℓ2(I2)

)
.

(5.149)

From (5.148) we haveJ (u(0)) ≥ J (u(n)) ≥ 2α‖u(n)‖ℓ1(I) ≥ 2α‖u(n)‖ℓ2(I). This
means that(u(n))n∈N is uniformly bounded inℓ2(I), hence there exists a weakly con-
vergent subsequence(u(nj))j∈N. Let us denoteu(∞) the weak limit of the subse-
quence. For simplicity, we rename such subsequence by(u(n))n∈N. Moreover, since
the sequence(J (u(n)))n∈N is monotonically decreasing and bounded from below by
0, it is also convergent. From (5.149) and the latter convergence we deduce

(
L−1∑

ℓ=0

‖u(n+1,ℓ+1)
1 − u

(n+1,ℓ)
1 ‖2

ℓ2(I1)
+

M−1∑

m=0

‖u(n+1,m+1)
2 − u

(n+1,m)
2 ‖2

ℓ2(I2)

)
→ 0,

(5.150)
for n→ ∞. In particular, by the standard inequality(a2+b2) ≥ 1

2(a+b)2 for a, b > 0
and the triangle inequality, we have also

‖u(n) − u(n+1)‖ℓ2(I) → 0, n→ ∞. (5.151)

We would like to show now that

0 ∈ lim
n→∞

∂J (u(n)) ⊂ ∂J (u(∞)).

To this end, and in light of Lemma 5.2, we reason componentwise. By definition of
u

(n+1,L)
1 we have

0 ∈ [−2(u
(n+1,L−1)
1 +R1A

∗((y −AE2u
(n,M)
2 ) −AE1u

(n+1,L−1)
1 ))]λ

+ 2u(n+1,L)
λ,1 + 2α∂| · |(u(n+1,L)

λ,1 ), (5.152)

for λ ∈ I1, and by definition ofu(n+1,M)
2 we have

0 ∈ [−2(u
(n+1,M−1)
2 +R2A

∗((y −AE1u
(n+1,L)
1 ) −AE2u

(n+1,M−1)
2 ))]λ

+ 2u(n+1,M)
λ,2 + 2α∂| · |(u(n+1,M)

λ,2 ), (5.153)

for λ ∈ I2. Let us compute∂J (u(n+1))λ,

∂J (u(n+1))λ = [−2A∗(y −AE1u
(n+1,L)
1 −AE2u

(n+1,M)
2 )]λ + 2α∂| · |(u(n+1,K)

λ,i ),
(5.154)
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whereλ ∈ Ii andK = L,M for i = 1,2 respectively. We would like to find a
ξ
(n+1)
λ ∈ ∂J (u(n+1))λ such thatξ(n+1)

λ → 0 for n→ ∞. By (5.152) we have that for
λ ∈ I1

0 = [−2(u
(n+1,L−1)
1 +R1A

∗((y −AE2u
(n,M)
2 ) −AE1u

(n+1,L−1)
1 ))]λ

+ 2u(n+1,L)
λ,1 + 2αξ(n+1)

λ,1 ,

for a ξ(n+1)
λ,1 ∈ ∂| · |(u(n+1,L)

λ,1 ), and, by (5.153), forλ ∈ I2

0 = [−2(u
(n+1,M−1)
2 +R2A

∗((y −AE1u
(n+1,L)
1 ) −AE2u

(n+1,M−1)
2 ))]λ

+ 2u(n+1,M)
λ,2 + 2αξ(n+1)

λ,2 ,

for a ξ(n+1)
λ,2 ∈ ∂| · |(u(n+1,M)

λ,2 ). Thus by adding zero to (5.154) as represented by the
previous two formulas, we can choose

ξ
(n+1)
λ = 2(u

(n+1,L)
λ,1 − u

(n+1,L−1)
λ,1 ) + [R1A

∗AE1(u
(n+1,L)
1 − u

(n+1,L−1)
1 )]λ

+ [R1A
∗AE2(u

(n+1,M)
2 − u

(n,M)
1 )]λ,

if λ ∈ I1 and

ξ
(n+1)
λ = 2(u

(n+1,M)
λ,2 − u

(n+1,M−1)
λ,2 ) + [R2A

∗AE1(u
(n+1,M)
2 − u

(n+1,M−1)
1 )]λ,

if λ ∈ I2. For both these choices, from (5.150) and (5.151), and by continuity ofA,
we haveξ(n+1)

λ → 0 for n→ ∞. Again by continuity ofA, weak convergence ofu(n)

(which implies componentwise convergence), and Lemma 5.4 we obtain

0 ∈ lim
n→∞

∂J (u(n))λ ⊂ ∂J (u(∞)λ, for all λ ∈ I.

It follows from Lemma 5.2 that 0∈ ∂J (u(∞). By the properties of the subdifferen-
tial we have thatu(∞) is a minimizer ofJ . Of course, the reasoning above holds for
any weakly convergent subsequence and therefore all weak accumulation points of the
original sequence(u(n))n are minimizers ofJ .

Similarly, by taking now the limit forn → ∞ in (5.152) and (5.153), and by using
(5.150) we obtain

0 ∈ [−2(R1u
(∞)+R1A

∗((y−AE2R2u
(∞))−AE1R1u

(∞)))]λ+2u(∞)
λ +2α∂|·|(u(∞)

λ ),

for λ ∈ I1 and

0 ∈ [−2(R2u
(∞)+R2A

∗((y−AE1R1u
(∞)−AE2R2u

(∞))]λ+2u(∞)
λ +2α∂|·|(u(∞)

λ ).
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for λ ∈ I2. In other words, we have

0 ∈ ∂uJ S(u(∞), u(∞)).

An application of Lemma 5.2 and Proposition 4.5 imply

u(∞) = Sα(u(∞) +A∗(y −Au(∞))).

Remark 5.6 1. Becauseu(∞) = Sα(u(∞) + A∗(y − Au(∞))), we could infer the
minimality of u(∞) by invoking Proposition 4.5. In the previous proof we wanted to
present an alternative argument based on differential inclusions.

2. Since(u(n))n∈N is bounded and (5.150) holds, also(un,ℓ
i )n,ℓ are bounded for

i = 1,2.

5.1.2 Strong Convergence of the Sequential Algorithm

In this section we want to show that the convergence of a subsequence(unj )j to any
accumulation pointu(∞) holds not only in the weak topology, but also in the Hilbert
spaceℓ2(I) norm. Let us define

η(n+1) := u
(n+1,L)
1 − u

(∞)
1 , η(n+1/2) := u

(n+1,L−1)
1 − u

(∞)
1 ,

µ(n+1) := u
(n+1,M)
2 − u

(∞)
2 , µ(n+1/2) := u

(n+1,M−1)
2 − u

(∞)
2 ,

whereu(∞)
i := Riu

(∞). From Theorem 5.5 we also have

u
(∞)
i = Sα(u

(∞)
i +RiA

∗(y −AE1u
(∞)
1 −AE2u

(∞)
2 )︸ ︷︷ ︸

:=hi

), i = 1,2.

Let us also denoteh := E1h1 + E2h2 andξ(n) := E1η
(n+1/2) + E2µ

(n+1/2).

For the proof of strong convergence we need the following technical lemmas. The
strategy of their proofs is similar to that of Lemma 4.8 and Lemma 4.9.

Lemma 5.7 ‖Aξ(n)‖2
Y → 0 for n→ ∞.

Proof. Since

η(n+1) − η(n+1/2) = Sα(h1 + (I −R1A
∗AE1)η

(n+1/2)

− R1A
∗AE2µ

(n)) − Sα(h1) − η(n+1/2),

µ(n+1) − µ(n+1/2) = Sα(h2 + (I −R2A
∗AE2)µ

(n+1/2)

− R2A
∗AE1η

(n+1)) − Sα(h2) − µ(n+1/2),
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and ‖η(n+1) − η(n+1/2)‖ℓ2(I1) = ‖u(n+1,L)
1 − u

(n+1,L−1)
1 ‖ℓ2(I1) → 0, ‖µ(n+1) −

µ(n+1/2)‖ℓ2(I1) = ‖u(n+1,M)
2 − u

(n+1,M−1)
2 ‖ℓ2(I2) → 0 by (5.150), we have

‖Sα(h1 + (I −R1A
∗AE1)η

(n+1/2) −R1A
∗AE2µ

(n)) − Sα(h1) − η(n+1/2)‖ℓ2(I1)

≥
∣∣∣‖Sα(h1 + (I −R1A

∗AE1)η
(n+1/2) −R1A

∗AE2µ
(n))

−Sα(h1)‖ℓ2(I1) − ‖η(n+1/2)‖ℓ2(I1)

∣∣∣→ 0, (5.155)

and

‖Sα(h2 + (I −R2A
∗AE2)µ

(n+1/2) −R2A
∗AE1η

(n+1)) − Sα(h2) − µ(n+1/2)‖ℓ2(I2)

≥
∣∣∣‖Sα(h2 + (I −R2A

∗AE2)µ
(n+1/2) −R2A

∗AE1η
(n+1))

−Sα(h2)‖ℓ2(I2) − ‖µ(n+1/2)‖ℓ2(I2)

∣∣∣→ 0. (5.156)

By nonexpansiveness ofSα we have the estimates

‖Sα(h2 + (I −R2A
∗AE2)µ

(n+1/2) −R2A
∗AE1η

(n+1)) − Sα(h2)‖ℓ2(I2)

≤ ‖(I −R2A
∗AE2)µ

(n+1/2) −R2A
∗AE1η

(n+1)‖ℓ2(I2)

≤ ‖(I −R2A
∗AE2)µ

(n+1/2) −R2A
∗AE1η

(n+1/2)‖ℓ2(I2)

+ ‖R2A
∗AE1(η

(n+1/2)) − η(n+1))‖ℓ2(I2)︸ ︷︷ ︸
:=ε(n)

.

Similarly, we have

‖Sα(h1 + (I −R1A
∗AE1)η

(n+1/2) −R1A
∗AE2µ

(n)) − Sα(h1)‖ℓ2(I1)

≤ ‖(I −R1A
∗AE1)η

(n+1/2) −R1A
∗AE2µ

(n)‖ℓ2(I1)

≤ ‖(I −R1A
∗AE1)η

(n+1/2) −R1A
∗AE2µ

(n+1/2)‖ℓ2(I1)

+ ‖R1A
∗AE2(µ

(n+1/2) − µ(n))‖ℓ2(I1)︸ ︷︷ ︸
δ(n)

.
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Combining the previous inequalities, we obtain the estimates

‖Sα(h1 + (I −R1A
∗AE1)η

(n+1/2) −R1A
∗AE2µ

(n) − Sα(h1)‖2
ℓ2(I1)

+ ‖Sα(h2 + (I −R2A
∗AE2)µ

(n+1/2) −R2A
∗AE1η

(n+1) − Sα(h2)‖2
ℓ2(I2)

≤ ‖(I −R1A
∗AE1)η

(n+1/2) −R1A
∗AE2µ

(n)‖2
ℓ2(I1)

+ ‖(I −R2A
∗AE2)µ

(n+1/2) −R2A
∗AE1η

(n+1)‖2
ℓ2(I2)

=
(
‖(I −R1A

∗AE1)η
(n+1/2) −R1A

∗AE2µ
(n+1/2)‖ℓ2(I1)

+ ‖R1A
∗AE2(µ

(n+1/2) − µ(n))‖ℓ2(I1)

)2

+
(
‖(I −R2A

∗AE2)µ
(n+1/2) −R2A

∗AE1η
(n+1/2)‖ℓ2(I2)

+ ‖R2A
∗AE1(η

(n+1/2)) − η(n+1)‖ℓ2(I2)

)2

≤ ‖(I −A∗A)ξ(n)‖2
ℓ2(I) + ((ε(n))2 + (δ(n))2 + C ′(ε(n) + δ(n)))

≤ ‖ξ(n)‖2
ℓ2(I) + ((ε(n))2 + (δ(n))2 + C ′(ε(n) + δ(n)))

The constantC ′ > 0 is due to the boundedness ofu(n,ℓ). Certainly, by (5.150), for
everyε > 0 there existsn0 such that forn > n0 we have(ε(n))2 +(δ(n))2 +C ′(ε(n) +
δ(n))) ≤ ε. Therefore, if

‖Sα(h1 + (I −R1A
∗AE1)η

(n+1/2) −R1A
∗AE2µ

(n) − Sα(h1)‖2
ℓ2(I1)

+ ‖Sα(h2 + (I −R2A
∗AE2)µ

(n+1/2) −R2A
∗AE1η

(n+1) − Sα(h2)‖2
ℓ2(I2)

≥ ‖ξ(n)‖2
ℓ2(I),

then

0 ≤ ‖(I −R1A
∗AE1)µ

(n+1/2) −R1A
∗AE2µ

(n)‖2
ℓ2(I1)

+ ‖(I −R2A
∗AE2)µ

(n+1/2) −R2A
∗AE1η

(n+1)‖2
ℓ2(I) − ‖ξ(n)‖2

ℓ2(I)

≤ (ε(n))2 + (δ(n))2 + C ′(ε(n) + δ(n))) ≤ ε

If, instead, we have

‖Sα(h1 + (I −R1A
∗AE1)η

(n+1/2) −R1A
∗AE2µ

(n)) − Sα(h1)‖2
ℓ2(I1)

+ ‖Sα(h2 + (I −R2A
∗AE2)µ

(n+1/2) −R2A
∗AE1η

(n+1)) − Sα(h2)‖2
ℓ2(I2)

< ‖ξ(n)‖2
ℓ2(I),
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then by (5.155) and (5.156)

‖ξ(n)‖2
ℓ2(I) −

(
‖(I −R1A

∗AE1)µ
(n+1/2) −R1A

∗AE2µ
(n))‖2

ℓ2(I1)

+ ‖(I −R2A
∗AE2)µ

(n+1/2) −R2A
∗AE1η

(n+1))‖2
ℓ2(I2)

)

≤ ‖ξ(n)‖2
ℓ2(I)

− ‖Sα(h1 + (I −R1A
∗AE1)η

(n+1/2) −R1A
∗AE2µ

(n)) − Sα(h1)‖2
ℓ2(I1)

− ‖Sα(h2 + (I −R2A
∗AE2)µ

(n+1/2) −R2A
∗AE1η

(n+1)) − Sα(h2)‖2
ℓ2(I2)

=
∣∣∣‖ξ(n)‖2

ℓ2(I)

− ‖Sα(h1 + (I −R1A
∗AE1)η

(n+1/2) −R1A
∗AE2µ

(n)) − Sα(h1)‖2
ℓ2(I1)

− ‖Sα(h2 + (I −R2A
∗AE2)µ

(n+1/2) −R2A
∗AE1η

(n+1)) − Sα(h2)‖2
ℓ2(I2)

∣∣∣

≤
∣∣∣‖η(n+1/2)‖2

ℓ2(I1)

− ‖Sα(h1 + (I −R1A
∗AE1)η

(n+1/2) −R1A
∗AE2µ

(n)) − Sα(h1)‖2
ℓ2(I1)

∣∣∣

+
∣∣∣‖µ(n+1/2)‖2

ℓ2(I2)

− ‖Sα(h2 + (I −R2A
∗AE2)µ

(n+1/2) −R2A
∗AE1η

(n+1)) − Sα(h2)‖2
ℓ2(I2)

∣∣∣ ≤ ε

for n large enough. This implies

lim
n→∞

[
‖ξ(n)‖2

ℓ2(I) −
(
‖(I −R1A

∗AE1)µ
(n+1/2) −R1A

∗AE2µ
(n)‖2

ℓ2(I1)

+ ‖(I −R2A
∗AE2)µ

(n+1/2) −R2A
∗AE1η

(n+1)‖2
ℓ2(I2)

)]
= 0.

Observe now that

‖(I −R1A
∗AE1)µ

(n+1/2) −R1A
∗AE2µ

(n)‖2
ℓ2(I1)

+ ‖(I −R2A
∗AE2)µ

(n+1/2) −R2A
∗AE1η

(n+1)‖2
ℓ2(I2)

≤ (‖(I −R1A
∗AE1)µ

(n+1/2) −R1A
∗AE2µ

(n+1/2)‖ℓ2(I1) + δ(n))2

+ (‖(I −R2A
∗AE2)µ

(n+1/2) −R2A
∗AE1η

(n+1/2)‖ℓ2(I2) + ε(n))2

≤ ‖(I −A∗A)ξ(n)‖2
ℓ2(I) +

(
(ε(n))2 + (δ(n))2 + 2C ′(ε(n) + δ(n))

)
,
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for a suitable constantC ′ > 0 as above. Therefore we have

‖ξ(n)‖2
ℓ2(I) −

(
‖(I −R1A

∗AE1)µ
(n+1/2) −R1A

∗AE2µ
(n))‖2

ℓ2(I1)

+ ‖(I −R2A
∗AE2)µ

(n+1/2) −R2A
∗AE1η

(n+1))‖2
ℓ2(I2)

)

≥ ‖ξ(n)‖2
ℓ2(I) − ‖(I −A∗A)ξ(n)‖2

ℓ2(I) −
(
(ε(n))2 + (δ(n))2 + 2C ′(ε(n) + δ(n))

)

= 2‖Aξ(n)‖2
Y − ‖A∗Aξ(n)‖2

ℓ2(I) −
(
(ε(n))2 + (δ(n))2 + 2C ′(ε(n) + δ(n))

)

≥ ‖Aξ(n)‖2
Y −

(
(ε(n))2 + (δ(n))2 + 2C ′(ε(n) + δ(n))

)
.

This implies‖Aξ(n)‖2
Y → 0 for n→ ∞.

Lemma 5.8 For h = E1h1 + E2h2, ‖Sα(h + ξ(n)) − Sα(h) − ξ(n)‖ℓ2(I) → 0, for
n→ ∞.

Proof. We have

Sα(h+ ξ(n) −A∗Aξ(n))

= E1

(
Sα(h1 + (I −R1A

∗AE1)η
(n+1/2) −R1A

∗AE2µ
(n+1/2))

)

+ E2

(
Sα(h2 + (I −R2A

∗AE2)µ
(n+1/2) −R2A

∗AE1η
(n+1/2))

)

Therefore, we can write

Sα(h+ ξ(n) −A∗Aξ(n))

= E1

[
Sα(h1 + (I −R1A

∗AE1)η
(n+1/2) −R1A

∗AE2µ
(n))

+ Sα(h1 + (I −R1A
∗AE1)η

(n+1/2) −R1A
∗AE2µ

(n+1/2))

− Sα(h1 + (I −R1A
∗AE1)η

(n+1/2) −R1A
∗AE2µ

(n))
]

+ E2

[
Sα(h2 + (I −R2A

∗AE2)µ
(n+1/2) −R2A

∗AE1η
(n+1))

+ Sα(h2 + (I −R2A
∗AE2)µ

(n+1/2) −R2A
∗AE1η

(n+1/2))

− Sα(h2 + (I −R2A
∗AE2)µ

(n+1/2) −R2A
∗AE1η

(n+1))
]
.

By using the nonexpansiveness ofSα, the boundedness of the operatorsEi, Ri, A
∗A,
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and the triangle inequality we obtain,

‖Sα(h+ ξ(n)) − Sα(h) − ξ(n)‖ℓ2(I)

≤ ‖Sα(h+ ξ(n) −A∗Aξ(n)) − Sα(h) − ξ(n)‖ℓ2(I)

+ ‖Sα(h+ ξ(n)) − Sα(h+ ξ(n) −A∗Aξ(n))‖ℓ2(I)

≤

‖Sα(h1 + (I −R1A

∗AE1)η
(n+1/2) −R1A

∗AE2µ
(n)) − Sα(h1) − η(n+1/2)‖ℓ2(I1)︸ ︷︷ ︸

:=A(n)

+ ‖Sα(h2 + (I −R2A
∗AE2)µ

(n+1/2) −R2A
∗AE1η

(n+1)) − Sα(h2) − µ(n+1/2)‖ℓ2(I2)︸ ︷︷ ︸
:=B(n)

+ ‖µ(n+1/2) − µ(n)‖ℓ2(I2) + ‖η(n+1) − η(n+1/2)‖ℓ2(I1)︸ ︷︷ ︸
:=C(n)

+ ‖A∗Aξ(n)‖ℓ2(I)︸ ︷︷ ︸
:=D(n)


 .

The quantitiesA(n), B(n) vanish forn → ∞ because of (5.155) and (5.156). The
quantityC(n) vanishes forn→ ∞ because of (5.150), andD(n) vanishes forn→ ∞
thanks to Lemma 5.7.

By combining the previous technical achievements, we can nowstate the strong
convergence.

Theorem 5.9 (Strong convergence)Algorithm 6 produces a sequence(u(n))n∈N in
ℓ2(I) whose strong accumulation points are minimizers of the functionalJ . In par-
ticular, the set of strong accumulation points is non-empty.

Proof. Let u(∞) be a weak accumulation point and let(u(nj))j∈N be a subsequence
weakly convergent tou(∞). Let us again denote the latter sequence(u(n))n∈N. With
the notation used in this section, by Theorem 5.5 and (5.150) we have thatξ(n) =
E1η

(n+1/2) + E2µ
(n+1/2) weakly converges to zero. By Lemma 5.8 we have

lim
n→∞

‖Sα(h+ ξ(n)) − Sα(h) − ξ(n)‖ℓ2(I) = 0.

From Lemma 4.10 we conclude thatξ(n) = E1η
(n+1/2) + E2µ

(n+1/2) converges to
zero strongly. Again by (5.150) we have that(u(n))n∈N converges tou(∞) strongly.
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5.1.3 A Parallel Domain Decomposition Method

The most natural modification to (5.145) in order to obtain a parallelizable algorithm
is to substitute the termu(n+1,L) with R1u

(n) in the second inner iterations. This
makes the inner iterations onI1 andI2 mutually independent, hence executable by
two processors at the same time. We obtain the following algorithm: Pick an initial
u(0) ∈ ℓ1(I), for exampleu(0) = 0, and iterate









u
(n+1,0)
1 = R1u

(n)

u
(n+1,ℓ+1)
1 = Sα

(
u

(n+1,ℓ)
1 +R1A

∗((y −AE2R2u
(n)) −AE1u

(n+1,ℓ)
1 )

)

ℓ = 0, . . . , L− 1



u
(n+1,0)
2 = R2u

(n)

u
(n+1,ℓ+1)
2 = Sα

(
u

(n+1,ℓ)
2 +R2A

∗((y −AE1R1u
(n)) −AE2u

(n+1,ℓ)
2 )

)

ℓ = 0, . . . ,M − 1

u(n+1) := E1u
(n+1,L)
1 + E2u

(n+1,M)
2 .

(5.157)
The behavior of this algorithm is somehow bizzare. Indeed, the algorithm usually
alternates between the two subsequences given byu(2n) and its consecutive iteration
u(2n+1). These two sequences are complementary, in the sense that they encode in-
dependent patterns of the solution. In particular, foru(∞) = u′ + u′′, u(2n) ≈ u′

and u(2n+1) ≈ u′′ for n not too large. During the iterations and forn large the
two subsequences slowly approach each other, merging the complementary features
and shaping the final limit which usually coincides with the wanted minimal solu-
tion, see Figure 5.1. Unfortunately, this “oscillatory behavior” makes it impossible
to prove monotonicity of the sequence(J (u(n)))n∈N and we have no proof of con-
vergence. However, since the subsequences are early indicating different features of
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Figure 5.1On the left we showu(2n), in the centeru(2n+1), and on the rightu(∞). The
two consecutive iterations contain different features which will appear in the solution.

the final limit, we may modify the algorithm by substitutingu(n+1) := E1u
(n+1,L)
1 +

E2u
(n+1,M)
2 with u(n+1) :=

(E1u
(n+1,L)
1 +E2u

(n+1,M)
2 )+u(n)

2 which is the average of the
current iteration and the previous one. This enforces an early merging of complemen-
tary features and leads to the following algorithm:
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Algorithm 7. Pick an initialu(0) ∈ ℓ1(I), for exampleu(0) = 0, and iterate








u
(n+1,0)
1 = R1u

(n)

u
(n+1,ℓ+1)
1 = Sα

(
u

(n+1,ℓ)
1 +R1A

∗((y −AE2R2u
(n)) −AE1u

(n+1,ℓ)
1 )

)

ℓ = 0, . . . , L− 1



u
(n+1,0)
2 = R2u

(n)

u
(n+1,ℓ+1)
2 = Sα

(
u

(n+1,ℓ)
2 +R2A

∗((y −AE1R1u
(n)) −AE2u

(n+1,ℓ)
2 )

)

ℓ = 0, . . . ,M − 1

u(n+1) :=
(E1u

(n+1,L)
1 +E2u

(n+1,M)
2 )+u(n)

2 .
(5.158)

The proof of strong convergence of this algorithm is very similar to the one of
Algorithm 6. For the details, we refer the reader to [42].

5.2 Domain Decomposition Methods for Total Variation Minimization

We would like to continue here our parallel discussion ofℓ1-minimization and total
variation minimization as we did in Section 3.1.3. In particular, we would like to show
that also for total variation minimization it is possible to formulate domain decompo-
sition methods. Several numerical strategies to efficiently perform total variation mini-
mization have been proposed in the literature as well [2,14,15,17,21,26,68,81,83]. In
particular in Section 3.1.3 we mentioned specifically the linearization approach by it-
eratively least squares presented in [16,32]. These approaches differ significantly, and
they provide a convincing view of the interest this problem has been able to generate
and of its applicative impact. However, because of their iterative-sequential formula-
tion, none of the mentioned methods is able to address extremely large problems, such
as 4D imaging (spatial plus temporal dimensions) from functional magnetic-resonance
in nuclear medical imaging, astronomical imaging or global terrestrial seismic tomog-
raphy, in real-time, or at least in an acceptable computational time. For such large scale
simulations we need to address methods which allow us to reduce the problem to a fi-
nite sequence of sub-problems of a more manageable size, perhaps computable by one
of the methods listed above. We address the interested reader to the broad literature
included in [45] for an introduction to domain decomposition methods both for PDEs
and convex minimization. This section will make use of more advanced concepts and
results in convex analysis, which we will not introduce, and we refer the interested
reader to the books [36,50].
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Difficulty of the problem

Due to the nonsmoothness and nonadditivity of the total variation with respect to a
nonoverlapping domain decomposition (note that the total variation of a function on
the whole domain equals the sum of the total variations on the subdomains plus the
size of the jumps at the interfaces [45, formula (3.4)]; this is one of the main dif-
ferences to the situation we already encountered withℓ1-minimization), one encoun-
ters additional difficulties in showing convergence of such decomposition strategies to
global minimizers. In particular, we stress very clearly that well-known approaches
as in [13, 18, 79, 80] are not directly applicable to this problem, because either they
address additive problems (as the one ofℓ1-minimization) or smooth convex mini-
mizations, which isnot the case of total variation minimization. We emphasize that
the successful convergence of such alternating algorithms is far from being obvious for
nonsmooth and nonadditive problems, as many counterexamples can be constructed,
see for instance [82].

The approach, results, and technical issues

In this section we show how to adapt Algorithm 6 and Algorithm 7 to the case of
an overlappingdomain decomposition for total variation minimization. The setting
of an overlapping domain decomposition eventually provides us with a framework
in which one can successfully prove its convergence to minimizers ofJ in (3.82),
both in its sequential and parallel forms. Let us stress that to our knowledge this is
the first method which addresses a domain decomposition strategy for total variation
minimization with a formal, theoretical justification of convergence [45,60,84].

The analysis below is performed again for the discrete approximation of the contin-
uous functional (3.81), for ease again denotedJ in (3.82). Essentially we approximate
functionsu by their sampling on a regular grid and their gradientDu by finite differ-
ences∇u. For ease of presentation, and in order to avoid unnecessary technicalities,
we limit our analysis to splitting the problem into two subdomainsΩ1 andΩ2. This is
by no means a restriction. The generalization to multiple domains comes quite natural
in our specific setting, see also [45, Remark 5.3]. When dealing with discrete subdo-
mainsΩi, for technical reasons, we will require a certain splitting property for the total
variation, i.e.,

|∇u|(Ω) = |∇u|Ω1|(Ω1) + c1(u|(Ω2\Ω1)∪Γ1
),

|∇u|(Ω) = |∇u|Ω2|(Ω2) + c2(u|(Ω1\Ω2)∪Γ2
), (5.159)

wherec1 andc2 are suitable functions which depend only on the restrictionsu|(Ω2\Ω1)∪Γ1

andu|(Ω1\Ω2)∪Γ2
respectively, see (5.166) (symbols and notations are those introduced

in Section 3.1.3). Note that this formula is the discrete analogue of [45, formula (3.4)]
in the continuous setting. The simplest examples of discrete domains with such a
property are discreted-dimensional rectangles (d-orthotopes). For instance, with our
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notations, it is easy to check that ford = 1 and forΩ being a discrete interval, one
computesc1(u|(Ω2\Ω1)∪Γ1

) = |∇u|(Ω2\Ω1)∪Γ1
|((Ω2 \ Ω1) ∪ Γ1), c2(u|(Ω1\Ω2)∪Γ2

) =
|∇u|(Ω1\Ω2)∪Γ2

|((Ω1 \ Ω2) ∪ Γ2)); it is straightforward to generalize the computation
to d > 1. Hence, for ease of presentation, we will assume to work withd-orthotope
domains, also noting that such decompositions are already sufficient for any practi-
cal use in image processing, and stressing that the results can be generalized also to
subdomains with different shapes as long as (5.159) is satisfied.

Additional notations

Additionally to the notations already introduced in Section 3.1.3 for the total variation
minimization setting, we consider also the closed convex set

K :=
{
div p : p ∈ Hd, |p(x)|∞ ≤ 1 for all x ∈ Ω

}
,

where|p(x)|∞ = max
{
|p1(x)|, . . . , |pd(x)|

}
, and denotePK(u) = arg minv∈K ‖u−

v‖2 theorthogonal projection ontoK.

5.2.1 The Overlapping Domain Decomposition Algorithm

As before we are interested in the minimization of the functional

J (u) := ‖Ku− g‖2
2 + 2α |∇(u)| (Ω), (5.160)

whereK ∈ L(H) is a linear operator,g ∈ H is a datum, andα > 0 is a fixed constant.
We assume that 1/∈ ker(K).

Now, instead of minimizing (5.160) on the whole domain we decomposeΩ into two
overlapping subdomainsΩ1 andΩ2 such thatΩ = Ω1 ∪Ω2, Ω1 ∩Ω2 6= ∅, and (5.159)
is fulfilled. For consistency of the definitions of gradient and divergence, we assume
that also the subdomainsΩi are discreted-orthotopes as well asΩ, stressing that this
is by no means a restriction, but only for ease of presentation. Due to this domain
decompositionH is split into two closed subspacesVj = {u ∈ H : supp(u) ⊂ Ωj},
for j = 1,2. Note thatH = V1 + V2 is not a direct sum ofV1 andV2, but just a linear
sum of subspaces. Thus anyu ∈ H has a nonunique representation

u(x) =





u1(x) x ∈ Ω1 \ Ω2

u1(x) + u2(x) x ∈ Ω1 ∩ Ω2

u2(x) x ∈ Ω2 \ Ω1

, ui ∈ Vi, i = 1,2. (5.161)

We denote byΓ1 the interface betweenΩ1 andΩ2\Ω1 and byΓ2 the interface between
Ω2 andΩ1 \ Ω2 (the interfaces are naturally defined in the discrete setting).

We introduce the trace operator of the restriction to a boundaryΓi

Tr |Γi : Vi → R
Γi , i = 1,2



Numerical Methods for Sparse Recovery 81

with Tr |Γi vi = vi |Γi , the restriction ofvi on Γi. Note thatRΓi is as usual the set
of maps fromΓi to R. The trace operator is clearly a linear and continuous operator.
We additionally fix abounded uniform partition of unity(BUPU){χ1, χ2} ⊂ H such
that

(a) Tr |Γi χi = 0 for i = 1,2,

(b) χ1 + χ2 = 1,

(c) suppχi ⊂ Ωi for i = 1,2,

(d) max{‖χ1‖∞, ‖χ2‖∞} = κ <∞.

We would like to solve

arg min
u∈H

J (u)

by picking an initialV1 + V2 ∋ ũ
(0)
1 + ũ

(0)
2 := u(0) ∈ H, e.g.,ũ(0)

i = 0, i = 1,2, and
iterate





u
(n+1)
1 ≈ arg min v1∈V1

Tr|Γ1
v1=0

J (v1 + ũ
(n)
2 )

u
(n+1)
2 ≈ arg min v2∈V2

Tr|Γ2
v2=0

J (u
(n+1)
1 + v2)

u(n+1) := u
(n+1)
1 + u

(n+1)
2

ũ
(n+1)
1 := χ1 · u(n+1)

ũ
(n+1)
2 := χ2 · u(n+1).

(5.162)

Note that we are minimizing over functionsvi ∈ Vi for i = 1,2 which vanish on the in-
terior boundaries, i.e.,Tr |Γi vi = 0. Moreoveru(n) is the sum of the local minimizers

u
(n)
1 andu(n)

2 , which are not uniquely determined on the overlapping part. Therefore
we introduced a suitable correction byχ1 andχ2 in order to force the subminimizing
sequences(u(n)

1 )n∈N and (u
(n)
2 )n∈N to keep uniformly bounded. This issue will be

explained in detail below, see Lemma 5.20. From the definition ofχi, i = 1,2, it is
clear that

u
(n+1)
1 + u

(n+1)
2 = u(n+1) = (χ1 + χ2)u

(n+1) = ũ
(n+1)
1 + ũ

(n+1)
2 .

Note that in generalu(n)
1 6= ũ

(n)
1 andu(n)

2 6= ũ
(n)
2 . In (5.162) we use ”≈” (the ap-

proximation symbol) because in practice we never perform the exact minimization. In
the following section we discuss how to realize the approximation to the individual
subspace minimizations.
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5.2.2 Local Minimization by Lagrange Multipliers

Let us consider, for example, the subspace minimization onΩ1

arg min
v1∈V1

Tr|Γ1
v1=0

J (v1 + u2)

= arg min
v1∈V1

Tr|Γ1
v1=0

‖Kv1 − (g −Ku2)‖2
2 + 2α |∇(v1 + u2)| (Ω). (5.163)

First of all, observe that{u ∈ H : Tr |Γ1 u = Tr |Γ1 u2, J (u) ≤ C} ⊂ {J ≤ C},
hence the former set is also bounded by assumption (C) and the minimization problem
(5.163) has solutions.

It is useful to us to consider again a surrogate functionalJ s
1 of J : Assumea, u1 ∈

V1, u2 ∈ V2, and define

J s
1 (u1 + u2, a) := J (u1 + u2) + ‖u1 − a‖2

2 − ‖K(u1 − a)‖2
2. (5.164)

A straightforward computation shows that

J s
1 (u1 + u2, a) = ‖u1 − (a+ (K∗(g −Ku2 −Ka)) |Ω1)‖2

2 + 2α |∇(u1 + u2)| (Ω)

+ Φ(a, g, u2),

whereΦ is a function ofa, g, u2 only. Note that now the variableu1 is not anymore
effected by the action ofK. Consequently, we want to realize an approximate solution
to (5.163) by using the following algorithm: Foru(0)

1 = ũ
(0)
1 ∈ V1,

u
(ℓ+1)
1 = arg min

u1∈V1
Tr|Γ1

u1=0

J s
1 (u1 + u2, u

(ℓ)
1 ), ℓ ≥ 0. (5.165)

Additionally in (5.165) we can restrict the total variation onΩ1 only, since we have

|∇(u1 + u2)| (Ω) = |∇(u1 + u2) |Ω1| (Ω1) + c1(u2|(Ω2\Ω1)∪Γ1
). (5.166)

where we used (5.159) and the assumption thatu1 vanishes on the interior boundary
Γ1. Hence (5.165) is equivalent to

arg min
u1∈V1

Tr|Γ1
u1=0

J s
1 (u1 + u2, u

(ℓ)
1 )

= arg min
u1∈V1

Tr|Γ1
u1=0

‖u1 − z1‖2
2 + 2α |∇(u1 + u2) |Ω1| (Ω1),

wherez1 = u
(ℓ)
1 + (K∗(g −Ku2 −Ku

(ℓ)
1 )) |Ω1. Similarly the same arguments work

for the second subproblem.
Before proving the convergence of this algorithm, we first need to clarify how to

practically computeu(ℓ+1)
1 for u(ℓ)

1 given. To this end we need to introduce further
notions and to recall some useful results.
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Generalized Lagrange multipliers for nonsmooth objective functions

We consider the following problem

arg min
x∈V

{F (x) : Gx = b}, (5.167)

whereG : V → V is a linear operator onV . We have the following useful result,
which is simply a suitable generalization of the well-known Lagrange multiplier theo-
rem.

Theorem 5.10 [50, Theorem 2.1.4, p. 305] LetN = {G∗λ : λ ∈ V } = Range(G∗).
Then,x0 ∈ {x ∈ V : Gx = b} solves the constrained minimization problem(5.167)
if and only if

0 ∈ ∂F (x0) +N.

We want to exploit Theorem 5.10 in order to produce an algorithmic solution to
each iteration step (5.165), which practically stems from the solution of a problem of
this type

arg min
u1∈V1

Tr|Γ1
u1=0

‖u1 − z1‖2
2 + 2α |∇(u1 + u2 |Ω1)| (Ω1).

It is well-known how to solve this problem ifu2 ≡ 0 in Ω̄1 and the trace condition is
not imposed. For the general case we propose the following solution strategy. In what
follows all the involved quantities are restricted toΩ1, e.g.,u1 = u1 |Ω1, u2 = u2 |Ω1.

Theorem 5.11 (Oblique thresholding) For u2 ∈ V2 and for z1 ∈ V1 the following
statements are equivalent:

(i) u∗1 = arg min u1∈V1
Tr|Γ1

u1=0
‖u1 − z1‖2

2 + 2α |∇(u1 + u2)| (Ω1);

(ii) there existsη ∈ Range(Tr |Γ1)
∗ = {η ∈ V1 with supp(η) = Γ1} such that0 ∈

u∗1 − (z1 − η) + α∂V1 |∇(· + u2)| (Ω1)(u
∗
1);

(iii) there existsη ∈ V1 with supp(η) = Γ1 such thatu∗1 = (I −PαK)(z1 +u2− η)−
u2 ∈ V1 andTr |Γ1 u

∗
1 = 0;

(iv) there existsη ∈ V1 with supp(η) = Γ1 such thatTr |Γ1 η = Tr |Γ1 z1 + Tr |Γ1

PαK(η−(z1+u2)) or equivalentlyη = (Tr |Γ1)
∗ Tr |Γ1 (z1 + PαK(η − (z1 + u2))).

We call the solution operation provided by this theorem anoblique thresholding, in
analogy to the terminology forℓ1-minimization (see Lemma 4.1), because it performs
a thresholding of the derivatives, i.e., it sets to zero most of the derivatives ofu =
u1 + u2 ≈ z1 onΩ1, providedu2, which is a fixed vector inV2.
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Proof. Let us show the equivalence between (i) and (ii). The problem in (i) can be
reformulated as

u∗1 = arg min
u1∈V1

{F (u1) := ‖u1 − z1‖2
2 + 2α |∇(u1 + u2)| (Ω1),Tr |Γ1 u1 = 0}.

(5.168)
Recall thatTr |Γ1: V1 → R

Γ1 is a surjective map with closed range. This means
that (Tr |Γ1)

∗ is injective and thatRange(Tr |Γ1)
∗ = {η ∈ V1 with supp(η) = Γ1}

is closed. Using Theorem 5.10 the optimality ofu∗1 is equivalent to the existence of
η ∈ Range(Tr |Γ1)

∗ such that

0 ∈ ∂V1F (u∗1) + 2η. (5.169)

Due to the continuity of‖u1 − z1‖2
2 in V1, we have, by [36, Proposition 5.6], that

∂V1F (u∗1) = 2(u∗1 − z1) + 2α∂V1 |∇(· + u2)| (Ω1)(u
∗
1). (5.170)

Thus, the optimality ofu∗1 is equivalent to

0 ∈ u∗1 − z1 + η + α∂V1 |∇(· + u2)| (Ω1)(u
∗
1). (5.171)

This concludes the equivalence of (i) and (ii). Let us show now that (iii) is equivalent
to (ii). The condition in (iii) can be rewritten as

ξ∗ = (I − PαK)(z1 + u2 − η), ξ∗ = u∗1 + u2.

Since |∇(·)| ≥ 0 is 1-homogeneous and lower-semicontinuous, by [45, Example
4.2.2], the latter is equivalent to

0 ∈ ξ∗ − (z1 + u2 − η) + α∂V1 |∇(·)| (Ω1)(ξ
∗),

and equivalent to (ii). Note that in particular we have

∂V1 |∇(·)| (Ω1)(ξ
∗) = ∂V1 |∇(· + u2)| (Ω1)(u

∗
1),

which is easily shown by a direct computation from the definition of subdifferential.
We prove now the equivalence between (iii) and (iv). We have

u∗1 = (I − PαK)(z1 + u2 − η) − u2 ∈ V1,

(for someη ∈ V1 with supp(η) = Γ1,Tr |Γ1 u
∗
1 = 0),

= z1 − η − PαK(z1 + u2 − η).

By applyingTr |Γ1 to both sides of the latter equality we get

0 = Tr |Γ1 z1 − Tr |Γ1 η − Tr |Γ1 PαK(z1 + u2 − η).
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By observing that−Tr |Γ1 PαK(ξ) = Tr |Γ1 PαK(−ξ), we obtain the fixed point
equation

Tr |Γ1 η = Tr |Γ1 z1 + Tr |Γ1 PαK(η − (z1 + u2)). (5.172)

Conversely, since all the considered quantities in

(I − PαK)(z1 + u2 − η) − u2

are inV1, the whole expression is an element inV1 and henceu∗1 as defined in (iii) is
an element inV1 andTr |Γ1 u

∗
1 = 0. This shows the equivalence between (iii) and (iv)

and therewith finishes the proof.

We wonder now whether any of the conditions in Theorem 5.11 is indeed practically
satisfied. In particular, we want to show thatη ∈ V1 as in (iii) or (iv) of the previous
theorem is provided as the limit of the following iterative algorithm: form ≥ 0

η(0) ∈ V1, supp η(0) = Γ1 η(m+1) = (Tr |Γ1)
∗ Tr |Γ1

(
z1 + PαK(η(m) − (z1 + u2))

)
.

(5.173)

Proposition 5.12 The following statements are equivalent:

(i) there existsη ∈ V1 such thatη = (Tr |Γ1)
∗ Tr |Γ1 (z1 + PαK(η − (z1 + u2)))

(which is in turn the condition (iv) of Theorem 5.11)

(ii) the iteration (5.173) converges to anyη ∈ V1 that satisfies (5.172).

For the proof of this Proposition we need to recall some well-known notions and
results.

Definition 5.13 A nonexpansive mapT : H → H is strongly nonexpansive if for
(un − vn)n bounded and‖T (un) − T (vn)‖2 − ‖un − vn‖2 → 0 we have

un − vn − (T (un) − T (vn)) → 0, n→ ∞.

Proposition 5.14 (Corollaries 1.3, 1.4, and 1.5 [11])Let T : H → H be a strongly
nonexpansive map. ThenFix T = {u ∈ H : T (u) = u} 6= ∅ if and only if (T nu)n
converges to a fixed pointu0 ∈ Fix T for any choice ofu ∈ H.

Proof. (Proposition 5.12) Projections onto convex sets are strongly nonexpansive [4,
Corollary 4.2.3]. Moreover, the composition of strongly nonexpansive maps is strongly
nonexpansive [11, Lemma 2.1]. By an application of Proposition 5.14 we immediately
have the result, since any map of the typeT (ξ) = Q(ξ) + ξ0 is strongly nonexpansive
wheneverQ is (this is a simple observation from the definition of strongly nonexpan-
sive maps). Indeed, we are looking for fixed pointsη satisfyingη = (Tr |Γ1)

∗ Tr |Γ1

(z1 + PαK(η − (z1 + u2))) or, equivalently,ξ satisfying

ξ = (Tr |Γ1)
∗ Tr |Γ1 PαK︸ ︷︷ ︸
:=Q

(ξ) − ((Tr |Γ1)
∗ Tr |Γ1 u2)︸ ︷︷ ︸
:=ξ0

,
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whereξ = (Tr |Γ1)
∗ Tr |Γ1 (η − (z1 + u2)).

Convergence of the subspace minimization

From the results of the previous section it follows that the iteration (5.165) can be
explicitly computed by

u
(ℓ+1)
1 = Sα(u

(ℓ)
1 +K∗(g −Ku2 −Ku

(ℓ)
1 ) + u2 − η(ℓ)) − u2, (5.174)

where, in analogy with the soft-thresholding, we denoteSα := I−PαK, andη(ℓ) ∈ V1

is any solution of the fixed point equation

η = (Tr |Γ1)
∗ Tr |Γ1

(
(u

(ℓ)
1 +K∗(g −Ku2 −Ku

(ℓ)
1 ))

− PαK(u
(ℓ)
1 +K∗(g −Ku2 −Ku

(ℓ)
1 + u2) − η)

)
.

The computation ofη(ℓ) can be implemented by the algorithm (5.173).

Proposition 5.15 Assumeu2 ∈ V2 and ‖K‖ < 1. Then the iteration(5.174)con-

verges to a solutionu∗1 ∈ V1 of (5.163)for any initial choice ofu(0)
1 ∈ V1.

The proof of this proposition is similar to the one of Theorem 4.7 and it is omitted.
Let us conclude this section mentioning that all the results presented here hold sym-

metrically for the minimization onV2, and that the notations should be just adjusted
accordingly.

5.2.3 Convergence of the Sequential Alternating Subspace Minimization

In this section we want to prove the convergence of the algorithm (5.162) to minimizers
of J . In order to do that, we need a characterization of solutions of the minimization
problem (3.82) as the one provided in [81, Proposition 4.1] for the continuous set-
ting. We specify the arguments in [81, Proposition 4.1] for our discrete setting and we
highlight the significant differences with respect to the continuous one.

Characterization of solutions

We make the following assumptions:

(Aϕ) ϕ : R → R is a convex function, nondecreasing inR
+ such that

(i) ϕ(0) = 0.

(ii) There existc > 0 andb ≥ 0 such thatcz − b ≤ ϕ(z) ≤ cz + b, for all
z ∈ R

+.
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The particular example we have in mind is simplyϕ(s) = s, but we keep a more gen-
eral notation for uniformity with respect to the continuous version in [81, Proposition
4.1]. In this section we are concerned with the following more general minimization
problem

arg min
u∈H

{Jϕ(u) := ‖Ku− g‖2
2 + 2αϕ(|∇u|)(Ω)} (5.175)

whereg ∈ H is a datum,α > 0 is a fixed constant (in particular forϕ(s) = s).
To characterize the solution of the minimization problem (5.175) we use duality

results from [36]. Therefore we recall the definition of theconjugate (or Legendre
transform)of a function (for example see [36, Def. 4.1, p. 17]):

Definition 5.16 Let V andV ∗ be two vector spaces placed in the duality by a bilinear
pairing denoted by〈·, ·〉 andφ : V → R be a convex function. Theconjugate function
(or Legendre transform)φ∗ : V ∗ → R is defined by

φ∗(u∗) = sup
u∈V

{〈u, u∗〉 − φ(u)}.

Proposition 5.17 Let ζ, u ∈ H. If the assumption(Aϕ) is fulfilled, thenζ ∈ ∂Jϕ(u)

if and only if there existsM = (M0, M̄) ∈ H × Hd, |M̄(x)|
2α ≤ c1 ∈ [0,+∞) for all

x ∈ Ω such that

〈M̄ (x), (∇u)(x)〉Rd + 2αϕ(|(∇u)(x)|) + 2αϕ∗
1

( |M̄ (x)|
2α

)
= 0 for all x ∈ Ω,

(5.176)

K∗M0 − div M̄ + ζ = 0 (5.177)

−M0 = 2(Ku− g), (5.178)

whereϕ∗
1 is the conjugate function ofϕ1 defined byϕ1(s) = ϕ(|s|), for s ∈ R.

If additionally ϕ is differentiable and|(∇u)(x)| 6= 0 for x ∈ Ω, then we can
computeM̄ as

M̄(x) = −2α
ϕ′(|(∇u)(x)|)
|(∇u)(x)| (∇u)(x). (5.179)

Remark 5.18 (i) For ϕ(s) = s the functionϕ1 from Proposition 5.17 turns out to
beϕ1(s) = |s|. Its conjugate functionϕ∗

1 is then given by

ϕ∗
1(s

∗) = sup
s∈R

{〈s∗, s〉 − |s|} =

{
0 for |s∗| ≤ 1

∞ else
.

Hence condition (5.176) specifies as follows

〈M̄(x), (∇u)(x)〉Rd + 2α|(∇u)(x)| = 0,

and, directly from the proof of Proposition 5.17 in the Appendix,|M̄(x)| ≤ 2α
for all x ∈ Ω.
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(ii) We want to highlight a few important differences with respect to the continuous
case. Due to our definition of the gradient and its relationship with the divergence
operator− div = ∇∗ no boundary conditions are needed. Therefore condition
(10) of [81, Proposition 4.1] has no discrete analogue in our setting. The con-
tinuous total variation of a function can be decomposed into an absolutely con-
tinuous part with respect to the Lebesgue measure and a singular part, whereas
no singular part appears in the discrete setting. Therefore condition (6) and (7)
of [81, Proposition 4.1] have not a discrete analogue either.

(iii) An interesting consequence of Proposition 5.17 is that the mapSα = (I − PαK)
is bounded, i.e.,‖Sα(zk)‖2 → ∞ if and only if ‖zk‖2 → ∞, for k → ∞. In fact,
since

Sα(z) = arg min
u∈H

‖u− z‖2
2 + 2α|∇u|(Ω),

from (5.177) and (5.178), we immediately obtain

Sα(z) = z − 1
2

div M̄,

andM̄ is uniformly bounded.

Proof. (Proposition 5.17.) It is clear thatζ ∈ ∂Jϕ(u) if and only if

u = arg min
v∈H

{Jϕ(v) − 〈ζ, v〉H}.

Let us consider the following variational problem:

inf
v∈H

{Jϕ(v) − 〈ζ, v〉H} = inf
v∈H

{‖Kv − g‖2
2 + 2αϕ(|∇v|)(Ω) − 〈ζ, v〉H}, (P)

(5.180)
We denote such an infimum byinf(P) . Now we compute(P∗) the dual of (5.180).
LetF : H → R, G : H×Hd → R, G1 : H → R, G2 : Hd → R, such that

F(v) = −〈ζ, v〉H
G1(w0) = ‖w0 − g‖2

2

G2(w̄) = 2αϕ(|w̄|)(Ω)

G(w) = G1(w0) + G2(w̄)

with w = (w0, w̄) ∈ H×Hd. Then the dual problem of (5.180) is given by (cf. [36, p
60])

sup
p∗∈H×Hd

{−F∗(M ∗p∗) − G∗(−p∗)}, (P∗) (5.181)

whereM : H → H×Hd is defined by

M v = (Kv, (∇v)1, . . . , (∇v)d)
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andM ∗ is its adjoint. We denote the supremum in (5.181) bysup(P∗). Using the
definition of the conjugate function we computeF∗ andG∗. In particular

F∗(M ∗p∗) = sup
v∈H

{〈M ∗p∗, v〉H −F(v)} = sup
v∈H

〈M ∗p∗ + ζ, v〉H

=

{
0 M ∗p∗ + ζ = 0

∞ otherwise

wherep∗ = (p∗0, p̄
∗) and

G∗(p∗) = sup
w∈H×Hd

{〈p∗, w〉H×Hd − G(w)}

= sup
w=(w0,w̄)∈H×Hd

{〈p∗0, w0〉H + 〈p̄∗, w̄〉Hd − G1(w0) − G2(w̄)}

= sup
w0∈H

{〈p∗0, w0〉H − G1(w0)} + sup
w̄∈Hd

{〈p̄∗, w̄〉Hd − G2(w̄)}

= G∗
1(p∗0) + G∗

2(p̄∗).

We have that

G∗
1(p∗0) =

〈
p∗0
4

+ g, p∗0

〉

H
,

and (see [36])

G∗
2(p̄∗) = 2αϕ∗

1

( |p̄∗|
2α

)
(Ω),

if |p̄∗(x)|
2α ∈ Domϕ∗

1, whereϕ∗
1 is the conjugate function ofϕ1 defined by

ϕ1(s) := ϕ(|s|), s ∈ R.

For simplicity we include in the following subsection all the explicit computation of
these conjugate functions. We can write (5.181) in the following way

sup
p∗∈K

{
−
〈−p∗0

4
+ g,−p∗0

〉

H
− 2αϕ∗

1

( |p̄∗|
2α

)
(Ω)

}
, (5.182)

where

K =

{
p∗ ∈ H ×Hd :

|p̄∗(x)|
2α

∈ Domϕ∗
1 for all x ∈ Ω,M ∗p∗ + ζ = 0

}
.

The functionϕ1 also fulfills assumption (Aϕ)(ii) (i.e., there existsc1 > 0, b ≥ 0 such
that c1z − b ≤ ϕ1(z) ≤ c1z + b, for all z ∈ R

+). The conjugate function ofϕ1 is
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given byϕ∗
1(s) = supz∈R{〈s, z〉 − ϕ1(z)}. Using the previous inequalities and that

ϕ1 is even (i.e.,ϕ1(z) = ϕ1(−z) for all z ∈ R) we have

sup
z∈R

{〈s, z〉 − c1|z| + b} ≥ sup
z∈R

{〈s, z〉 − ϕ1(z)} ≥ sup
z∈R

{〈s, z〉 − c1|z| − b}

=

{
−b if |s| ≤ c1

∞ else
.

In particular, one can see thats ∈ Domϕ∗
1 if and only if |s| ≤ c1.

FromM ∗p∗ + ζ = 0 we obtain

〈M ∗p∗, ω〉H + 〈ζ, ω〉H = 〈p∗,Mω〉Hd+1 + 〈ζ, ω〉H
= 〈p∗0,Kω〉H + 〈p̄∗,∇ω〉Hd + 〈ζ, ω〉H = 0,

for all ω ∈ H. Then, since〈p̄∗,∇ω〉Hd = 〈− div p̄∗, ω〉H (see Section 3.1.3), we have

K∗p∗0 − div p̄∗ + ζ = 0.

Hence we can writeK in the following way

K =

{
p∗ = (p∗0, p̄

∗) ∈ H ×Hd :
|p̄∗(x)|

2α
≤ c1 for all x ∈ Ω,K∗p∗0 − div p̄∗ + ζ = 0

}
.

We now apply the duality results from [36, Theorem III.4.1], since the functional in
(5.180) is convex, continuous with respect toM v in H × Hd, and inf(P) is finite.
Theninf(P) = sup(P∗) ∈ R and (5.181) has a solutionM = (M0, M̄ ) ∈ K .

Let us assume thatu is a solution of (5.180) andM is a solution of (5.181). From
inf(P) = sup(P∗) we get

‖Ku−g‖2
2+2αϕ(|∇u|)(Ω)−〈ζ, u〉H = −

〈−M0

4
+ g,−M0

〉

H
−2αϕ∗

1

( |M̄ |
2α

)
(Ω)

(5.183)
whereM = (M0, M̄ ) ∈ H × Hd, |M̄(x)|

2α ≤ c1 andK∗M0 − div M̄ + ζ = 0, which
verifies the direct implication of (5.177). In particular

−〈ζ, u〉H = 〈K∗M0, u〉H − 〈div M̄, u〉H = 〈M0,Ku〉H + 〈M̄,∇u〉Hd ,

and

‖Ku− g‖2
2 + 〈M0,Ku〉H + 〈M̄,∇u〉Hd

+ 2αϕ(|∇u|)(Ω) +

〈−M0

4
+ g,−M0

〉

H

+ 2αϕ∗
1

( |M̄ |
2α

)
(Ω) = 0. (5.184)
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Let us write (5.184) again in the following form

∑

x∈Ω

|(Ku− g)(x)|2 +
∑

x∈Ω

M0(x)(Ku)(x) +
∑

x∈Ω

d∑

j=1

M̄ j(x)(∇u)j(x)

+
∑

x∈Ω

2αϕ(|(∇u)(x)|)

+
∑

x∈Ω

(−M0(x)

4
+ g(x)

)
(−M0(x)) +

∑

x∈Ω

2αϕ∗
1

( |M̄ (x)|
2α

)
= 0.

(5.185)

Now we have

1. 2αϕ(|(∇u)(x)|)+∑d
j=1 M̄

j(x)(∇u)j(x)+2αϕ∗
1

(
|M̄(x)|

2α

)
≥ 2αϕ(|(∇u)(x)|)−

∑d
j=1 |M̄ j(x)||(∇u)j(x)| + 2αϕ∗

1

(
|M̄(x)|

2α

)
≥ 0 by the definition ofϕ∗

1, since

2αϕ∗
1

( |M̄ (x)|
2α

)
= sup

S∈Rd

{
〈M̄ (x), S〉Rd − 2αϕ(|S|)

}

= sup
S=(S1,...,Sd)∈Rd





d∑

j=1

|M̄ j(x)||Sj | − 2αϕ(|S|)



 .

2. |(Ku−g)(x)|2+M0(x)(Ku)(x)+
(
−M0(x)

4 + g(x))(−M0(x)
)

= (((Ku)(x)−

g(x)))2+M0(x)((Ku)(x)−g(x))+
(

M0(x)
2

)2
=
(
((Ku)(x) − g(x)) + M0(x)

2

)2
≥

0.

Hence condition (5.184) reduces to

2αϕ(|(∇u)(x)|) +

d∑

j=1

M̄ j(x)(∇u)j(x) + 2αϕ∗
1

( |M̄(x)|
2α

)
= 0, (5.186)

−M0(x) = 2((Ku)(x) − g(x)), (5.187)

for all x ∈ Ω. Conversely, if such anM = (M0, M̄ ) ∈ H×Hd with |M̄(x)|
2α ≤ c1 exists,

which fulfills conditions (5.176)-(5.178), it is clear from previous considerations that
equation (5.183) holds. Let us denote the functional on the left-hand side of (5.183)
by

P (u) := ‖Ku− g‖2
2 + 2αϕ(|∇u|)(Ω) − 〈ζ, u〉H,

and the functional on the right-hand side of (5.183) by

P ∗(M) := −
〈−M0

4
+ g,−M0

〉

H
− 2αϕ∗

1

( |M̄ |
2α

)
(Ω).
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We know that the functionalP is the functional of (5.180) andP ∗ is the functional
of (5.181). Henceinf P = inf(P) and supP ∗ = sup(P∗). SinceP is convex,
continuous with respect toMu in H ×Hd, andinf(P) is finite we know again from
[36, Theorem III.4.1] thatinf(P) = sup(P∗) ∈ R. We assume thatM is no solution of
(5.181), i.e.,P ∗(M) < sup(P∗), andu is no solution of (5.180), i.e,P (u) > inf(P).
Then we have that

P (u) > inf(P) = sup(P∗) > P ∗(M).

Thus (5.183) is valid if and only ifM is a solution of (5.181) andu is a solution of
(5.180) which amounts to saying thatζ ∈ ∂Jϕ(u).

If additionally ϕ is differentiable and|(∇u)(x)| 6= 0 for x ∈ Ω, we show that we
can computeM̄(x) explicitly. From equation (5.176) (resp. (5.186)) we have

2αϕ∗
1

( | − M̄(x)|
2α

)
= −〈M̄ (x), (∇u)(x)〉Rd − 2αϕ(|(∇u)(x)|). (5.188)

From the definition of conjugate function we have

2αϕ∗
1

( | − M̄(x)|
2α

)
= 2α sup

t∈R

{〈 | − M̄(x)|
2α

, t

〉
− ϕ1(t)

}

= 2α sup
t≥0

{〈 | − M̄(x)|
2α

, t

〉
− ϕ1(t)

}

= 2α sup
t≥0

sup
S∈Rd

|S|=t

{〈−M̄(x)

2α
, S

〉

Rd

− ϕ1(|S|)
}

= sup
S∈Rd

{〈
−M̄(x), S

〉
Rd − 2αϕ(|S|)

}
.

(5.189)

Now, if |(∇u)(x)| 6= 0 for x ∈ Ω, then it follows from (5.188) that the supremum is
obtained atS = |(∇u)(x)| and we have

∇S(−〈M̄ (x), S〉Rd − 2αϕ(|S|)) = 0,

which implies

M̄ j(x) = −2α
ϕ′(|(∇u)(x)|)
|(∇u)(x)| (∇u)j(x) j = 1, . . . , d,

and verifies (5.179). This finishes the proof.

Computation of conjugate functions. Let us compute the conjugate function of
the convex functionG1(w0) = ‖w0 − g‖2

2. From Definition 5.16 we have

G∗
1(p∗0) = sup

w0∈H
{〈w0, p

∗
0〉H − G1(w0)} = sup

w0∈H
{〈w0, p

∗
0〉H − 〈w0 − g,w0 − g〉H}.
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We setH(w0) := 〈w0, p
∗
0〉H − 〈w0 − g,w0 − g〉H. To get the maximum ofH we

compute the Gâteaux-differential atw0 of H,

H ′(w0) = p∗0 − 2(w0 − g) = 0

and we set it to zeroH ′(w0) = 0, sinceH ′′(w0) < 0, and we getw0 =
p∗0
2 + g. Thus

we have that

sup
w0∈H

H(w0) =

〈
p∗0
4

+ g, p∗0

〉

H
= G∗

1(p∗0).

Now we are going to compute the conjugate function ofG2(w̄) = 2αϕ(|w̄|)(Ω).

Associated to our notations we define the spaceH+
0 = R

+
0

N1×...×Nd . From Definition
5.16 we have

G∗
2(p̄∗) = sup

w̄∈Hd

{〈w̄, p̄∗〉Hd − 2αϕ(|w̄|)(Ω)}

= sup
t∈H+

0

sup
w̄∈Hd

|w̄(x)|=t(x)

{〈w̄, p̄∗〉Hd − 2αϕ(|w̄|)(Ω)}

= sup
t∈H+

0

{〈t, |p̄∗|〉H − 2αϕ(t)(Ω)}.

If ϕ were an even function then

sup
t∈H+

0

{〈t, |p̄∗|〉H − 2αϕ(t)(Ω)} = sup
t∈H

{〈t, |p̄∗|〉H − 2αϕ(t)(Ω)}

= 2α sup
t∈H

{〈
t,
|p̄∗|
2α

〉

H
− ϕ(t)(Ω)

}

= 2αϕ∗
( |p̄∗|

2α

)
(Ω),

whereϕ∗ is the conjugate function ofϕ.
Unfortunatelyϕ is not even in general. To overcome this difficulty we have to

choose a function which is equal toϕ(s) for s ≥ 0 and does not change the supremum
for s < 0. For instance, one can chooseϕ1(s) = ϕ(|s|) for s ∈ R. Then we have

sup
t∈H+

0

{〈t, |p̄∗|〉H − 2αϕ(t)(Ω)} = sup
t∈H

{〈t, |p̄∗|〉H − 2αϕ1(t)(Ω)}

= 2α sup
t∈H

{〈
t,
|p̄∗|
2α

〉

H
− ϕ1(t)(Ω)

}

= 2αϕ∗
1

( |p̄∗|
2α

)
(Ω),

whereϕ∗
1 is the conjugate function ofϕ1. Note that one can also chooseϕ1(s) = ϕ(s)

for s ≥ 0 andϕ1(s) = ∞ for s < 0.
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Convergence properties

We return to the sequential algorithm (5.162). Let us explicitly express the algorithm
as follows:

Algorithm 8. Pick an initial V1 + V2 ∋ ũ
(0)
1 + ũ

(0)
2 := u(0) ∈ H, for example,

ũ
(0)
i = 0, i = 1,2, and iterate









u
(n+1,0)
1 = ũ

(n)
1

u
(n+1,ℓ+1)
1 = arg min u1∈V1

Tr|Γ1
u1=0

J s
1 (u1 + ũ

(n)
2 , u

(n+1,ℓ)
1 )

ℓ = 0, . . . , L− 1



u
(n+1,0)
2 = ũ

(n)
2

u
(n+1,m+1)
2 = arg min u2∈V2

Tr|Γ2
u2=0

J s
2 (u

(n+1,L)
1 + u2, u

(n+1,m)
2 )

m = 0, . . . ,M − 1

u(n+1) := u
(n+1,L)
1 + u

(n+1,M)
2

ũ
(n+1)
1 := χ1 · u(n+1)

ũ
(n+1)
2 := χ2 · u(n+1).

(5.190)

Note that we do prescribe a finite numberL andM of inner iterations for each sub-
space respectively and thatu(n+1) = ũ

(n+1)
1 + ũ

(n+1)
2 , with u(n+1)

i 6= ũ
(n+1)
i , i = 1,2,

in general. In this section we want to prove its convergence for any choice ofL andM .

Observe that, fora ∈ Vi and‖K‖ < 1,

‖ui − a‖2
2 − ‖Kui −Ka‖2

2 ≥ C‖ui − a‖2
2, (5.191)

for C = (1− ‖K‖2) > 0. Hence

J (u) = J s
i (u, ui) ≤ J s

i (u, a), (5.192)

and
J s

i (u, a) − J s
i (u, ui) ≥ C‖ui − a‖2

2. (5.193)

Proposition 5.19 (Convergence properties)Let us assume that‖K‖ < 1. The algo-
rithm in (5.190) produces a sequence(u(n))n∈N in H with the following properties:

(i) J (u(n)) > J (u(n+1)) for all n ∈ N (unlessu(n) = u(n+1));

(ii) limn→∞ ‖u(n+1) − u(n)‖2 = 0;

(iii) the sequence(u(n))n∈N has subsequences which converge inH.
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Proof. The proof of this proposition follows the lines of the one of Theorem 5.5, with
minor differences, and it is omitted. In particular one can show

(
L−1∑

ℓ=0

‖u(n+1,ℓ+1)
1 − u

(n+1,ℓ)
1 ‖2

2 +

M−1∑

m=0

‖u(n+1,m+1)
2 − u

(n+1,m)
2 ‖2

2

)
→ 0, n→ ∞.

(5.194)
This limit property will be crucial in the following.

The use of the partition of unity{χ1, χ2} allows us not only to guarantee the bound-

edness of(u(n))n∈N, but also of the sequences(ũ
(n)
1 )n∈N and(ũ

(n)
2 )n∈N.

Lemma 5.20 The sequences(ũ(n)
1 )n∈N and(ũ

(n)
2 )n∈N produced by the algorithm(5.190)

are bounded, i.e., there exists a constantC̃ > 0 such that‖ũ(n)
i ‖2 ≤ C̃ for i = 1,2.

Proof. From the boundedness of(u(n))n∈N we have

‖ũ(n)
i ‖2 = ‖χiu

(n)‖2 ≤ κ‖u(n)‖2 ≤ C̃ for i = 1,2.

From Remark 5.18 (iii) we can also show the following auxiliary lemma.

Lemma 5.21 The sequences(η(n,L)
1 )n∈N and(η

(n,M)
2 )n∈N are bounded.

Proof. From previous considerations we know that

u
(n,L)
1 = Sα(z

(n,L−1)
1 + ũ

(n−1)
2 − η

(n,L)
1 ) − ũ

(n−1)
2 ,

u
(n,M)
2 = Sα(z

(n,M−1)
2 + u

(n,L)
1 − η

(n,M)
2 ) − u

(n,L)
1 .

Assume(η
(n,L)
1 )n were unbounded, then by Remark 5.18 (iii), alsoSα(z

(n,L−1)
1 +

ũ
(n−1)
2 − η

(n,L)
1 ) would be unbounded. Since(ũ(n)

2 )n and(u
(n,L)
1 )n are bounded by

Lemma 5.20 and formula (5.194), we have a contradiction. Thus(η
(n,L)
1 )n has to be

bounded. With the same argument we can show that(η
(n,M)
2 )n is bounded.

We can eventually show the convergence of the algorithm to minimizers ofJ .

Theorem 5.22 (Convergence to minimizers)Assume‖K‖ < 1. Then accumulation
points of the sequence(u(n))n∈N produced by algorithm (5.190) are minimizers ofJ .
If J has a unique minimizer then the sequence(u(n))n∈N converges to it.
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Proof. Let us denoteu(∞) the limit of a subsequence. For simplicity, we rename such
a subsequence by(u(n))n∈N. From Lemma 5.20 we know that(ũ(n)

1 )n∈N, (ũ
(n)
2 )n∈N

and consequently(u(n,L)
1 )n∈N,(u(n,M)

2 )n∈N are bounded. So the limitu(∞) can be
written as

u(∞) = u
(∞)
1 + u

(∞)
2 = ũ

(∞)
1 + ũ

(∞)
2 (5.195)

whereu(∞)
1 is the limit of (u(n,L)

1 )n∈N, u(∞)
2 is the limit of (u(n,M)

2 )n∈N, andũ(∞)
i is

the limit of (ũ
(n)
i )n∈N for i = 1,2. Now we show that̃u(∞)

2 = u
(∞)
2 . By using the

triangle inequality, from (5.194) it directly follows that

‖u(n+1,M)
2 − ũ

(n)
2 ‖2 → 0, n→ ∞. (5.196)

Moreover, sinceχ2 ∈ V2 is a fixed vector which is independent ofn, we obtain from
Proposition 5.19(ii) that

‖χ2(u
(n) − u(n+1))‖2 → 0, n→ ∞,

and hence
‖ũ(n)

2 − ũ
(n+1)
2 ‖2 → 0, n→ ∞. (5.197)

Putting (5.196) and (5.197) together and noting that

‖u(n+1,M)
2 − ũ

(n)
2 ‖2 + ‖ũ(n)

2 − ũ
(n+1)
2 ‖2 ≥ ‖u(n+1,M)

2 − ũ
(n+1)
2 ‖2,

we have
‖u(n+1,M)

2 − ũ
(n+1)
2 ‖2 → 0, n→ ∞, (5.198)

which means that the sequences(u
(n,M)
2 )n∈N and(ũ

(n)
2 )n∈N have the same limit, i.e.,

ũ
(∞)
2 = u

(∞)
2 , which we denote byu(∞)

2 . Then from (5.198) and (5.195) it directly

follows thatũ(∞)
1 = u

(∞)
1 .

As in the proof of the oblique thresholding theorem we set

F1(u
(n+1,L)
1 ) := ‖u(n+1,L)

1 − z
(n+1,L)
1 ‖2

2 + 2α|∇(u
(n+1,L)
1 + ũ

(n)
2

∣∣∣
Ω1

)|(Ω1),

where
z
(n+1,L)
1 := u

(n+1,L−1)
1 +K∗(g −Kũ

(n)
2 −Ku

(n+1,L−1)
1 )

∣∣∣
Ω1

.

The optimality condition foru(n+1,L)
1 is

0 ∈ ∂V1F1(u
(n+1,L)
1 ) + 2η(n+1,L)

1 ,

where

η
(n+1,L)
1 = (Tr |Γ1)

∗ Tr |Γ1

(
z
(n+1,L)
1 + PαK(η

(n+1,L)
1 − z

(n+1,L)
1 − ũ

(n)
2 )
)
.
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In order to use the characterization of elements in the subdifferential of |∇u|(Ω),
i.e., Proposition 5.17, we have to rewrite the minimization problem forF1. More
precisely, we define

F̂1(ξ
(n+1,L)
1 ) := ‖ξ(n+1,L)

1 − ũ
(n)
2

∣∣∣
Ω1

− z
(n+1,L)
1 ‖2

2 + 2α|∇(ξ
(n+1,L)
1 )|(Ω1),

for ξ(n+1,L)
1 ∈ V1 with Tr |Γ1 ξ

(n+1,L)
1 = ũ

(n)
2 . Then the optimality condition for

ξ
(n+1,L)
1 is

0 ∈ ∂F̂1(ξ
(n+1,L)
1 ) + 2η(n+1,L)

1 . (5.199)

Note that indeedξ(n+1,L)
1 is optimal if and only ifu(n+1,L)

1 = ξ
(n+1,L)
1 − ũ

(n)
2

∣∣∣
Ω1

is

optimal.
Analogously we define

F̂2(ξ
(n+1,M)
2 ) := ‖ξ(n+1,M)

2 − u
(n+1,L)
1

∣∣∣
Ω2

− z
(n+1,M)
2 ‖2

2 + 2α|∇(ξ
(n+1,M)
2 )|(Ω2),

for ξ(n+1,M)
2 ∈ V2 with Tr |Γ2 ξ

(n+1,M)
2 = u

(n+1,L)
1 , and the optimality condition for

ξ
(n+1,M)
2 is

0 ∈ ∂F̂2(ξ
(n+1,M)
2 ) + 2η(n+1,M)

2 , (5.200)

where

η
(n+1,M)
2 = (Tr |Γ2)

∗ Tr |Γ2

(
z
(n+1,M)
2 + PαK(η

(n+1,M)
2 − z

(n+1,M)
2 − u

(n+1,L)
1 )

)
.

Let us recall that now we are considering functionals as in Proposition 5.17 with
ϕ(s) = s, K = I, andΩ = Ωi, i = 1,2. From Proposition 5.17 and Remark

5.18 we get thatξ(n+1,L)
1 , and consequentlyu(n+1,L)

1 is optimal, i.e., −2η(n+1,L)
1 ∈

∂F̂1(ξ
(n+1,L)
1 ), if and only if there exists anM (n+1)

1 = (M
(n+1)
0,1 , M̄

(n+1)
1 ) ∈ V1 × V d

1

with |M̄ (n+1)
1 (x)| ≤ 2α for all x ∈ Ω1 such that

〈M̄ (n+1)
1 (x), (∇(u

(n+1,L)
1 + ũ

(n)
2 ))(x)〉Rd + 2αϕ(|(∇(u

(n+1,L)
1 + ũ

(n)
2 ))(x)|) = 0,

(5.201)

−2(u
(n+1,L)
1 (x) − z

(n+1,L)
1 (x)) − div M̄

(n+1)
1 (x) − 2η(n+1,L)

1 (x) = 0,
(5.202)

for all x ∈ Ω1. Analogously we get thatξ(n+1,M)
2 , and consequentlyu(n+1,M)

2 is

optimal, i.e., −2η(n+1,M)
2 ∈ ∂F̂2(ξ

(n+1,M)
2 ), if and only if there exists anM (n+1)

2 =



98 M. Fornasier

(M
(n+1)
0,2 , M̄

(n+1)
2 ) ∈ V2 × V d

2 with |M̄ (n+1)
2 (x)| ≤ 2α for all x ∈ Ω2 such that

〈M̄ (n+1)
2 (x), (∇(u

(n+1,L)
1 + u

(n+1,M)
2 ))(x)〉Rd

+ 2αϕ(|(∇(u
(n+1,L)
1 + ũ

(n+1,M)
2 ))(x)|) = 0, (5.203)

−2(u
(n+1,M)
2 (x) − z

(n+1,M)
2 (x)) − div M̄

(n+1)
2 (x)

− 2η(n+1,M)
2 (x) = 0, (5.204)

for all x ∈ Ω2. Since(M̄
(n)
1 (x))n∈N is bounded for allx ∈ Ω1 and(M̄

(n)
2 (x))n∈N

is bounded for allx ∈ Ω2, there exist convergent subsequences(M̄
(nk)
1 (x))k∈N and

(M̄
(nk)
2 (x))k∈N. Let us denoteM̄ (∞)

1 (x) andM̄ (∞)
2 (x) the respective limits of the

sequences. For simplicity we rename such sequences by

(M̄
(n)
1 (x))n∈N and(M̄

(n)
2 (x))n∈N.

Note that, by Lemma 5.21 (or simply from (5.202) and (5.204)) the sequences
(η

(n,L)
1 )n∈N and(η

(n,M)
2 )n∈N are also bounded. Hence there exist convergent subse-

quences which we denote, for simplicity, again by(η
(n,L)
1 )n∈N and(η

(n,M)
2 )n∈N with

limits η(∞)
i , i = 1,2. By taking the limits forn→ ∞ in (5.201)-(5.204) we obtain for

all x ∈ Ω1

〈M̄ (∞)
1 (x),∇(u

(∞)
1 + u

(∞)
2 )(x)〉Rd + 2αϕ(|∇(u

(∞)
1 + u

(∞)
2 )(x)|) = 0,

−2(u
(∞)
1 (x) − z

(∞)
1 (x)) − div M̄

(∞)
1 (x) − 2η(∞)

1 (x) = 0,

and for allx ∈ Ω2

〈M̄ (∞)
2 (x),∇(u

(∞)
1 + u

(∞)
2 )(x)〉Rd + 2αϕ(|∇(u

(∞)
1 + u

(∞)
2 )(x)|) = 0,

−2(u
(∞)
2 (x) − z

(∞)
2 (x)) − div M̄

(∞)
2 (x) − 2η(∞)

2 (x) = 0.

Sincesupp η
(∞)
1 = Γ1 andsuppη

(∞)
2 = Γ2 we have

〈M̄ (∞)
1 (x),∇u(∞)(x)〉Rd + 2αϕ(|∇u(∞)(x)|) = 0 for all x ∈ Ω1,

−2K∗((Ku(∞))(x) − g(x)) − div M̄
(∞)
1 (x) = 0 for all x ∈ Ω1 \ Γ1,

(5.205)

〈M̄ (∞)
2 (x),∇u(∞)(x)〉Rd + 2αϕ(|∇u(∞)(x)|) = 0 for all x ∈ Ω2,

−2K∗((Ku(∞))(x) − g(∞)(x)) − div M̄
(∞)
2 (x) = 0 for all x ∈ Ω2 \ Γ2.

(5.206)

Observe now that from Proposition 5.17 we also have that 0∈ J (u(∞)) if and only

if there existsM (∞) = (M
(∞)
0 , M̄ (∞)) with |M̄ (∞)

0 (x)| ≤ 2α for all x ∈ Ω such that

〈M̄ (∞)(x), (∇(u(∞))(x)〉Rd + 2αϕ(|(∇(u(∞))(x)|) = 0 for all x ∈ Ω

−2K∗((Ku(∞))(x) − g(∞)(x)) − div M̄ (∞)(x) = 0 for all x ∈ Ω.
(5.207)



Numerical Methods for Sparse Recovery 99

Note thatM̄ (∞)
j (x), j = 1,2, for x ∈ Ω1 ∩ Ω2 satisfies both (5.205) and (5.206).

Hence let us choose

M (∞)(x) =

{
M

(∞)
1 (x) if x ∈ Ω1 \ Γ1

M
(∞)
2 (x) if x ∈ (Ω2 \ Ω1) ∪ Γ1

.

With this choice ofM (∞) equations (5.205) - (5.207) are valid and henceu(∞) is
optimal inΩ.

Remark 5.23 (i) If ∇u(∞)(x) 6= 0 for x ∈ Ωj, j = 1,2, thenM̄ (∞)
j is given as in

equation (5.179) bȳM (∞)
j (x) = −2α

(∇u(∞)|Ωj
)(x)

|(∇u(∞)|Ωj
)(x)| .

(ii) The boundedness of the sequences(ũ
(n)
1 )n∈N and(ũ

(n)
2 )n∈N has been technically

used for showing the existence of an optimal decompositionu(∞) = u
(∞)
1 +u

(∞)
2

in the proof of Theorem 5.22. Their boundedness is guaranteed as in Lemma
5.20 by the use of the partition of unity{χ1, χ2}. Let us emphasize that there

is no way of obtaining the boundedness of the local sequences(u
(n,L)
1 )n∈N and

(u
(n,M)
2 )n∈N otherwise. In Figure 5.4 we show that the local sequences can be-

come unbounded in case we do not modify them by means of the partition of
unity.

(iii) Note that for deriving the optimality condition (5.207) foru(∞) we combined the
respective conditions (5.205) and (5.206) foru

(∞)
1 andu(∞)

2 . In doing that, we
strongly took advantage of the overlapping property of the subdomains, hence
avoiding a fine analysis ofη(∞)

1 andη(∞)
2 on the interfacesΓ1 andΓ2.

5.2.4 A Parallel Algorithm

The parallel version of the previous algorithm (5.190) reads as follows:
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Algorithm 9. Pick an initial V1 + V2 ∋ ũ
(0)
1 + ũ

(0)
2 := u(0) ∈ H, for example,

ũ
(0)
i = 0, i = 1,2, and iterate









u
(n+1,0)
1 = ũ

(n)
1

u
(n+1,ℓ+1)
1 = arg min u1∈V1

Tr|Γ1
u1=0

J s
1 (u1 + ũ

(n)
2 , u

(n+1,ℓ)
1 )

ℓ = 0, . . . , L− 1



u
(n+1,0)
2 = ũ

(n)
2

u
(n+1,m+1)
2 = arg min u2∈V2

Tr|Γ2
u2=0

J s
2 (ũ

(n)
1 + u2, u

(n+1,m)
2 )

m = 0, . . . ,M − 1

u(n+1) :=

“
u
(n+1,L)
1 +u

(n+1,M)
2

”
+u(n)

2

ũ
(n+1)
1 := χ1 · u(n+1)

ũ
(n+1)
2 := χ2 · u(n+1).

(5.208)

As for ℓ1-minimization also for this version the parallel algorithm is shown to con-
verge in a similar way as its sequential counterpart.

5.2.5 Applications and Numerics

In this section we shall present the application of the sequential algorithm (5.162) for
the minimization ofJ in one and two dimensions. In particular, we show how to
implement the dual method of Chambolle [14] in order to compute the orthogonal
projectionPαK(g) in the oblique thresholding. Furthermore we present numerical ex-
amples for imageinpainting, i.e., the recovery of missing parts of images by minimal
total variation interpolation, and compressed sensing, i.e., the nonadaptive compressed
acquisition of images for a classical toy problem inspired by magnetic resonance imag-
ing (MRI) [57]. The numerical examples of this section and respective Matlab codes
can be found at [85].

Computation of PαK(g)

To solve the subiterations in (5.162), we compute the minimizer by means of oblique
thresholding. More precisely, let us denoteu2 = ũ

(n)
2 , u1 = u

(n+1,ℓ+1)
1 , andz1 =

u
(n+1,ℓ)
1 +K∗(g−Ku2 −Ku

(n+1,ℓ)
1 ). We shall compute the minimizeru1 of the first

subminimization problem by

u1 = (I − PαK)(z1 + u2 − η) − u2 ∈ V1,

for anη ∈ V1 with suppη = Γ1 which fulfills

Tr |Γ1 (η) = Tr |Γ1 (z1 + PαK(η − z1 − u2)) .
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Hence the elementη ∈ V1 is a limit of the corresponding fixed point iteration for
m ≥ 0,

η(0) ∈ V1, suppη(0) = Γ1, η(m+1) = (Tr |Γ1)
∗ Tr |Γ1

(
z1 + PαK(η(m) − z1 − u2)

)
.

(5.209)
HereK is defined as in Section 5.2, i.e.,

K =
{

div p : p ∈ Hd, |p(x)|∞ ≤ 1 for all x ∈ Ω
}
.

To compute the projection ontoαK in the oblique thresholding we use an algorithm
proposed by Chambolle in [14]. His algorithm is based on considerations of the con-
vex conjugate of the total variation and on exploiting the corresponding optimality
condition. It amounts to computePαK(g) approximately byα div p(n), wherep(n) is
thenth iterate of the following semi-implicit gradient descent algorithm:

Chooseτ > 0, letp(0) = 0 and, for anyn ≥ 0, iterate

p(n+1)(x) =
p(n)(x) + τ(∇(div p(n) − g/α))(x)

1 + τ
∣∣(∇(div p(n) − g/α))(x)

∣∣ .

For τ > 0 sufficiently small, i.e.,τ < 1/8, the iterationα div p(n) was shown
to converge toPαK(g) asn → ∞ (compare [14, Theorem 3.1]). Let us stress that
we propose this algorithm here just for the ease of its presentation; its choice for the
approximation of projections is of course by no means a restriction and one may want
to implement other recent, and perhaps faster strategies, e.g., [15,26,49,68,83].

Ω2

Γ2
d d

Γ1

Ω1

Figure 5.2Overlapping domain decomposition in 1D.

Domain decompositions

In one dimension the domainΩ is a set ofN equidistant points on an interval[a, b],
i.e., Ω = {a = x1, . . . , xN = b} and is split into two overlapping intervalsΩ1 and
Ω2. Let |Ω1 ∩ Ω2| =: G be the size of the overlap ofΩ1 andΩ2. Then we setΩ1 =
{a = x1, . . . , xn1} andΩ2 = {xn1−G+1, . . . , xN = b} with |Ω1| := n1 =

⌈
N+G

2

⌉
.

The interfacesΓ1 andΓ2 are located ini = n1 + 1 andn1−G respectively (cf. Figure
5.2). The auxiliary functionsχ1 andχ2 can be chosen in the following way (cf. Figure
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5.3):

χ1(xi) =

{
1 xi ∈ Ω1 \ Ω2,

1− 1
G(i− (n1 −G+ 1)) xi ∈ Ω1 ∩ Ω2,

χ2(xi) =

{
1 xi ∈ Ω2 \ Ω1,
1
G(i− (n1 −G+ 1)) xi ∈ Ω1 ∩ Ω2,

.

Note thatχ1(xi) + χ2(xi) = 1 for all xi ∈ Ω (i.e for all i = 1, . . . ,N ).

10 20 30 40 50 60 70 80 90 100
−0.5

0

0.5

1

1.5

2

 

 

chi1
chi2

Figure 5.3Auxiliary functionsχ1 andχ2 for an overlapping domain decomposition with two
subdomains.

In two dimensions the domainΩ, i.e., the set ofN1 ×N2 equidistant points on the
2-dimensional rectangle[a, b] × [c, d], is split in an analogous way with respect to its
rows. In particular we haveΩ1 andΩ2 consist of equidistant points on[a, xn1]× [c, d]
and[xn1−G+1, b] × [c, d] respectively. The splitting in more than two domains is done
similarly. The auxiliary functionsχi can be chosen in an analogous way as in the one
dimensional case.

Numerical experiments

In the following we present numerical examples for the sequential algorithm (5.190)
in two particular applications: signal interpolation/image inpainting, and compressed
sensing [85].

In Figure 5.4 we show a partially corrupted 1D signal on an intervalΩ of 100 sam-
pling points, with a loss of information on an intervalD ⊂ Ω. The domainD of the
missing signal points is marked in green. These signal points are reconstructed by
total variation interpolation, i.e., minimizing the functionalJ in (3.82) withα = 1
andKu = 1Ω\D · u, where 1Ω\D is the indicator function ofΩ \D. In Figure 5.4 we
also illustrate the effect of implementing the BUPU within the domain decomposition
algorithm.
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Figure 5.4 Here we present two numerical experiments related to the interpolation of a 1D
signal by total variation minimization. The original signal is only provided outside of the green
subinterval. On the left we show an application of algorithm (5.190) when no correction with
the partition of unity is provided. In this case, the sequence of the local iterationsu

(n)
1 , u

(n)
2

is unbounded. On the right we show an application of algorithm (5.190) with the use of the
partition of unity which enforces the uniform boundedness of the local iterationsu

(n)
1 , u

(n)
2 .

Figure 5.5 shows an example of the domain decomposition algorithm (5.190) for
total variation inpainting. As for the 1D example in Figure 5.4 the operatorK is
a multiplier, i.e.,Ku = 1Ω\D · u, whereΩ denotes the rectangular image domain
andD ⊂ Ω the missing domain in which the original image content got lost. The
regularization parameterα is fixed at the value 10−2. In Figure 5.5 the missing domain
D is the black writing which covers parts of the image. Here, the image domain
of size 449× 570 pixels is split into five overlapping subdomains with an overlap
sizeG = 28× 570. Finally, in Figure 5.6 we illustrate the successful application
of our domain decomposition algorithm (5.190) for a compressed sensing problem.
Here, we consider a medical-type image (the so-calledLogan-Shepp phantom) and its
reconstruction from only partial Fourier data. In this case the linear operatorK = S ◦
F , whereF denotes the 2D Fourier matrix andS is adownsampling operatorwhich
selects only a few frequencies as output. We minimizeJ with α set at 0.4× 10−2. In
the application of algorithm (5.190) the image domain of size 256× 256 pixels is split
into four overlapping subdomains with an overlap sizeG = 20× 256.

Bibliography

[1] L. Ambrosio, N. Fusco, and D. Pallara,Functions of Bounded Variation and Free Discon-
tinuity Problems., Oxford Mathematical Monographs. Oxford: Clarendon Press. xviii,
2000.



104 M. Fornasier

Initial Picture

(a)

146 iterations  

(b)

Figure 5.5This figure shows an application of algorithm (5.190) for image inpainting. In this
simulation the problem was split into five subproblems on overlapping subdomains.

[2] G. Aubert and P. Kornprobst,Mathematical Problems in Image Processing. Partial Dif-
ferential Equations and the Calculus of Variation, Springer, 2002.

[3] R. G. Baraniuk, M. Davenport, R. A. DeVore, and M. Wakin,A simple proof of the
restricted isometry property for random matrices, Constr. Approx. 28 (2008), pp. 253–
263.

[4] H. H. Bauschke, J. M Borwein, and A. S. Lewis,The method of cyclic projections for
closed convex sets in Hilbert space. Recent developments in optimization theory and
nonlinear analysis, (Jerusalem, 1995), 1–38, Contemp. Math., 204, Amer. Math. Soc.,
Providence, RI, 1997

[5] A. Beck and M. Teboulle,A fast iterative shrinkage-thresholding algorithm for linear
inverse problems, SIAM J. Imaging Sci.2 (2009), no. 1, 183–202.

[6] T. Blumensath and M. E. Davies,Iterative thresholding for sparse approximations, J.
Fourier Anal. Appl.14 (2008), pp. 629–654.

[7] , Iterative hard thresholding for compressed sensing, Appl. Comput. Harmon.
Anal.,27 (2009), no. 3, 265–274.

[8] T. Bonesky, S. Dahlke, P. Maass, and T. Raasch,Adaptive wavelet methods and spar-
sity reconstruction for inverse heat conduction problems, Preprint series DFG-SPP 1324,
Philipps University of Marburg (2009).

[9] A. Braides,Γ-Convergence for Beginners, No.22 in Oxford Lecture Series in Mathemat-
ics and Its Applications. Oxford University Press, 2002.

[10] K. Bredies and D. Lorenz,Linear convergence of iterative soft-thresholding, J, Fourier
Anal. Appl.14 (2008), no. 5-6, 813–837.

[11] R. E. Bruck and S. Reich,Nonexpansive projections and resolvents of accretive operators
in Banach spaces. Houston J. Math. 3 (1977), no. 4, 459–470



Numerical Methods for Sparse Recovery 105

Sampling domain in the frequency plane

(a) (b)

26 iterations

(c)

126 iterations

(d)

Figure 5.6 We show an application of algorithm (5.190) in a classical compressed sensing
problem for recovering piecewise constant medical-type images from given partial Fourier
data. In this simulation the problem was split via decomposition into four overlapping subdo-
mains. On the top-left figure, we show the sampling data of the image in the Fourier domain.
On the top-right the back-projection provided by the sampled frequency data together with
the highlighted partition of the physical domain into four subdomains is shown. The bottom
figures present intermediate iterations of the algorithm, i.e.,u(26) andu(125).



106 M. Fornasier

[12] E. J. Candès, J. Romberg, and T. Tao,Stable signal recovery from incomplete and inac-
curate measurements, Comm. Pure Appl. Math. 59 (2006), pp. 1207–1223.

[13] C. Carstensen,Domain decomposition for a non-smooth convex minimalization problem
and its application to plasticity, Numerical Linear Algebra with Applications,4 (1998),
no. 3, 177–190.

[14] A. Chambolle,An algorithm for total variation minimization and applications. J. Math.
Imaging Vision20 (2004), no. 1-2, 89–97.

[15] A. Chambolle, J. Darbon,On total variation minimization and surface evolution using
parametric maximum flows, International Journal of Computer Vision,84 (2009), no. 3,
288–307.

[16] A. Chambolle and P.-L. Lions,Image recovery via total variation minimization and re-
lated problems., Numer. Math.76 (1997), 167–188.

[17] T. F. Chan, G. H. Golub, and P. Mulet,A nonlinear primal-dual method for total
variation-based image restoration, SIAM J. Sci. Comput.20 (1999), no. 6, 1964–1977.

[18] T. F. Chan, and T. P. Mathew, Domain decomposition algorithms, Acta Numerica3
(1994), pp. 61–143.

[19] A. K. Cline, Rate of convergence of Lawson’s algorithm, Math. Comp.26 (1972), 167–
176.

[20] A. Cohen, W. Dahmen, and R. A. DeVore,Compressed sensing and best k-term approx-
imation, J. Amer. Math. Soc.22 (2009), 211–231.

[21] P. L. Combettes and V. R. Wajs,Signal recovery by proximal forward-backward splitting,
Multiscale Model. Simul.4 (2005), 1168–1200.

[22] S. Dahlke, M. Fornasier, and T. Raasch,Multilevel preconditioning for adaptive sparse
optimization, Preprint 25, DFG-SPP 1324 Preprint Series, 2009

[23] W. Dahmen,Wavelet and multiscale methods for operator equations, Acta Numerica6
(1997), 55–228.

[24] W. Dahmen and A. Kunoth,Multilevel preconditioning, Numer. Math63 (1992), 315–
344.

[25] G. Dal Maso,An Introduction toΓ-Convergence., Birkhäuser, Boston, 1993.
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Abstract. Within this chapter we present recent results on sparse recovery algorithms for in-
verse and ill-posed problems, i.e. we focus on those inverse problems in which we can assume
that the solution has a sparse series expansion with respect to a preassigned basis or frame.
The presented approaches to approximate solutions of inverse problems are limited to itera-
tive strategies that essentially rely on the minimization of Tikhonov-like variational problems,
where the sparsity constraint is integrated through `p norms. In addition to algorithmic and
computational aspects, we also discuss in greater detail regularization properties that are re-
quired for cases in which the operator is ill-posed and no exact data are given. Such scenarios
reflect realistic situations and manifest therefore its great suitability for “real-life” applications.
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1 Introduction

The aim of this chapter is to present technologies for the recovery of sparse signals in
situations in which the given data are linked to the signal to be reconstructed through an
ill-posed measurement model. In such scenarios one is typically faced with regulariza-
tion issues and the construction of suitable methods that allow a stable reconstruction
of sparse signals.

1.1 Road map of the chapter

Nowadays there exist a great variety of schemes realizing sparse reconstructions. Most
of them are well-suited for finite or infinite dimensional problems but where the un-
derlying physical model is well-posed. More delicate are those cases in which ill-
posed operators are involved. So far, for linear ill-posed problems, there are numerous
schemes available that perform quite well sparse reconstructions, e.g. [2, 14, 18, 19,
24, 25, 52]. The majority of these approaches rely on iterative concepts in which ade-
quate sparsity constraints are involved. Within this chapter we do not discuss the pros
and cons of all these methods. In the context of linear problems we just concentrate
on one new approach that involves a complete different but very powerful technology
- that is adaptive approximation. The second focus of this chapter is on the generaliza-
tion of conventional iterative strategies to nonlinear ill-posed problems.

Therefore the road map for this chapter is as follows: In Section 2 we collect the ba-
sics on inverse problems. To elaborate the differences between well- and ill-posedness
and the concepts of regularization theory as simple as possible we limit ourselves in
this introductory section to linear problems. After this preliminary part we continue in
Section 3 with linear problems and present a sparse recovery principle that essentially
relies on the theory of adaptive approximation. The main ingredient that ensures stable
recovery are sophisticated refinement strategies. In Section 4 we turn then to nonlinear
ill-posed problems and discuss in greater detail Tikhonov regularization with sparsity
constraints. The established regularization properties include convergence results and
convergence rates for a-priori as well as for a-posteriori parameter rules. After the
general discussion on Tikhonov regularization we focus within the following Sections
5 and 6 on the development of implementable algorithms to numerically realize sparse
recovery. The first method presented in Section 5 relies on the surrogate functional
technology. This approach results in a Landweber-type iteration where a shrinkage
operation is applied in each iteration step. This method can be generalized to general
sparsity constraints, but fails to be numerically efficient. To overcome this deficiency,
we introduce in Section 6 a slightly modified concept leading to a very similar it-
eration, but where in each iteration a projection on a preassigned `1 ball is applied.
Moreover, this new iteration is designed with an adaptive step length control resulting
in a numerically very efficient method.
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1.2 Remarks on sparse recovery algorithms

As mentioned above, we discuss in this chapter two different species of sparse recovery
algorithms. The first species developed for linear inverse problems relies on nonlinear
approximation, the second species designed for nonlinear inverse problems relies on
linear approximation.

In principle, when it comes to numerical realizations, we are faced with the prob-
lem that we can only treat finite index sets. Therefore one has to answer the question
which coefficients should be involved in the reconstruction process and which can be
neglected. Linear approximation simply suggests a truncation of the infinite index set.
In a wavelet framework this would mean to limit the number resolution scales. For
many problems in which the solution is supposed to have a certain Sobolev smooth-
ness, this proceeding might yield reasonable results. Nevertheless, there are still cases
in which linear approximation fails to yield optimal results. Then often nonlinear ap-
proximation concepts are much better suited. The reason why nonlinear strategies
perform better than standard linear methods is due to the properties of the solution and
the operator. To clarify this statement, we introduce by xN the best N -term approxi-
mation of the solution x. Considering bases or frames of sufficiently smooth wavelet
type (e.g. wavelets of order d), it is known that if both

0 < s <
d− t
n

,

where n is the space dimension and t denoting the the smoothness of the Sobolev
space, and x is in the Besov space Bsn+t

τ (Lτ (Ω)) with τ = (1/2 + s)−1, then

sup
N∈N

N s‖x− xN‖ <∞ .

The condition x ∈ Bsn+t
τ (Lτ (Ω)) is much milder than requiring x ∈ Hsn+t(Ω) that

would be needed to guarantee the same rate of convergence with linear approximation.
However, for inverse problems it is in general not always possible to estimate the regu-
larity of the solution from the regularity of the right hand side due to the presence of the
noise. Therefore, special a-priori information about x and/or the operator is required.
In certain cases, e.g. the tomographic reconstruction problem analyzed in [35], this
information can be derived. A suitable model class for the tomographic reconstruction
problem are piecewise constant functions with jumps along smooth manifolds. It is
shown that such functions belong to the Sobolev space Hsd(Ω) with sd < 1/2. An
adaptive approximation of such functions (when carried out in L2(Ω)) pays off if the
Besov regularity in the scaleBsd

τ (Lτ (Ω)), τ = (s+1/2)−1 is significantly higher. This
issue is discussed in [50, Rem. 4.3] and indeed such functions belong to Bsd

τ (Lτ (Ω))
with sd < 1/τ = s + 1/2. For the two-dimensional case, which is the case of this
application, we therefore have that the solution x belongs to Hsd(Ω) for s < 1/4
and to Bsd

τ (Lτ (Ω)) for s < 1/2. Consequently, the Besov regularity is indeed higher
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than the Sobolev regularity and nonlinear approximation pays off. How nonlinear ap-
proximation strategies can be realized for linear inverse and ill-posed problems shall
be discussed in great detail in Section 3. As Besov regularity directly translates into
sparsity, the elaborated adaptive Landweber-type scheme performs a sparse recovery
for x.

Sparse recovery algorithms for nonlinear inverse problems rely so far on linear ap-
proximation concepts that originate from the minimization of Tikhonov-like function-
als. These concepts were originally developed for linear inverse problems within the
last decade, see e.g. [2, 14, 18, 19, 24, 25, 52], and have led to many breakthroughs in
a broad field of applications. They are due to its simple nature very easy to use and can
be applied in various reformulations. The generalization of these methods to nonlinear
problems has permitted an algorithmic realization of sparse recovery for problems that
were by then not feasible. The main ingredients are a proper variational formulation
of the data misfit term and an adequate involvement of the sparsity constraint either
through an extra penalty term or an restriction of the possible solution set. These two
concepts shall be elaborated in Sections 5 and 6 which are furnished with associated
numerical experiments.

2 Classical Inverse Problems
In many applications in the natural sciences, medicine or imaging one has to determine
the cause x of a measured effect y. A classical example is Computerized Tomography
(CT), a medical application, where a patient is screened using x - rays. The observed
damping of the rays is then used to reconstruct the density distribution of the body. In
order to achieve such a reconstruction, the measured data and the searched for quan-
tity have to be linked by a mathematical model, which we will denote by F (or A, if
the model is linear). In an abstract setting, the determination of of the cause x can be
stated as follows: Solve an operator equation

F (x) = y , (2.1)

F : X → Y , where X,Y are Banach (Hilbert) spaces. For the CT problem, the oper-
ator describing the connection between the measurements and the density distribution
(in 2 dimensions) is given by the Radon transform,

y(s, ω) = (Ax)(s, ω) =
∫
R

x(sω + tω⊥) dt , s ∈ R, ω ∈ S1.

As in practice the observed data stems from measurements, one never has the exact
data y available, but rather a noisy variant yδ. In the following we might assume that
at least a bound δ for the noise is available (e.g. if the accuracy of the measurement
device is known):

‖y − yδ‖ ≤ δ .
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In connection with Inverse Problems, the following questions arise:
(i) Does there exist a solution of equation (2.1) for given exact y?

(ii) Is the solution unique?

(iii) If the solution is determined from noisy data, how accurate is it?

(iv) How to solve (2.1)?

2.1 Preliminaries

In order to give a first idea on the problems that may be encountered for ill-posed prob-
lems, we will now consider a linear operator equation in finite dimensions. Assume
A ∈ Rn×n, and we want to solve the linear system Ax = y from noisy data yδ. If we
assume that A is invertible on range(A) and also yδ ∈ range(A) (which is already a
severe restriction), then we can define

x† := A−1y

xδ := A−1yδ .

With x† − xδ = A−1(y − yδ) the distance between xδ and x† can be estimated as
follows,

‖x† − xδ‖ ≤ ‖A−1‖ ‖y − yδ‖
≤ ‖A−1‖δ .

(2.2)

If we additionally assume that A is symmetric and positive definite with ‖A‖ ≤ 1,
then A has an eigensystem (λi, xi) with eigenvalues 0 < λi ≤ 1 and associated
eigenvectors xi. Moreover we have

‖A−1‖ =
1

λmin
⇒ ‖x† − xδ‖ ≤ δ

λmin

Therefore, the reconstruction quality is of the same orderO(δ) as the data error, magni-
fied only by the norm of the inverse operator. However, it turns out thatO(δ) estimates
are only possible in a finite dimensional setting: Indeed, if we define the operator

Ax =
∞∑
i=1

λi〈x, xi〉xi

with orthonormal basis xi and λi → 0, then it is easily to see that the right hand side of
estimate (2.2) explodes. In fact, for inverse problems with dim range(A) = ∞ and,
e.g., compact operator, it is in general impossible to obtain convergence rates. Under
additional assumptions on the solution of the equation Ax = y, the best possible
convergence rate is given by

‖x− xδ‖ = O(δs) , s < 1. (2.3)
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The above considerations were based on the assumption yδ ∈ range(A). As we will
see in the following example, this is a severe restriction that will not hold in practice:
Let us consider the integral equation

y(s) =
∫ s

0
x(t)dt 0 ≤ s ≤ 1.

If x ∈ C0[0, 1], then it immediately follows that y ∈ C1[0, 1] and

x(s) = y′(s), y(0) = 0 .

For noisy measurements this condition will not hold, as the noise will not only alter
the initial value but also the smoothness of yδ, as the data noise is usually not differen-
tiable. The same also holds for Computerized Tomography: It can be shown [35] that
the exact CT data belongs to the Sobolev space H1/2(R × S1), but for the noisy data
we only have yδ ∈ L2.

Now let us define well-posed and ill-posed problems.

Definition 2.1. Let A : X → Y linear operator and X,Y be topological spaces. Then
the problem (A,X, Y ) is well-posed if condition (i)-(iii) are fulfilled at the same time,

(i) Ax = y has a solution for each y ∈ Y
(ii) the solution is unique

(iii) the solution depends continuously on the data, i.e.

yn → y, yn = Axn,=⇒ xn → x and Ax = y .

If one of the conditions is violated, then the problem is ill posed.

Roughly speaking, well-posed problems allow for an error estimate as in (2.2),
whereas the best possible rate for ill posed problems is as in (2.3).

Let us denote by L(X,Y ) the set of all linear and continuous operatorsA : X → Y .
An important class of operators that lead to ill-posed problems are compact operators.

Definition 2.2. An operator A ∈ L(X,Y ) is compact, if it maps bounded sets to rela-
tive compact sets. Or equivalently, for any bounded sequence (xn)n∈N, the sequence
yn = Axn has a convergent subsequence.

Integral operators are an important class of examples for compact operators.

Definition 2.3. Let G ∈ Rn be a bounded set and k : G × G → G. We define the
integral operator K by

(Kx)(s) =
∫
G
k(s, t)x(t)dt .
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Proposition 2.4. Let k ∈ C(G,G) and K be an integral operator considered between
any of the spaces L2(G) and C(G). Then K is compact. If k ∈ L2(G,G), then the
integral operator K : L2(G)→ L2(G) is compact.

Another example for compact operators are Sobolev embedding operators. For
bounded G and a real number s > 0, let us consider the map

is : Hs(G)→ L2(G) , which is defined by isx = x .

Here Hs denotes the standard Sobolev space. Then we have

Proposition 2.5. The Sobolev embedding operator is is compact.

Proposition 2.6. Compact operators with dim range(K) = ∞ are not continuously
invertible, i.e. they are ill-posed.

Now let us assume that a given operator A : Hs → Hs+t, s ≥ 0, t > 0, is continu-
ously invertible. As pointed out above, the measured data will not belong to Hs+t but
rather to L2. Therefore, we have to consider the operator equation between Hs and
L2, i.e. the equation y = is+t(Ax). As a combination of a continuous and a compact
operator, is ◦ A is also compact and therefore not continuously invertible - regardless
of the invertibility of A.

A key ingredient for the stable inversion of compact operators is the spectral de-
composition:

Proposition 2.7. Let K : X → X, X be a Hilbert space and assume that K is
compact and self-adjoint (i.e, 〈Kx, y 〉 = 〈x,Ky 〉 ∀x, y ∈ X). By (λj , uj) denote
the set of eigenvalues λj and associated eigenvectors uj with Kuj = λjuj . Then
λj → 0 (if dim range(K) =∞) and the functions uj form an orthonormal basis of
range(K) with

Kx =
∞∑
i=1

λi〈x, ui 〉ui .

The eigenvalue decomposition can be generalized to compact operators that are not
self-adjoint. Let K : X → Y be given. The adjoint operator K∗ : Y → X is formally
defined by the equation

〈Kx, y 〉 = 〈x,K∗y 〉 ∀x, y .

We can then define the operator K∗K : X → X and find

〈K∗Kx, y 〉 = 〈Kx,Ky 〉 = 〈x,K∗Ky 〉 ,
〈K∗Kx, x 〉 = 〈Kx,Kx 〉 = ‖Kx‖2 ,
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i.e., K∗K is selfadjoint and positive semi-definite, which also guarantees that all
eigenvalues λi of K∗K are nonnegative. Therefore we have

K∗Kx =
∑
i

λi〈x, ui 〉ui .

Defining

σi = +
√
λi

Kui = σivi ,

we find that the functions vi also form an orthonormal system for X:

〈 vi, vj 〉 =
1

σiσj
〈Kui,Kuj 〉

=
1

σiσj
〈K∗Kui, uj 〉

=
σi
σj
〈ui, uj 〉 = δij =

{
1 i = j

0 i 6= j
,

and get

Kx = K(
∑
i

〈x, ui 〉ui) =
∑
i

〈x, ui 〉Kui =
∑
i

σi〈x, ui 〉vi ,

K∗y =
∑
i

σi〈 y, vi 〉ui .

The above decomposition ofK is called the singular value decomposition and {σi, xi, yi}
is the singular system of K. The generalized inverse of K is defined as follows:

Definition 2.8. The generalized inverse K† of K is defined as

dom(K†) = range(K)⊕ range(K)⊥

K†y := x†

x† = arg min
x
‖y −Kx‖ .

If the minimizer x† of the functional ‖y − Kx‖2 is not unique then the one with
minimal norm is taken.

Proposition 2.9. The generalized solution x† has the following properties
(i) x† is the unique solution of K∗Kx = K∗y,

(ii) Kx† = PR(K)y, where PR(K) denotes the orthogonal projection on the range of
K,
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(iii) x† can be decomposed w.r.t. the singular system as

x† =
∑
i

1
σi
〈y, vi〉ui , (2.4)

(iv) the generalized inverse is continuous if and only if range(K) is closed.

A direct consequence of the above given representation of x† is the so-called Picard
condition:

y ∈ range(K)⇔
∑
i

|〈 y, vi 〉|2

σ2
i

<∞ .

The condition states that the moments of the right hand side y (w.r.t. to the system
{vi}) have to tend to zero fast enough in order to compensate the growth of 1/σi.

What happens if we apply noisy data to formula (2.4)? Assume y ∈ range(K),
y = Kx†, and yδl = y + δvl. Then for all l

‖y − yδl ‖ ≤ δ ,

but with

xδ =
∑
i

1
σi
〈yδl , vi〉ui

we obtain

‖x− xδ‖2 =
∑
i

δ2

σ2
i

|〈 vl, vi 〉|2 =
δ2

σ2
l

→∞ as l→∞ ,

which shows that the reconstruction error can be arbitrarily large even if the noisy data
is close to the true data.

2.2 Regularization Theory

In order to get a reasonable reconstruction, we have to introduce different methods
that ensure a good and stable reconstructions. These methods are often defined via
functions of operators.

Definition 2.10. Let f : R+ → R. For compact operators, we define

f(K)x :=
∑
i

f(σi)〈x, ui 〉vi .

Of course, this definition is only well-defined for functions f for which the sum
converges. We can now define regularization methods.
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Definition 2.11. A regularization of an operator K† is a family of operators (Rα)α>0,

Rα : Y → X

with the following properties: there exists a map α = α(δ, yδ) such that for all y ∈
dom(K†) and all yδ ∈ Y with ‖y − yδ‖ ≤ δ,

lim
δ→0

Rα(δ,yδ)y
δ = x†

and
lim
δ→0

α(δ, yδ) = 0 .

The parameter α is called regularization parameter.

In the classical setting, regularizing operatorsRα are defined via filter functions Fα:

Rαy
δ :=

∑
i∈N

σ−1
i Fα(σi)〈 yδ, vi 〉ui .

The requirements of Definition 2.11 have some immediate consequences on the admis-
sible filter functions. In particular, dom(Rα) = Y enforces |σ−1

i Fα(σi)| ≤ C for all i,
and the pointwise convergence of Rα to K† requires limα→0 Fα(t) = 1. Well-known
regularization methods are:

(i) Truncated singular value decomposition:

Rαy
δ :=

N∑
i

σ−1
i 〈 y

δ, vi 〉ui

In this case, the filter function is given by

Fα(σ) :=
{

1 if σ ≥ α
0 if σ < α

.

(ii) Truncated Landweber iteration: For β ∈ (0, 2
‖K‖ 2 ) and m ∈ N, set

F1/m(λ) = 1− (1− βλ2)m .

Here, the regularization parameter α = 1/m only admits discrete values.

(iii) Tikhonov regularization: Here, the filter function is given by

Fα(σ) =
σ2

σ2 + α
.

The regularized solutions of Landweber’s and Tikhonov’s method can also be charac-
terized as follows:
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Proposition 2.12. The regularized solution due to Landweber, xδ1/m, is also given by
the m-th iterate of the Landweber iteration given by

xn+1 = xn +K∗(yδ −Kxn) , with x0 = 0 .

The regularization parameter is the reciprocal of the stopping index of the iteration.

Proposition 2.13. The regularized solution due to Tikhonov,

xδα :=
∑
i

σ2
i

σ2
i + α

· σ−1
i 〈 y

δ, vi 〉ui ,

is also the unique minimizer of the Tikhonov functional

Jα(x) = ‖yδ −Kx‖2 + α‖x‖2 , (2.5)

which is minimized by the unique solution of the equation

(K∗K + αI)x = K∗yδ .

Tikhonov’s variational formulation (2.5) is important as it allows generalizations
towards nonlinear operators as well as to sparse reconstructions. As mentioned above,
regularization methods also require proper parameter choice rules.

Proposition 2.14. The Tikhonov regularization combined with one of the parameter
choice rules
a) α(δ, yδ)→ 0 and δ2

α(δ,yδ) → 0

b) α∗(δ, yδ) s.t. ‖yδ −Kxδα∗‖ = τδ for fixed τ > 1 (discrepancy principle)
is a regularization method.

Proposition 2.15. Let τ > 1. If the Landweber iteration is stopped afterm∗ iterations,
where m∗ is the first index with

‖yδ −Kxm∗‖ ≤ τδ < ‖yδ −Kxm∗−1‖ (discrepancy principle) ,

then the iteration is a regularization method with R 1
m∗
yδ = xm∗ .

The last two propositions show that the regularized solutions for Tikhonov’s or
Landweber’s method converge towards the true solution provided a proper parameter
choice rule was applied. However, no result on the speed of convergence is provided.
Due to Bakhushinsky one rather has

Proposition 2.16. Let xδα = Rαy
δ, Rα be a regularization method. Then the conver-

gence of xδα → x† can be arbitrary slow.
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To overcome this drawback, we have to assume a certain regularity of the solution.
Indeed, convergence rates can be achieved provided the solution fulfills a so-called
source-conditions. Here we limit ourselves to the Hölder-type source conditions,

x† = (K∗K)
ν
2 w, i.e. x† ∈ range(K∗K)

ν
2 ⊆ dom(K) = X, ν > 0 .

Definition 2.17. A regularization method is called order optimal if for a given param-
eter choice rule the estimate

‖x† − xδα(δ,yδ)‖ = O(δ
ν
ν+1 ) (2.6)

holds for all x† = (K∗K)
ν
2 w and ‖yδ − y‖ ≤ δ.

It turns out that for x† = (K∗K)
ν
2 w this is actually the best possible convergence

rate, no method can do better. Also, we have δ
ν
ν+1 > δ for δ < 1, i.e., we always loose

some information in the reconstruction procedure.

Proposition 2.18. Tikhonov regularization and Landweber iteration together with the
discrepancy principle are order optimal.

3 Nonlinear Approximation for Linear Ill-Posed Problems
Within this section we consider linear inverse problems and construct for them a
Landweber-like algorithm for the sparse recovery of the solution x borrowing "leafs"
from nonlinear approximation. The classical Landweber iteration provides in com-
bination with suitable regularization parameter rules an order optimal regularization
scheme (for the definition, see Eq. (2.6)). However, for many applications the im-
plementation of Landweber’s method is numerically very intensive. Therefore we
propose an adaptive variant of Landweber’s iteration that significantly may reduce the
computational expense, i.e. leading to a compressed version of Landweber’s iteration.
We lend the concept of adaptivity that was primarily developed for well-posed oper-
ator equations (in particular, for elliptic PDE’s) essentially exploiting the concept of
wavelets (frames), Besov regularity, best N -term approximation and combine it with
classical iterative regularization schemes. As the main result we define an adaptive
variant of Landweber’s iteration from which we show regularization properties for ex-
act and noisy data that hold in combination with an adequate refinement/stopping rule
(a-priori as well as a-posteriori principles). The results presented in this Section where
first published in [47]

3.1 Landweber Iteration and Its Discretization

The Landweber iteration is a gradient method for the minimization of ‖yδ−Ax‖2 and
is therefore given through

xn+1 = xn + γA∗(yδ −Axn) . (3.1)
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As it can be retrieved, e.g. in [28], iteration (3.1) is for 0 < γ < 2/‖A‖2 a linear
regularization method as long as the iteration is truncated at some finite index n∗. In
order to identify the optimal truncation index n∗, one may apply either an a-priori
or an a-posteriori parameter rule. The Landweber method (3.1) is an order optimal
linear regularization method, see [28], if the iteration is truncated at the a-priori chosen
iteration index

n∗ = bγ
(
2
γ

ν
e
)ν/(ν+1)(ρ

δ

)2/(ν+1)c , (3.2)

where the common notation bpc denotes the smallest integer less or equal p. Here,
we have assumed that the solution x† of our linear equation admits the smoothness
condition

x† = (A∗A)ν/(ν+1)v, ‖v‖ ≤ ρ .

If n∗ is chosen as suggested in (3.2), then optimal convergence order with respect to x†

can be achieved. This proceeding, however, needs exact knowledge of the parameters
ν, ρ in the source condition. This shortfall can be avoided when applying Morozov’s
discrepancy principle. This principle performs the iteration as long as

‖Axn − yδ‖ > τδ (3.3)

holds with τ > 1, and truncates the iteration once

‖Axn∗ − yδ‖ ≤ τδ (3.4)

is fulfilled for the first time. The regularization properties of this principle were inves-
tigated in [20]. The authors have shown that, as long as (3.3) holds, the next iterate will
be closer to the generalized solution than the previous iterate. This property turned out
to be very fruitful for the investigation of discretized variants of (3.1). This can be
retracted in details in [38] where a discretization of the form

xn+1 = xn + γA∗rδ(n)(y
δ −Arδ(n)x

n) (3.5)

was suggested. The basic idea in [38] is the introduction of approximations Arδ(m) to
the operator A that are updated/refined in dependence on a specific discrepancy prin-
ciple.

Iteration (3.5) acts in the infinite dimensional Hilbert space X . To treat (3.5) nu-
merically, we have to discretize the inverse problem which means that we have to find
a discretized variant of (3.1) through the discretization of the corresponding normal
equation of ‖yδ − Ax‖2. To this end, we assume that we have for the underlaying
space X a preassigned countable system of functions {φλ : λ ∈ Λ} ⊂ X at our dis-
posal for which there exist constants C1, C2 with 0 < C1 ≤ C2 <∞ such that for all
x ∈ X ,

C1‖x‖2
X ≤

∑
λ∈Λ

|〈x, φλ〉|2 ≤ C2‖x‖2
X . (3.6)
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For such a system, which is often referred to as a frame for X , see [6] for further
details, we may consider the operator F : X → `2 via x 7→ c = {〈x, φλ〉}λ∈Λ with
adjoint F∗ : `2 → X via c 7→

∑
λ∈Λ

cλφλ. The operator F is often referred in
the literature to as the analysis operator, whereas F∗ is referred to as the synthesis
operator. The composition of both, F∗F , is called the frame operator which is by
condition (3.6) an invertible map; guaranteeing that each x ∈ X can be reconstructed
from its moments 〈x, φλ〉. Moreover, there is for every x ∈ X at least one sequence c
such that x = F∗c. Consequently, we can define

S = FA∗AF∗ , x = F∗c and gδ = FA∗yδ

leading to the discretized normal equation

Sc = gδ . (3.7)

An approximate solution for (3.7) can then be derived by the corresponding sequence
space Landweber iteration,

cn+1 = cn + γ(gδ − Scn) . (3.8)

Note that the operator S : `2(Λ) → `2(Λ) is symmetric but through the ill-posedness
ofA not boundedly invertible on `2(Λ) (even on the subspace Ran F ). This is one ma-
jor difference to [50] in which the invertibility of S on Ran F was substantially used
to ensure the convergence of the Landweber iteration. Since we can neither handle the
infinite dimensional vectors cn and gδ nor apply the infinite dimensional matrix S, it-
eration (3.8) is not a practical algorithm. To this end, we need to study the convergence
and regularization properties of the iteration in which cn, gδ and S are approximated
by finite length objects. Proceeding as suggested [50], we assume that we have the
following three routines at our disposal:
• RHSε[y] → gε. This routine determines a finitely supported gε ∈ `2(Λ) satis-

fying
‖gε −FA∗y‖ ≤ ε .

• APPLY ε[c]→ wε. This routine determines, for a finitely supported c ∈ `2(Λ)
and an infinite matrix S, a finitely supported wε satisfying

‖wε − Sc‖ ≤ ε .

• COARSEε[c] → cε. This routine creates, for a finitely supported with c ∈
`2(Λ), a vector cε by replacing all but N coefficients of c by zeros such that

‖cε − c‖ ≤ ε ,

whereas N is at most a constant multiple of the minimal value N for which the
latter inequality holds true.
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For the detailed functionality of these routines we refer the interested reader to [10, 50].
For the sake of more flexibility in our proposed approach, we allow (in contrast to clas-
sical setup suggested in [50]) ε to be different within each iteration step and sometimes
different for each of the three routines. Consequently, we set ε = εRn for the routine
RHSε[·], ε = εAn for APPLY ε[·] and, finally, ε = εCn for COARSEε[·]. The
subscript n of the created error tolerance or so-called refinement sequences {εCn }n∈N,
{εAn }n∈N and {εRn }n∈N will be related to the iteration index by specific refinement
strategies of the form

rδ : N→ N.

In principle, the refinement sequences are converging to zero and have to be selected
in advance; the map rδ represents a specific integer to integer map (constructed below)
that allows an adjustment of the reconstruction accuracy within each iteration step
m. As a simple example consider the refinement rule rδ(n) = n that chooses for
each iteration n the preselected error tolerances εCn , εAn and εRn . Choosing proper
refinement strategies rδ(n) enables us to establish convergence results and, thanks to
the introduced subtleness, several desired regularization results.

For ease of notation we write, if not otherwise stated, instead of ε{C,A,R}
rδ(n) just the

index rδ(n), i.e. we abbreviate

COARSEεC
rδ (n)

[·], APPLY εA
rδ (n)

[·], and RHSεR
rδ (n)

[·]

by
COARSErδ(n)[·], APPLY rδ(n)[·], and RHSrδ(n)[·] .

Note, this does not mean the same accuracy for all three routines, it just means the
same index for the accuracy/refinement sequences.

Summarizing the last steps results in the following inexact/approximative variant of
(3.8)

c̃ n+1 = COARSErδ(n)
[
c̃ n − γAPPLY rδ(n)[c̃

n] + γRHSrδ(n)[y
δ]
]
. (3.9)

3.2 Regularization Theory for A-Priori Parameter Rules

As mentioned above, the a-priori parameter rule (3.2) for the exact Landweber iteration
(3.1) yields an order optimal regularization scheme. The natural question is whether
the same holds true for the inexact (nonlinear and adaptive) Landweber iteration (3.9).
A positive answer of the latter question essentially relies on the construction of a suit-
able refinement strategy rδ.

In order to achieve an optimal convergence rate, we have to establish some prelimi-
nary results describing the difference between the exact iteration (3.1) and the inexact
iteration (3.9).
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Lemma 3.1. Assume, c0 = c̃ 0. Then, for all n ≥ 0,

‖cn+1 − c̃ n+1‖ ≤ γ
n∑
i=0

(1 + γ‖S‖)i(εCrδ(n−i)/γ + εArδ(n−i) + εRrδ(n−i)). (3.10)

The latter lemma allows now to prove that the truncated inexact Landweber iteration
(3.9) is an order optimal regularization method. The regularization method Rα can be
described with the help of an adequate refinement map rδ and the a-priori parameter
rule (3.2).

Definition 3.2 (Regularization method with a-priori parameter rule).
i) Given sequences of error tolerances {ε{C,A,R}n }n∈N and routines COARSE,

APPLY and RHS defined as above,

ii) for δ > 0 with ‖yδ − y‖ ≤ δ derive the truncation index n∗(δ, ρ) as in (3.2),

iii) define the quantities

Cn,rδ :=
n∑
i=0

(1 + γ‖S‖)i(εCrδ(n−i) + β(εArδ(n−i) + εRrδ(n−i))) ,

iv) choose the map rδ such that Cn∗−1,rδ satisfies

Cn∗−1,rδ ≤ δν/(ν+1)ρ1/(ν+1) ,

v) define the regularization
Rαg

δ := F∗c̃ δn∗
with regularization parameter α = 1/n∗(δ, ρ).

Theorem 3.3 (Regularization result). Let the truncation index n∗ = n∗(δ, ρ) be as in
(3.2). Then, the inexact Landweber iteration (3.9) truncated at index n∗ and updated
with the refinement strategy rδ (satisfying iv) in Definition 3.2) yields for α(δ, ρ) =
1/n∗(δ, ρ) a regularization method Rα, which is for all ν > 0 and 0 < γ < 2/‖S‖2

order optimal.

3.3 Regularization Theory by A-Posteriori Parameter Rules

The exact Landweber iteration (3.1) combined with the discrepancy principle (3.3) and
(3.4) yields a regularization method. In what follows we show how this result carries
over to (3.9).

The application of the discrepancy principle (3.3) and (3.4) requires a frequent eval-
uation of the residual discrepancy ‖Axn − yδ‖ . Therefore, we have to propose a
function that is numerical implementable and approximates the residual, preferably by
means of APPLY and RHS.



Sparse Recovery in Inverse Problems. 17

Definition 3.4. For some y ∈ Y , c ∈ `2(Λ) and some n ≥ 0 the approximate discrep-
ancy is defined by

(RESn[c, y])2 := 〈APPLY n[c], c〉 − 2〈RHSn[y], c〉+ ‖y‖2. (3.11)

The following lemma gives a result on the distance between the exact function space
residual discrepancy ‖Ax− y‖ and its inexact version RESn[c, y].

Lemma 3.5. For c ∈ `2(Λ) with Fc = x, y ∈ Y and some integer n ≥ 0 it holds

| ‖Ax− y‖2 − (RESn[c, y])2 | ≤ (εAn + 2εRn )‖c‖ . (3.12)

To achieve convergence of (3.9), we have to elaborate under which conditions a decay
of the approximation errors ‖c̃ n − c†‖ can be ensured.

Lemma 3.6. Let δ > 0, 0 < c < 1, 0 < γ < 2/(3‖S‖) and n0 ≥ 1. If there exists for
0 ≤ n ≤ n0 a refinement strategy rδ(n) such that RESrδ(n)[c̃ n, yδ] fulfills

c(RESrδ(n)[c̃
n, yδ])2 >

δ2 + Crδ(n)(c̃ n)

1− 3
2γ‖S‖

, (3.13)

then, for 0 ≤ n ≤ n0, the approximation errors ‖c̃ n − c†‖ decrease monotonically.

The above Lemma 3.6 holds in particular for exact data, i.e. δ = 0. In this case,
condition (3.13) simplifies to

c(RESr(m)[c̃ m, y])
2 ≥

Cr(n)(c̃ n)

1− 3
2γ‖S‖

. (3.14)

To prove convergence, we follow the suggested proceeding in [38] and introduce an
updating rule (U) for the refinement strategy r:
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U(i) Let r(0) be the smallest integer ≥ 0 with

c(RESr(0)[c̃ 0, y])2 ≥
Cr(0)(c̃ 0)

1− 3
2γ‖S‖

, (3.15)

if r(0) with (3.15) does not exist, stop the iteration, set n0 = 0.

U(ii) if for n ≥ 1

c(RESr(n−1)[c̃
n, y])2 ≥

Cr(n−1)(c̃ n)

1− 3
2γ‖S‖

, (3.16)

set r(n) = r(n− 1)

U(iii) if

c(RESr(n−1)[c̃
n, y])2 <

Cr(n−1)(c̃ n)

1− 3
2γ‖S‖

, (3.17)

set r(n) = r(n− 1) + j, where j is the smallest integer with

c(RESr(n−1)+j [c̃
n, y])2 ≥

Cr(n−1)+j(c̃ n)

1− 3
2γ‖S‖

, (3.18)

U(iv) if there is no integer j with (3.18), then stop the iteration, set n0 = n.

Lemma 3.7. Let δ = 0 and {c̃ n}n∈N be the sequence of iterates (3.9). Assume the
updating rule (U) for r was applied. Then, if the iteration never stops,

∞∑
n=0

(RESr(n)[c̃
n, y])2 ≤ 1

β(1− c)
(
1− 3

2γ‖S‖
) ‖c̃ n − c†‖2. (3.19)

If the iteration stops after n0 steps,

n0−1∑
n=0

(RESr(n)[c̃
n, y])2 ≤ 1

β(1− c)
(
1− 3

2γ‖S‖
) ‖c̃ 0 − c†‖2. (3.20)

Combining the monotone decay of the approximation errors and the uniform bound-
edness of the accumulated discrepancies enables strong convergence of iteration (3.9)
towards a solution of the inverse problem for exact data yδ = y.

Theorem 3.8. Let x† denote the generalized solution of the given inverse problem.
Suppose c̃ n is computed (3.9) with exact data y in combination with updating rule
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(U) for the refinement strategy r. Then, for arbitrarily chosen c̃ 0 the sequence c̃ n

converges in norm, i.e.
lim
n→∞

c̃ n = c†

with
x† = F∗c† .

The convergence of the inexact Landweber iteration for noisy data relies on a com-
parison between the individual noise free and noisy iterations. For a comparison it
is essential to analyze the δ-dependence of COARSE, APPLY and RHS; in
particular for δ → 0. For a given error level ‖vδ − v‖ ≤ δ the routines (here just
exemplarily stated for COARSE, but must hold for all three routines) should fulfill
for any fixed ε > 0

‖COARSEε(vδ)−COARSEε(v)‖ → 0 as δ → 0. (3.21)

To ensure (3.21), the three routines as proposed in [50] must be slightly adjusted,
which is demonstrated in great details for the COARSE routine only but must be
done for APPLY and RHS accordingly.

The definition of COARSE as proposed in [50] (with a slight modified ordering
of the output entries) is as follows
COARSEε[v]→ vε

i) Let V be the set of non-zero coefficients of v, ordered by their original
indexing in v. Define q :=

⌈
log
(

(#V )1/2 ‖v‖
ε

)⌉
.

ii) Divide the elements of V into bins V 0, . . . ,V q, where for 0 ≤ k < q

V k := {vi ∈ V : 2−k−1‖v‖ < |vi| ≤ 2−k ‖v‖}, (3.22)

and possible remaining elements are put into V q. Let the elements of a
single V k be also ordered by their original indexing in v. Denote the vector
obtained by subsequently extracting the elements of V 0, . . . ,V q by γ(v).

iii) Create vε by extracting elements from γ(v) and putting them at the original
indices, until the smallest l is found with

‖v − vε‖2 =
∑
i>l

|γi(v)|2 < ε2. (3.23)

The integer q in i) is chosen such that
∑

vi∈V q
|vi|2 < ε2, i.e. the elements of V q

are not used to build vε in iii).
Keeping the original order of the coefficients of v in V k, the output vector of

COARSE becomes unique. This “natural” ordering does not cause any extra com-
putational cost.
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The goal is to construct a noise dependent output vector that converges to the noise
free output vector as δ → 0. To achieve this, the uniqueness of COARSE must
be ensured. The non-uniqueness of COARSE is through the bin sorting procedure
which is naturally non-unique as long as the input vectors are noisy (i.e. different
noisy versions of the same vector result in significantly different output vectors). This
leads to the problem that the index in γ(vδ) of some noisy element vδi can differ to
the index in γ(v) of its noise free version vi. To overcome this drawback for (at least)
sufficiently small δ, we define a noise dependent version COARSEδ.

COARSEδ
ε[v

δ]→ vδε

i) Let V δ be the set of non-zero coefficients of vδ ordered by their indexing
in vδ. Define qδ :=

⌈
log
(

(#V δ)1/2(‖vδ‖+δ)
ε

)⌉
.

ii) Divide the elements of V δ into bins V δ
0, . . . ,V

δ
qδ , where for 0 ≤ k < qδ

V δ
k := {vδi ∈ V δ : 2−k−1(‖vδ‖ + δ) + δ < |vδi | ≤ 2−k(‖vδ‖ + δ) + δ},

(3.24)
and possible remaining elements are put into V δ

qδ . Again, let the elements
of a single V δ

k be ordered by their indexing in vδ. Denote the vector ob-
tained by the bin sorting process by γδ(vδ).

iii) Create vδε by extracting elements from γδ(vδ) and putting them on the orig-
inal places, until the first index lδ is found with

‖vδ−vδε‖2 = ‖vδ‖2−
∑

1≤i≤lδ
|γδi (vδ)|2 < ε2−(lδ+1)δ(2‖vδ‖+δ). (3.25)

The latter definition of COARSEδ enables us to achieve the desired property (3.21).

Lemma 3.9. Given ε > 0 and δ > 0. For arbitrary finite length vectors v, vδ ∈ `2
with ‖vδ − v‖ ≤ δ, the routine COARSEδ is convergent in the sense that

‖COARSEδ
ε[v

δ]−COARSEε[v]‖ → 0 as δ → 0. (3.26)

Achieving convergence of the inexact iteration, we introduce as for the noise free
situation an updating rule which we denote (D). The updating rule (D) is based on the
refinement strategy rδ(n).
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D(i) Let rδ(0) be the smallest integer ≥ 0 with

c(RESrδ(0)[c̃
δ
0, y

δ])2 ≥
δ2 + Crδ(0)(c̃ δ0)

1− 3
2β‖S‖

, (3.27)

if rδ(0) does not exist, stop the iteration, set n∗ = 0.

D(ii) if for n ≥ 1

c(RESrδ(n−1)[c̃
δ
n, y

δ])2 ≥
δ2 + Crδ(n−1)(c̃ δn)

1− 3
2β‖S‖

, (3.28)

set rδ(n) = rδ(n− 1)

D(iii) if

c(RESrδ(n−1)[c̃
δ
n, y

δ])2 <
δ2 + Crδ(n−1)(c̃ δn)

1− 3
2β‖S‖

, (3.29)

set rδ(n) = rδ(n− 1) + j, where j is the smallest integer with

c(RESrδ(n−1)+j [c̃
δ
n, y

δ])2 ≥
δ2 + Crδ(n−1)+j(c̃ δn)

1− 3
2β‖S‖

(3.30)

and
Crδ(m−1)+j(c̃

δ
m) > c1δ

2. (3.31)

D(iv) if (3.29) holds and no j with (3.30),(3.31) exists, then stop the iteration,
set nδ∗ = n.

Theorem 3.10. Let x† be the solution of the inverse problem for exact data y ∈ Ran A.
Suppose that for any δ > 0 and yδ with ‖yδ − y‖ ≤ δ the adaptive approximation c̃ δn
is derived by the inexact Landweber iteration (3.9) in combination with rule (D) for rδ

and stopping index nδ∗. Then, the family of Rα defined through

Rαy
δ := F∗c̃ δnδ∗ with α = α(δ, yδ) =

1
nδ∗

yields a regularization of the ill-posed operatorA, i.e. ‖Rαyδ−x†‖X → 0 as δ → 0.

4 Tikhonov Regularization with Sparsity Constraints
In this section we turn now to nonlinear inverse and ill-posed problems. The focus
is on the generalization of Tikhonov regularization as it was introduced in Section 2
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(see formula (2.5)) to nonlinear problems. In particular, we consider those operator
equations in which the solution x has a sparse series expansion x =

∑
λ∈Λ

cλφλ with
respect to a preassigned basis or frame, i.e. the series expansion of x has only a very
small number of non-vanishing coefficients cλ, or that x is compressible (meaning that
x can be well-approximated by a sparse series expansion).

4.1 Regularization Result for A-Priori Parameter Rules

We consider the operator equation F (x) = y and assume F is possibly ill-posed and
maps between Hilbert spaces X and Y and we suppose there are only noisy data yδ

with ‖yδ − y‖ ≤ δ available. The natural generalization of Tikhonov’s variational
formulation is then given by

Jα(x) = ‖F (x)− yδ‖2 + α‖x‖2 . (4.1)

The second term determines the properties of the solution. In the given setting the
penalty term is a quadratic Hilbert space norm ensuring finite energy of the solution.
The minimizer is due to the convexity and differentiability of ‖ · ‖2 also very easy
to compute. However, for certain classes of inverse problems, e.g. in medical or as-
trophysical imaging or signal peak analysis, such Hilbert space constraints seem not
to be best suited, because they lead to over-smoothed solutions implying that jumps
and edges cannot be nicely reconstructed. Therefore, alternatives are required that
can perform much better. An alternative that may circumvent the mentioned draw-
backs are so-called sparsity measures. Prominent examples of sparsity measures are
`p-norms, 0 < p < 2, on the coefficients of the series expansions of the solution to be
reconstructed. But also much more general constraints such as the wide class of con-
vex, one–homogeneous and weakly lower semi-continuous constraints are possible,
see e.g. [3, 33, 34, 36, 49] or [9, 11].

In what follows we restrict ourselves to `p-norm constraints. Once a frame is preas-
signed, we know that for every x ∈ X there is a sequence c such that x = F∗c, and
therefore the given operator equation can be expressed as F (F∗c) = y. Consequently,
we can define, for a given a-priori guess c̄ ∈ `2(Λ), an adequate Tikhonov functional
by

Jα(c) = ‖F (F∗c)− yδ‖2 + αΨ(c, c̄) (4.2)

with minimizer
cδα := arg min

c∈`2(Λ)
Jα(c) .

To specify Ψ, we define

Ψp,w(c) :=

(∑
λ∈Λ

wλ|cλ|p
)1/p

,
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where w = {wλ}λ∈Λ is a sequence of weights with 0 < C < wλ. A popular
choice for the ansatz system {φλ : λ ∈ Λ} are wavelet bases or frames. In par-
ticular, for orthonormal wavelet bases and for properly chosen weights w one has
Ψp,w(c) ∼ ‖c‖Bsp,p , where Bs

p,p denotes a standard Besov space. In this section we
restrict the analysis to either Ψ(c, c̄) = Ψp,w(c− c̄) or Ψ(c, c̄) = Ψ

p
p,w(c− c̄).

For cδα as a minimizer of (4.2) we can achieve for any of the introduced sparsity
measures regularization properties if the following assumptions hold true:

(i) F is strongly continuous, i.e. cn w→ c⇒ F (cn)→ F (c),

(ii) a-priori parameter available with α(δ)→ 0 and δ2/α(δ)→ 0 as δ → 0,

(iii) x† as well c̄ have finite value of Ψp,ω.

Here, we denote by the symbol w→ the weak convergence.

Theorem 4.1. Suppose (i) and (iii) hold and that we are given a sequences δk → 0 and
α(δk) with (ii). Then the sequence of minimizers cδkαk has a convergent subsequence
that converges with respect to Ψ towards a solution of F (F∗c) = y. If the solution is
unique, the whole sequence converges with respect to Ψ, i.e.

lim
k→∞

Ψ(cδkαk − c
†) = 0 . (4.3)

Consequently, the variational Tikhonov approach with properly chosen sparsity con-
straints is a regularization method.

4.2 Convergence Rates for A-Priori Parameter Rules

The convergence in (4.3) can be arbitrarily slow. Therefore, conditions for establishing
convergence rates need to be achieved. As the analysis that is required for nonlinear
operator equations can be under several conditions on the operator F reduced to the
study of the linear operator case, we limit the discussion to the linear case for which
convergence rates can be shown. The results within this Section have been first pub-
lished in [48].

Consider the linear and ill-posed operator equation

Ãx = g (4.4)

Ã : Xp,ω → L2(Ω) .

Here,Xp,w denotes a Banach space which is a subspace ofL2(Ω), with parameters p ∈
(1, 2) and w = {wλ}λ∈Λ, where Ω is a bounded open subset of Rd, with d ≥ 1, and
Λ is an index set of (possibly tuples of) integer indices. Although one could employ
more general separable Hilbert spaces than L2(Ω), we consider here the Lebesgue
space case, for simplicity.
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We are in particular interested in the reconstruction of solutions of (4.4) that admit
a sparse structure with respect to a given basis in the Banach space Xp,w. In these
cases it is desirable to choose a regularization method that also promotes a sparse
reconstruction. For instance, suitable choices for the spacesXp,w are the Besov spaces
Bs
p,p with p ∈ (1, 2), in case of a sufficiently smooth wavelet basis and properly chosen

weights - see, e.g., [5], [37] for detailed discussions.
Instead of solving the above equation in a function space setting, we will transform it

into a sequential setting. By choosing a suitable orthonormal basis Φ = {φλ : λ ∈ Λ}
for the space L2(Ω), both x and Ãx can be expressed with respect to Φ. Thus,

Ãx =
∑
λ′

∑
λ

〈x, φλ〉〈Ãφλ, φλ′〉 φλ′ . (4.5)

Defining the infinite dimensional matrix A and vectors c, y by

A = (〈Ãφλ, φλ′〉)λ,λ′∈Λ, c = (〈c, φλ〉)λ∈Λ, y = (〈g, φλ〉)λ∈Λ , (4.6)

equation (4.4) can be reformulated as an (infinite) linear system

Ac = b. (4.7)

To specify the spaces Xp,w, we define for a given orthonormal basis Φ and positive
weights w

x ∈ Xp,w ⇐⇒
∑
λ

wλ|〈x, φλ〉|p <∞ ,

i.e. c belongs to the weighted sequence space `p,w, where

`p,w =

c = {cλ}λ∈Λ : ‖c‖p,w =

(∑
λ

wλ|cλ|p
) 1

p

<∞

 .

Since `p ⊂ `q with ‖c‖q ≤ ‖c‖p for p ≤ q, one also has `p,w ⊂ `q,w′ for p ≤ q and
w′ ≤ w. In particular, if the sequence of weights is positive and bounded from below,
i.e., 0 < C ≤ wλ for some C > 0, then `p,w ⊂ `2 for p ≤ 2.

With the above discretization, we consider the sequence space operator equation

Ac = y (4.8)

A : `p,w → `2,

where A is a linear and bounded operator. Now we are prepared to investigate conver-
gence rates for Tikhonov regularization with sparsity constraints, where the approxi-
mation of the solution is obtained as a minimizer of

Jα(c) = ‖Ac− yδ‖2 + 2αΨ
p
p,w(c) , (4.9)

with regularization parameter α > 0. Note that the function Ψ
p
p,w is strictly convex

since the p-powers of the norms are so. In addition, the function Ψ
p
p,w is Fréchet differ-

entiable. In order to obtain convergence rates we need the following source conditions,
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(SC) Ψ
p
p,w
′(c†) = A∗v, for some v ∈ `2.

(SC I) Ψ
p
p,w
′(c†) = A∗Av̂, for some v̂ ∈ `p,w.

For the above given source conditions we get the following convergence rates:

Proposition 4.2. Assume that the noisy data yδ fulfill ‖y−yδ‖ ≤ δ and that p ∈ (1, 2).
i) If (SC) and α ∼ δ, then the following error estimates hold for the minimizer cδα of
(4.9):

‖cδα − c†‖p,w = O(δ
1
2 ), ‖Acδα − y‖ = O(δ).

ii) If (SC I) and α ∼ δ
2
p+1 , then

‖cδα − c†‖p,w = O(δ
p
p+1 ), ‖Acδα − y‖ = O(δ).

Recently it is shown in [26] that under the assumption that c† is sparse and (SC)
holds, the convergence rate is O(δ

1
p ) for p ∈ [1, 2) (thus, up to O(δ)) with respect to

the `2 norm of cδα − c† (which is weaker than the `p,w norm for p < 2). These rates
are already higher, when p < 1.5, than the ”superior limit” of O(δ

2
3 ) established for

quadratic regularization. This indicates that the assumption of sparsity is a very strong
source condition. Next we give a converse results for the first source condition, which
shows that the above given convergence rate can only hold if the source condition is
fulfilled.

Proposition 4.3. If ‖y− yδ‖ ≤ δ, the rate ‖Acδα− y‖ = O(δ) holds and cδα converges
to c† in the `p,w weak topology as δ → 0 and α ∼ δ, then Ψ

p
p,w
′(c†) belongs to the

range of the adjoint operator A∗.

In what follows, we characterize sequences that fulfill the source condition (SC I).
To this end we introduce the power of a sequence by

wt = {wtλ}λ∈Λ, t ∈ R ,

and will consider the operator

A : `p′,w′ → `2 . (4.10)

Please note that ‖ · ‖p,w is still used as penalty and that p, p′ and w,w′ are allowed to
be different, respectively. In the sequel, the dual exponents to the given p, p′ will be
denoted by q, q′. Consider first the case p, p′ > 1.

Proposition 4.4. Let p, p′ > 1, the operatorA and Ψ
p
p,w be given as above, and assume

that p ≤ p′, w′ ≤ w holds true. Then a solution c† of Ac = y fulfilling A∗v =
Ψ
p
p,w
′(c†) satisfies

c† ∈ `(p−1)q′,(w′)−q′/p′ ·wq′ . (4.11)
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The previous result states only a necessary condition. In order to characterize
the smoothness condition in terms of spaces of sequences, we relate the spaces to
range(A∗):

Proposition 4.5. Let p, p′ > 1, the operatorA and Ψ
p
p,w be given as above, and assume

that p ≤ p′, w′ ≤ w holds true. Moreover, assume

range(A∗) = `q̃,w̃−q̃/p̃ ⊂ `q′,w′−q′/p′

for some p̃, q̃ > 1. Then each sequence

c† ∈ `(p−1)q̃,w̃−q̃/p̃·wq̃ (4.12)

fulfills the smoothness condition (SC).

The above derived conditions on sequences fulfilling a source condition (SC) mean
in principle that the sequence itself has to converge to zero fast enough. They can
also be interpreted in terms of smoothness of an associated function: If the function
system Φ in (4.5), (4.6) is formed by a wavelet basis, then the norm of a function in
the Besov spaceBs

p,p coincides with a weighted `p norm of its wavelet coefficients and
properly chosen weights [8]. In this sense, the source condition requires the solution to
belong to a certain Besov space. The assumption on range(A∗) in Proposition 4.5 then
means that the range of the dual operator equals a Besov space. Similar assumptions
were used for the analysis of convergence rates for Tikhonov regularization in Hilbert
scales, see [31, 30, 27].

4.3 Regularization Result for A-Posteriori Parameter Rules

We deal with Morozov’s discrepancy principle as an a-posteriori parameter choice
rule for Tikhonov regularization with general convex penalty terms Ψ. The results
presented in this Section were first published in [1]. In this framework it can be shown
that a regularization parameter α fulfilling the discprepancy principle exists, whenever
the operator F satisfies some basic conditions, and that for suitable penalty terms the
regularized solutions converge to the true solution in the topology induced by Ψ. It is
illustrated that for this parameter choice rule it holds α→ 0, δq/α→ 0 as the noise
level δ goes to 0.

We assume the operator F : dom(F ) ⊂ X → Y between reflexive Banach spaces
X,Y , with 0 ∈ dom(F ), to be weakly continuous, q > 0 to be fixed, and that the
penalty term Ψ(x) fulfills the following condition.

Condition 4.6. Let Ψ : D(Ψ) ⊂ X → R
+, with 0 ∈ dom(Ψ), be a convex functional

such that
(i) Ψ(x) = 0 if and only if x = 0,
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(ii) Ψ is weakly lower semicontinuous (w.r.t. the Banach space topology on X),

(iii) Ψ is weakly coercive, i.e. ‖xn‖ → ∞⇒ Ψ(xn)→∞.

We want to recover solutions x ∈ X of F (x) = y, where we are given yδ with
‖yδ − y‖ ≤ δ.

Definition 4.7. As before, our regularized solutions will be the minimizers xδα of the
Tikhonov-type variational functionals

Jα(x) =

{
‖F (x)− yδ‖q + αΨ(x) if x ∈ dom(Ψ) ∩ dom(F )
+∞ otherwise.

(4.13)

For fixed yδ, we denote the set of all minimizers by Mα, i.e.

Mα = {xδα ∈ X : Jα(xδα) ≤ Jα(x), ∀x ∈ X} (4.14)

We call a solution x† of equation F (x) = y an Ψ-minimizing solution if

Ψ(x†) = min {Ψ(x) : F (x) = y},

and denote the set of all Ψ-minimizing solutions by L. Throughout this paper we
assume that L 6= ∅.

Morozov’s discrepancy principle goes now as follows.

Definition 4.8. For 1 < τ1 ≤ τ2 we choose α = α(δ, yδ) > 0 such that

τ1δ ≤ ‖F (xδα)− yδ‖ ≤ τ2δ (4.15)

holds for some xδα ∈Mα.

Condition 4.9. Assume that yδ satisfies

‖y − yδ‖ ≤ δ < τ2δ < ‖F (0)− yδ‖, (4.16)

and that there is no α > 0 with minimizers x1, x2 ∈Mα such that

‖F (x1)− yδ‖ < τ1δ ≤ τ2δ < ‖F (x2)− yδ‖.

Then we have the following

Theorem 4.10. If Condition 4.9 is fulfilled, then there are α = α(δ, yδ) > 0 and
xδα ∈Mα(δ,yδ) such that (4.15) holds.

Based on this existence result, we are able to establish regularization properties.
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Condition 4.11. Let (xn)n∈N ⊂ X be such that xn w→ x̄ ∈ X and Ψ(xn)→ Ψ(x̄) <
∞, then xn converges to x̄ with respect to Ψ, i.e.,

Ψ(xn − x̄)→ 0.

Remark 4.12. Choosing weighted `p-norms of the coefficients with respect to some
frame {φλ : λ ∈ Λ} ⊂ X as the penalty term, i.e.

Ψp,w(x) = ‖x‖w,p =
(∑
λ∈Λ

wλ|〈x, φλ〉|p
)1/p

, 1 ≤ p ≤ 2, (4.17)

where 0 < C ≤ wλ, satisfies Condition 4.11. Therefore the same automatically holds
for Ψ

p
p,w(x). Note that these choices also fulfill all the assumptions in Condition 4.6.

Theorem 4.13. Let δn → 0 and F,Ψ satisfy the Conditions 4.6, 4.11. Assume that
yδn fulfills Condition 4.9 and choose αn = α(δn, yδn), xn ∈ Mαn such that (4.15)
holds, then each sequence xn has a subsequence that converges to an element of L
with respect to Ψ.

Remark 4.14. If instead of Condition 4.11 the penalty term Ψ(x) satisfies the Kadec
property, i.e., xn

w→ x̄ ∈ X and Ψ(xn)→ Ψ(x̄) <∞ imply ‖xn − x̄‖ → 0, then the
convergence in Corollary 4.13 holds with respect to the norm.

Condition 4.15. For all x† ∈ L (see Definition 4.7) we assume that

lim inf
t→0+

‖F ((1− t)x†)− y)q‖
t

= 0. (4.18)

The following Lemma provides more insight as to the nature of Condition 4.15.

Lemma 4.16. Let X be a Hilbert space and q > 1. If F (x) is differentiable in the
directions x† ∈ L and the derivatives are bounded in a neigbourhood of x†, then
Condition 4.15 is satisfied.

Theorem 4.17. Let F,Ψ satisfy the Conditions 4.6, 4.15. Moreover, assume that data
yδ, δ ∈ (0, δ∗), are given such that Condition 4.9 holds, where δ∗ > 0 is an arbi-
trary upper bound. Then the regularization parameter α = α(δ, yδ) obtained from
Morozov’s discrepancy principle (see Definition 4.8) satisfies

α(δ, yδ)→ 0 and
δq

α(δ, yδ)
→ 0 as δ → 0.
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Remark 4.18. In the proof of Theorem 4.17 we have used that ‖F (0)−y‖ > 0, which
is an immediate consequence of (4.16). On the other hand, whenever ‖F (0)− y‖ > 0
we can choose

0 < δ∗ ≤ 1
τ2 + 1

‖F (0)− y‖

and for all 0 < δ < δ∗ and yδ satisfying ‖y − yδ‖ ≤ δ we obtain

‖F (0)− yδ‖ ≥ ‖F (0)− y‖ − ‖y − yδ‖ ≥ ‖F (0)− y‖ − δ > τ2δ,

which is (4.16). Therefore (4.16) can be fulfilled for all δ smaller than some δ∗ > 0,
whenever y 6= F (0).

4.4 Convergence Rates for A-Posteriori Parameter Rules

Finally, we establish convergence rates with respect to the generalized Bregman dis-
tance.

Definition 4.19. Let ∂Ψ(x) denote the subgradient of Ψ at x ∈ X . The generalized
Bregman distance with respect to Ψ of two elements x, z ∈ X is defined as

DΨ(x, z) = {Dξ
Ψ
(x, z) : ξ ∈ ∂Ψ(z) 6= ∅},

where
Dξ

Ψ
(x, z) = Ψ(x)−Ψ(z)− 〈ξ, x− z〉.

Condition 4.20. Let x† be an arbitrary but fixed Ψ-minimizing solution of F (x) = y.
Assume that the operator F : X → Y is Gâteaux differentiable and that there is
w ∈ Y ∗ such that

F ′(x†)∗w ∈ ∂Ψ(x†). (4.19)

Throughout the remainder of this section let w ∈ Y ∗ be arbitrary but fixed fulfilling
(4.19) and ξ ∈ ∂Ψ(x†) be defined as

ξ = F ′(x†)∗w. (4.20)

Moreover, assume that one of the two following non-linearity conditions holds:
(i) There is c > 0 such that for all x, z ∈ X it holds that

〈w,F (x)− F (z)− F ′(z)(x− z)〉 ≤ c‖w‖Y ∗‖F (x)− F (z)‖. (4.21)

(ii) There are ρ > 0, c > 0 such that for all x ∈ dom(F ) ∩ Bρ(x†),

‖F (x)− F (x†)− F ′(x†)(x− x†)‖ ≤ c Dξ
Ψ
(x, x†), (4.22)

and it holds that
c‖w‖Y ∗ < 1. (4.23)
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Here, Bρ(x†) denotes a ball around x† with radius ρ.

Theorem 4.21. Let the operator F and the penalty term Ψ be such that Condtions 4.6
and 4.20 hold. For all 0 < δ < δ∗ assume that the data yδ fulfill Condition 4.9, and
choose α = α(δ, yδ) according to the discrepancy principle in Definition 4.8. Then

‖F (xδα)− F (x†)‖ = O(δ), Dξ
Ψ
(xδα, x

†) = O(δ). (4.24)

5 Iterated Shrinkage for Nonlinear Ill-Posed Problems
This section is devoted to the elaboration of a numerical scheme to derive a minimizer
of

Jα(c) = ‖F (F∗c)− yδ‖2 + αΨ(Bc) , (5.1)

for some given α > 0 and where we have assumed (for simplicity) that c̄ = 0 motivat-
ing the shorthand notation to Ψ(c) for Ψ(c, 0) and where B is an isometric mapping.
But, in contrast to Section 4, in which the choice of Ψ was restricted to weighted `p-
norms, we allow in this section a much broader range constraints, namely the wide
range of positive, one–homogeneous, lower semi–continuous and convex penalty con-
straints, where the `p norm is just one famous example. Further important cases
such as the TV measure can be found in [3, 33, 34, 36, 49]. Since we focus here
on constraints that work on the basis of frame coefficients, TV –like constraints are
not directly applicable here. But there is a remarkable relation between TV penal-
ties and frame coefficient-oriented constraints which can be explained by the inclusion
B1

1,1 ⊂ BV ⊂ B1
1,1 − weak (in two dimensions), see for further Harmonic analy-

sis on BV [9, 11]. This relation yields a wavelet-based near BV reconstruction when
limiting to Haar frames and using aB1

1,1 constraint, see for further elaboration [16, 17].
One additional important condition that is necessary for our further analysis is

‖c‖`2 ≤ Ψ(Bc). (5.2)

To derive a minimizer of (5.1), we follow the strategies developed for nonlinear
problems with quadratic penalties suggested in [44]. These concepts seem to be also
adequate when dealing with sparsity, or more general, with one–homogeneous con-
straints. The idea goes as follows: we replace (5.1) by a sequence of functionals from
which we hope that they are easier to treat and that the sequence of minimizers con-
verge in some sense to, at least, a critical point of (5.1). To be more concrete, for some
auxiliary a ∈ `2, we introduce the a surrogate functional

Jsα(c, a) := Jα(c) + C‖c− a‖2
`2
− ‖F (F∗c)− F (F∗a)‖2

Y (5.3)

and create an iteration process by:

(i) Pick c0 and some proper constant C > 0
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(ii) Derive a sequence (cn)n=0,1,... by the iteration:

cn+1 = arg min
c
Jsα(c, cn) n = 0, 1, 2, . . . (5.4)

As a minor but relatively common restriction, convergence of iterations (5.4) can
only be established when the class of operators F is restricted to (twice)Frechét differ-
entiable operators fulfilling

cn
w→ c? =⇒ F (F∗cn)→ F (F∗c?) , (5.5)

F ′(F∗cn)∗y → F ′(F∗c?)∗y for all y , and (5.6)

‖F ′(F∗c)− F ′(F∗c′)‖ ≤ LC2‖c− c′‖ . (5.7)

These conditions are essentially necessary to establish weak convergence. If F is not
equipped with conditions (5.5)-(5.7) as an operator fromX → Y , this can be achieved
by assuming more regularity of x, i.e. changing the domain of F a little (hoping that
the underlying application still fits with modified setting). To this end, we then assume
that there exists a function spaceXs, and a compact embedding operator is : Xs → X .
Then we may consider F̃ = F ◦ is : Xs −→ Y . Lipschitz regularity is preserved.
Moreover, if now xn

w→ x? inXs, then xn→x? inX and, moreover, F̃ ′(xn)→ F̃ ′(x?)
in the operator norm. This argument applies to arbitrary nonlinear continuous and
Fréchet differentiable operators F : X → Y with continuous Lipschitz derivative as
long as a function space Xs with compact embedding is into X is available.

At a first glance the made assumptions on F might seem to be somewhat restrictive.
But compared to usually made assumptions in nonlinear inverse problems they are in-
deed reasonable and are fulfilled by numerous applications.

All what follows in the remaining section can be comprehensively retraced (includ-
ing all proofs) in [46].

5.1 Properties of the Surrogate Functional

By the definition of Jsα in (5.3) it is not clear whether the functional is positive definite
or even bounded from below. This will be the case provided the constant C is chosen
properly.

For given α > 0 and c0 we define a ball Kr := {c ∈ `2 : Ψ(Bc) ≤ r}, where the
radius r is given by

r :=
‖yδ − F (F∗c0)‖2

Y + 2αΨ(Bc0)
2α

. (5.8)

This obviously ensures c0 ∈ Kr. Furthermore, we define the constant C by

C := 2C2 max

{(
sup
c∈Kr

‖F ′(F∗c)‖
)2

, L
√
Jα(c0)

}
, (5.9)
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where L is the Lipschitz constant of theFrechét derivative of F and C2 the upper frame
bound in (3.6). We assume that c0 was chosen such that r <∞ and C <∞.

Lemma 5.1. Let r and C be chosen by (5.8), (5.9). Then, for all c ∈ Kr,

C‖c− c0‖2
`2
− ‖F (F∗c)− F (F∗c0)‖2

Y ≥ 0

and thus, Jα(c) ≤ Jsα(c, c0).

In our iterative approach, this property carries over to all of the iterates.

Proposition 5.2. Let c0, α be given and r, C be defined by (5.8), (5.9). Then the func-
tionals Jsα(c, cn) are bounded from below for all c ∈ `2 and all n ∈ N and have thus
minimizers. For the minimizer cn+1 of Jsα(c, cn) holds cn+1 ∈ Kr.

The proof of the latter Proposition 5.2 directly yields

Corollary 5.3. The sequences (Jα(cn))n∈N and (Jsα(cn+1, cn))n∈N are non-increasing.

5.2 Minimization of the Surrogate Functionals

To derive an algorithm that approximates a minimizer of (5.1), we elaborate the nec-
essary condition.

Lemma 5.4. The necessary condition for a minimum of Jsα(c, a) is given by

0 ∈ −FF ′(F∗c)∗(yδ − F (F∗a)) + C c− C a+ αB∗∂Ψ(Bc) . (5.10)

This result can be achieved when introducing the functional Θ via the relation v ∈
∂Θ(c)⇔ Bv ∈ ∂Ψ(Bc); then one obtaines in the notion of subgradients,

∂Jsα(c, a) = −2FF ′(F∗c)∗(yδ − F (F∗a)) + 2C c− 2C a+ 2α∂Θ(c) .

Lemma 5.5. Let M(c, a) := FF ′(F∗c)∗(yδ − F (F∗a))/C + a. The necessary con-
dition (5.10) can then be casted as

c =
α

C
B∗ (I − PC)

(
C

α
BM(c, a)

)
, (5.11)

where PC is an orthogonal projection onto a convex set C.

To verify Lemma 5.5, one has to establish the relation between Ψ and C. To this
end, we consider the Fenchel or so–called dual functional of Ψ, which we will denote
by Ψ∗. For a functional Ψ : X → R, the dual function Ψ∗ : X ∗ → R is defined by

Ψ
∗(x∗) = sup

x∈X
{〈x∗, x〉 −Ψ(x)} .
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Since we have assumed Ψ to be a positive and one homogeneous functional, there ex-
ists a convex set C such that Ψ∗ is equal to the indicator function χC over C. Moreover,
in a Hilbert space setting, we have total duality between convex sets and positive and
one homogeneous functionals, i.e. Ψ = (χC)∗.

Consequently, with the shorthand notation M(c, a) we may rewrite (5.10),

B
M(c, a)− c

α
C

∈ ∂Ψ(Bc) ,

and thus, by convex analysis standard arguments,

C

α
Bc ∈ C

α
∂Ψ
∗
(
B
M(c, a)− c

α
C

)
.

In order to have an expression by means of projections, we expand the latter formula
as follows

B
M(c, a)

α
C

∈ B
M(c, a)− c

α
C

+
C

α
∂Ψ
∗
(
B
M(c, a)− c

α
C

)
=

(
I +

C

α
∂Ψ
∗
)(

B
M(c, a)− c

α
C

)
,

which is equivalent to(
I +

C

α
∂Ψ
∗
)−1(

B
M(c, a)

α
C

)
= B

M(c, a)− c
α
C

.

Again, by standard arguments, (for more details, see [46])it is known that
(
I + C

α ∂Ψ∗
)−1

is nothing than the orthogonal projection onto a convex set C, and hence the assertion
(5.11) follows.

Lemma 5.5 states that for minimizing (5.3) we need to solve the fixed point equation
(5.11). To this end, we introduce the associated fixed point map Φα,C with respect to
some α and C, i.e.

Φα,C(c, a) :=
α

C
B∗(I − PC)

(
B
M(c, a)

α
C

)
.

In order to ensure contractivity of Φα,C for some generic a we need two standard
properties of convex sets, see [7].

Lemma 5.6. Let K be a closed and convex set in some Hilbert space X , then for all
u ∈ X and all k ∈ K the inequality 〈u− PKu, k − PKu〉 ≤ 0 holds true.
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Lemma 5.7. Let K be a closed and convex set, then for all u, v ∈ X the inequality

‖u− v − (PKu− PKv)‖ ≤ ‖u− v‖

holds true.

Thanks to Lemmata 5.6 and 5.7 we obtain

Lemma 5.8. The mapping I − PC is non–expansive.

The latter statement provides contractivity of Φα,C(·, a).

Lemma 5.9. The operator Φα,C(·, a) is a contraction, i.e.

‖Φα,C(c, a)−Φα,C(c̃, a)‖`2 ≤ q‖c− c̃‖`2 if q :=
C2L

C

√
Jα(a) < 1 .

This consequently leads to

Proposition 5.10. The fixed point map Φα,C(c, cn) that is applied in (5.11) to compute
c is due to definition (5.9) for all n = 0, 1, 2, . . . and all α > 0 and C a contraction.

The last proposition guarantees convergence towards a critical point of Jsα(·, cn).
This can be sharpened.

Proposition 5.11. The necessary equation (5.11) for a minimum of the functional
Jsα(·, cn) has a unique fixed point, and the fixed point iteration converges towards
the minimizer.

By assuming more regularity on F , the latter statement can be improved a little.

Proposition 5.12. Let F be a twice continuously differentiable operator. Then the
functional Jsα(·, cn) is strictly convex.

5.3 Convergence Properties

Within this section we establish convergence properties of (cn)n∈N. In particular, we
show that (cn)n∈N converges strongly towards a critical point of Jα.

Lemma 5.13. The sequence of iterates (cn)n∈N has a weakly convergent subsequence.

This is an immediate consequence of Proposition 5.2, in which we have shown that
for n = 0, 1, 2, . . . the iterates cn remain in Kr. Moreover, with the help of Corollary
5.3, we observe the following lemma that is essentially used in the convergence proof.

Lemma 5.14. For the iterates cn holds limn→∞ ‖cn+1 − cn‖`2 = 0.
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To arrive at weak convergence, we need the following preliminary lemmatas. They
state properties involving the general constraint Θ. To achieve strong convergence the
analysis is limited to the class of constraints given by weighted `p norms.

Lemma 5.15. Let Θ be a convex and weakly lower semi–continuous functional. For
sequences vn → v and cn w→ c, assume vn ∈ ∂Θ(cn) for all n ∈ N. Then, v ∈ ∂Θ(c).

Thanks to last Lemma 5.15 we therefore have weak convergence.

Lemma 5.16. Every subsequence of (cn)n∈N has a weakly convergent subsequence
(cnl)l∈N with weak limit c?α that satisfies the necessary condition for a minimizer of
Jα,

FF ′(F∗c?α)∗(yδ − F (F∗c?α)) ∈ α∂Θ(c?α) . (5.12)

Lemma 5.17. Let (cnl)l∈N ⊂ (cn)n∈N with cnl w→ c?α. Then, liml→∞Θ(cnl) = Θ(c?α)

Combining the previous lemmatas and restricting the constraints to weighted `p
norms, we can achieve strong convergence of the subsequence (cnl)l∈N.

Theorem 5.18. Let (cnl)l∈N ⊂ (cn)n∈N with cnl w→ c?α. Assume, moreover, that

Θ(c) = Ψ(c) =

∑
j

wj |cj |p
1/p

with wj ≥ r > 0 and 1 ≤ p ≤ 2. Then the subsequence (cnl)l∈N converges also in
norm.

In principle, the limits of different convergent subsequences of cn may differ. Let
cnl → c?α be a subsequence of cn, and let cnl ′ the predecessor of cnl in cn, i.e.
cnl = ci and cnl ′ = ci−1. Then we observe, Jsα(cnl , cnl ′) → Jα(c?α). Moreover,
as we have Jsα(cn+1, cn) ≤ Jsα(cn, cn−1) for all n, it turns out that the value of the
Tikhonov functional for every limit c?α of a convergent subsequence remains the same,
i.e. Jα(c?α) = const .

We summarize our findings and give a simple criterion that ensures strong conver-
gence of the whole sequence (cn)n∈N towards a critical point of Jα.

Theorem 5.19. Assume that there exists at least one isolated limit c?α of a subsequence
cnl of cn. Then cn → c?α as n→∞. The accumulation point c?α is a minimizer for the
functional Jsα(·, c?α) and fulfills the necessary condition for a minimizer of Jα.

Moreover, we obtain, Jsα(c?α + h, c?α) ≥ Jsα(c?α, c
?
α) + C

2 ‖h‖
2 and with Lemma 5.12

the second assertion in the theorem can be shown. The first assertion of the theorem
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can be directly taken from [44].

As a summary of the above reasoning we suggest the following implementation of
the proposed Tikhonov-based projection iteration.

Iterated (generalized) Shrinkage

for nonlinear ill-posed and inverse problems with sparsity constraints

Given operator F , its derivative F ′, matrix B, data yδ, some ini-
tial guess c0, and α > 0

Initialization Kr = {c ∈ `2 : Ψ(Bc) ≤ r} with r = Jα(c0)/(2α),
C = 2C2 max{supc∈Kr ‖F

′(F∗c)‖2, L
√
Jα(c0)}

Iteration for n = 0, 1, 2, . . . until a preassigned precision / maxi-
mum number of iterations

1. cn+1 = α
CB
∗(I − PC)

(
C
αBM(cn+1, cn)

)
by fixed point iteration, and where

M(cn+1, cn) = cn + 1
CFF

′(F∗cn+1)∗(yδ − F (F∗cn))

end

5.4 Application of Sparse Recovery to SPECT

This section is devoted to the application of the developed theory to a sparse recov-
ery problem in the field of single photon emission computed tomography (SPECT).
SPECT is a medical imaging technique where one aims to reconstruct a radioactivity
distribution f from radiation measurements outside the body. The measurements are
described by the attenuated Radon transform (ATRT)

y = A(f, µ)(s, ω) =
∫
R

f(sω⊥ + tω)e−
∫∞
t µ(sω⊥+rω)drdt . (5.13)

As the measurements depend on the (usually also unknown) density distribution µ
of the tissue, we have to solve a nonlinear problem in (f, µ). A throughout analysis
of the nonlinear ATRT was presented by Dicken [22], and several approaches for its
solution were proposed in [4, 29, 56, 57, 43, 40, 41, 42]. If the ATRT operator is
considered with

D(A) = Hs1
0 (Ω)×Hs2

0 (Ω) ,
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Figure 1. Activity function f∗ (left) and attenuation function µ∗ (right). The activity
function models a cut through the heart.
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Figure 2. Generated data g(s, ω) = A(f∗, µ∗)(s, ω).

where Hs
0 (Ω) denotes a Sobolev space over a bounded area Ω with zero boundary

conditions and smoothness s, then the operator is twice continuous Fréchet differen-
tiable with Lipschitz continuous first derivative, if s1, s2 are chosen large enough. A
possible choice for these parameters that also reflects the smoothness properties of ac-
tivity and density distribution is s1 > 4/9 and s2 = 1/3. For more details we refer to
[41, 21]. Additionally, it has been shown that conditions (5.5), (5.7) hold [39]. For our
test computations, we will use the so called MCAT – phantom [51], see Figure 1. Both
functions were given as 80× 80 pixel images. The sinogram data was gathered on 79
angles, equally spaced over 360 degree, and 80 samples. The sinogram belonging to
the MCAT phantom is shown in Figure 2.

At first, we have to choose the underlaying frame or basis on which we put the spar-
sity constraint. Since a wavelet expansion might sparsely represent images/functions
(better than pixel basis), we have chosen a wavelet basis (here Daubechies wavelets of
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Figure 3. Reconstructions with 5% noise and α = 350: sparsity constraint (left) and
Hilbert space constraint (right).

Figure 4. Reconstruction with sparsity constraint and 5% noise. The regularization pa-
rameter (α = 5) was chosen such that ‖yδ −A(f∗, µ∗)‖ ≈ 2δ

order two) to represent (f, µ), i.e.

(f, µ) =

∑
k

c(f)kφ0,k +
∑
j≥0,i,k

d(f)ij,kψ
i
j,k ,

∑
k

c(µ)kφ0,k +
∑
j≥0,i,k

d(µ)ij,kψ
i
j,k

 .

For more details we refer the reader to [12]. For our implementation we have chosen
B = I and Ψ(·) = ‖·‖`1 . As an observation, the speed of convergence depends heavily
on the choice of the constant C in (5.3). According to our convergence analysis, it has
to be chosen reasonably large. However, a large C speeds up the convergence of
the inner iteration, but decreases the speed of convergence of the outer iteration. In
our example, we needed only 2-4 inner iteration, but the outer iteration required about
5000 iterations. As the minimization in the quadratic case needed much less iterations,
this suggests that the speed of convergence also increases with p.

According to (5.2), the functional Ψ will always have a bigger value than ‖ · ‖`2 . If
Ψ(c) is not too large, then it will also dominate ‖c‖2

`2
, which also represents the classi-

cal L2−norm, and we might conclude that reconstructions with the classical quadratic
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Figure 5. Values of the reconstructed activity function through the heart (left) and well
below the heart (right). Solid line: reconstruction with sparsity constraint, dashed line:
quadratic Hilbert space penalty

Figure 6. Histogram plot of the wavelet coefficient of the reconstructions. Left: sparsity
constraint, Right: quadratic Hilbert space constraint.

Hilbert space constraint and sparsity constraint will not give comparable results if the
same regularization parameter is used. As Ψ is dominant, we expect a smaller (op-
timal) regularization parameter in the case of the penalty term Ψ. This is confirmed
by our first test computations: Figure 3 shows the reconstructions from noisy data
where the regularization parameter was chosen as α = 350. The reconstruction with
the quadratic Hilbert space penalty (we have used the L2 norm) is already quite good,
whereas the reconstruction for the sparsity constraint is still far off. In fact, if we
consider Morozov’s discrepancy principle, then the regularization parameter in the
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quadratic case has been chosen optimal, as we observe

‖yδ −A(f δα, µ
δ
α)‖ ≈ 2δ .

To obtain a reasonable basis for comparison, we adjusted the regularization parameter
α such that the residual had also a magnitude of 2δ in the sparsity case, which occurred
for α = 5 . The reconstruction can be seen in Figure 4.

A visual inspection shows that the reconstruction with sparsity constraint yields
much sharper contours. In particular, the absolute values of f in the heart are higher
in the sparsity case, and the artifacts are not as bad as in the quadratic constraint case,
as can be seen in Figure 5. It shows a plot of the values of the activity function for
both reconstructions along a row in the image in Figures 3 and 4 respectively. The left
graph shows the values at a line that goes through the heart, and right graph shows
the values along a line well outside the heart, where only artifacts occur. Clearly, both
reconstructions are different, but it certainly needs much more computations in order
to decide in which situations a sparsity constraint has to be preferred. A histogram plot
of the wavelet coefficients for both reconstructions shows that the reconstruction with
sparsity constraint has much more small coefficients - it is, as we did expect, a sparse
reconstruction, see Figure 6.

6 Projected Accelerated Steepest Descent for Nonlinear
Ill-Posed Problems

In the previous section we have discussed the iterated generalized shrinkage method
given by

cn+1 =
α

C
B∗(I − PC)

(
C

α
B
{
cn + FF ′(F∗cn+1)∗(yδ − F (F∗cn))/C

})
.

For special choices of Ψ (e.g. Ψ(c) = ‖c‖`1), this iteration then allows due its simple
nature an easy to implement recovery algorithm. But the convergence is rather slow
and does not change substantially through different choices of Ψ. One first serious step
to accelerate such types of iterations (but for linear problems) was suggested in [15], in
which the authors “borrowed a leaf” from standard linear steepest descent methods by
using an adaptive step length. In addition to this, the authors concluded from a detailed
analysis of the characteristic dynamics of the iterated soft-shrinkage that the algorithm
converges initially relatively fast, then it overshoots the `1 penalty, and it takes very
long to re-correct back. The proposed way to circumvent this “external” detour is to
force the iterates to remain within a particular `1 ball BR := {c ∈ `2; ‖c‖`1 ≤ R}.
This has led to the constrained optimization problem

min
c∈BR

‖AF∗c− yδ‖2 (6.1)
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resulting in a significantly different proceeding. The shrinkage operation is replaced
by a projection PBR (where the projection PC(c) is defined for any closed convex set
C and any c as the unique point in C for which the `2 distance to c is minimal) leading
for properly chosen γ > 0 to the following iteration,

cn+1 = PBR(cn + γFA∗(yδ −AF∗cn)). (6.2)

However, the speed of convergence remained very slow. Therefore, as mentioned
above, the authors suggested to introduce an adaptive “descent parameter” γn > 0 in
each iteration yielding

cn+1 = PBR(cn + γnFA∗(yδ −AF∗cn)) . (6.3)

The authors of [15] referred to this modified algorithm as the projected gradient iter-
ation or the projected steeptest descent method. They have determined how large one
can choose the successive γn and have shown weak as well as strong convergence of
the method (with and without acceleration). Alternative approaches for sparse recov-
ery that are closely related to the introduced method are the schemes presented in [32]
and [55]. The analysis in [55] is limited to finite dimensions and the strategy provided
in [32] is suited for linear inverse problems. The principle there is to reformulate the
minimization problem as a bounded constrained quadratic program, and then apply
iterative project gradient iterations.

In this section we show that iteration (6.3) (and also more general formulations) can
be directly extended to the nonlinear situation resulting in

cn+1 = PBR(cn + γnFF ′(F∗cn+1)∗(y − F (F∗cn))) . (6.4)

Again, as in the previous section, weak as well as strong convergence can only be
achieved, if F is equipped with conditions (5.5)-(5.7). We also assume twice continu-
ous Fréchet differentiability of F . But note that at the cost of more technicalities most
of the results can also be achieved if F is only one time Fréchet differentiable.

Another issue that is of great importance but was neither considered in [15] nor
somewhere else is to verify regularizing properties of (6.4). Elaborations on this topic,
however, are not provided so far. Nevertheless, we wish to briefly mention the theory
that is still provided in the literature, which is so far unfortunately limited to linear
problems, see, e.g., [23, Section 5.4]. Therefore, the concepts summarized in [23] not
directly apply here and need to be extended. In any case, the question arises whether
the convex constraint stabilize the problem or if it is still necessary to regularize the
inverse problem. In general it seems to be meaningful to assume ill-posedness. There-
fore, we need to introduce an additional stabilization. The iteration (6.4) can be viewed
as iteration scheme to approach theBR-best-approximate solution c†R, which we define
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as the minimizer of ‖F (F∗c)− y‖2 on BR, i.e.

‖F (F∗c†R)− y‖ = inf
c
{‖F (F∗c)− y‖, c ∈ BR} and

‖c†R‖ = min{‖c‖, ‖F (F∗c)− y‖ = ‖F (F∗c†R)− y‖ and c ∈ BR} .

Since c†R ∈ BR, it is natural to require that the regularized solutions are in BR as well.
If c† denotes the generalized solution of the unconstrained problem and if c†R = c†,
then all “standard results” concerning stability, convergence, and convergence rates
hold also for the constrained case. If c†R 6= c†, one might select a different regulariza-
tion method, e.g.,

min
c∈BR

‖F (F∗c)− y‖2 + η‖c‖2 ,

for some η > 0.

6.1 Preleminaries

Once a frame is selected for X , the computation of a solution x translates into finding
a corresponding sequence c ∈ `2(Λ). Hence, the operator under consideration can
be written as F ◦ F∗ : `2(Λ) → Y . Thus, for the ease of notation we write in the
remaining section (if not misleadingly used) only F instead of F ◦ F∗.

Before analyzing the proposed projected steepest descent (6.4), we provide some
analysis of `2 projections onto `1 balls. The listed properties can be retraced in [15, 53],
from where they are partially taken, or to some extent in [18, 19].

Lemma 6.1. ∀a ∈ `2(Λ), ∀τ > 0 : ‖Sτ (a)‖1 is a piecewise linear, continuous, de-
creasing function of τ ; moreover, if a ∈ `1(Λ) then ‖S0(a)‖1 = ‖a‖1 and ‖Sτ (a)‖1 =
0 for τ ≥ maxi |ai|.

Lemma 6.2. If ‖a‖1 > R, then the `2 projection of a on the `1 ball with radius R
is given by PBR(a) = Sµ(a), where µ (depending on a and R) is chosen such that
‖Sµ(a)‖1 = R. If ‖a‖1 ≤ R then PBR(a) = S0(a) = a.

Lemma 6.1 and 6.2 provide a simple recipe for computing the projection PBR(a).
First, sort the absolute values of the components of a (an O(m logm) operation if
#Λ = m is finite), resulting in the rearranged sequence (a∗l )l=1,...,m, with a∗l ≥ a∗l+1 ≥
0; ∀l. Next, perform a search to find k such that

‖Sa∗k(a)‖1 =
k−1∑
l=1

(a∗l − a∗k) ≤ R <
k∑
l=1

(a∗l − a∗k+1) = ‖Sa∗k+1
(a)‖1 .
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The complexity of this step is againO(m logm). Finally, set ν := k−1(R−‖Sa∗k(a)‖1),
and µ := a∗k − ν. Then

‖Sµ(a)‖1 =
∑
i∈Λ

max(|ai| − µ, 0) =
k∑
l=1

(a∗l − µ)

=
k−1∑
l=1

(a∗l − a∗k) + kν = ‖Sa∗k(a)‖1 + kν = R .

In addition to the above statements, also the still provided Lemmata 5.6 (setting K =
BR), 5.7, and 5.8 apply to PBR and allow therewith the use of several standard argu-
ments of convex analysis.

6.2 Projected Steepest Descent and Convergence

We have now collected some facts on the projector PBR and on convex analysis issues
that allow for convergence analysis of the projected steepest descent method defined
in (6.3). In what follows, we essentially proceed as in [15]. But as we shall see,
several serious technical changes (including also a weakening of a few statements) but
also significant extensions of the nice analysis provided in [15] need to be made. For
instance, due to the nonlinearity of F , several uniqueness statements proved in [15]
do not carry over in its full glory. Nevertheless, the main propositions on weak and
strong convergence can be achieved (of course, at the cost of involving much more
technicalities).

First, we derive the necessary condition for a minimizer of D(c) := ‖F (c) − y‖2

on BR.

Lemma 6.3. If the vector c̃R ∈ `2 is a minimizer of D(c) on BR then for any γ > 0,

PBR(c̃R + γF ′(c̃R)∗(y − F (c̃R)) = c̃R ,

which is equivalent to

〈F ′(c̃R)∗(y − F (c̃R)), w − c̃R〉 ≤ 0, for all w ∈ BR .

This result essentially relies on the Fréchet differentiability of F (see, e.g., [59, 58])
and summarizes the following reasoning.

With the help of the first order Taylor expansion given by

F (c+ h) = F (c) + F ′(c)h+R(c, h) with ‖R(c, h)‖ ≤ L

2
‖h‖2
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one has for the minimizer c̃R of D on BR and all w ∈ BR and all t ∈ [0, 1]

D(c̃R) ≤ = D(c̃R + t(w − c̃R)) = ‖F (c̃R + t(w − c̃R))− y‖2

= ‖F (c̃R)− y + F ′(c̃R)t(w − c̃R) +R(c̃R, t(w − c̃R))‖2

= D(c̃R) + 2〈F ′(c̃R)∗(F (c̃R)− y), t(w − c̃R)〉
+2〈F (c̃R)− y,R(c̃R, t(w − c̃R))〉

+‖F ′(c̃R)t(w − c̃R) +R(c̃R, t(w − c̃R))‖2 .

This implies
〈F ′(c̃R)∗(y − F (c̃R)), w − c̃R〉 ≤ 0 ,

and therefore, for all γ > 0,

〈c̃R + γF ′(c̃R)∗(y − F (c̃R))− c̃R, w − c̃R〉 ≤ 0 ,

which verifies the assertion.
Lemma 6.3 provides just a necessary condition for a minimizer c̃R of D on BR.

The minimizers of D on BR need not be unique. Nevertheless, we have

Lemma 6.4. If c̃, ˜̃c ∈ BR, if c̃ minimizes D and if c̃ − ˜̃c ∈ kerF ′(w) for all w ∈ BR
then ˜̃c minimizes D as well.

In what follows we elaborate the convergence properties of (6.4). In a first step
we establish weak convergence and in a second step we extend weak to strong con-
vergence. To this end, we have to specify the choice of γn. At first, we introduce a
constant r,

r := max{2 sup
c∈BR

‖F ′(c)‖2 , 2L
√

D(c0)} , (6.5)

where c0 denotes a initial guess for the solution to be reconstructed. One role of the
constant r can be seen in the following estimate which is possible by the first order
Taylor expansion of F ,

‖F (cn+1)− F (cn)‖2 ≤ sup
c∈BR

‖F ′(c)‖2‖cn+1 − cn‖2 ≤ r

2
‖cn+1 − cn‖2 .

We define now with the help of (6.5) a sequence of real numbers which we denote
by βn that specifies the choice γn by setting γn = βn/r (as we shall see later in this
section).

Definition 6.5. We say that the sequence (βn)n∈N satisfies Condition (B) with respect
to the sequence (cn)n∈N if there exists n0 such that:

(B1) β̄ := sup{βn;n ∈ N} <∞ and inf{βn;n ∈ N} ≥ 1

(B2) βn‖F (cn+1)− F (cn)‖2 ≤ r

2
‖cn+1 − cn‖2 ∀n ≥ n0

(B3) βnL
√

D(cn) ≤ r

2
.
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By condition (B1) we ensure

‖F (cn+1)− F (cn)‖2 ≤ βn‖F (cn+1)− F (cn)‖2 .

The idea of adding condition (B2) is to find the largest number βn ≥ 1 such that

0 ≤ −‖F (cn+1)− F (cn)‖2 +
r

2βn
‖cn+1 − cn‖2

is as small as possible. The reason can be verified below in the definition of the sur-
rogate functional Φβ in Lemma 6.6. The goal is to ensure that Φβn is not too far off
D(cn). The additional restriction (B3) is introduced to ensure convexity of Φβn and
convergence of the fixed point map Ψ in Lemma 6.7 (as we will prove below).

Because the definition of cn+1 involves βn and vice versa, the inequality (B2) has
an implicit quality. In practice, it is not straightforward to pick βn adequately. This
issue will be discussed later in Subsection 6.3.

In the remaining part of this subsection we prove weak convergence of any subse-
quence of (cn)n∈N towards weak limits that fulfill the necessary condition for mini-
mizers of D on BR.

Lemma 6.6. Assume F to be twice Fréchet differentiable and β ≥ 1. For arbitrary
fixed c ∈ BR assume βL

√
D(c) ≤ r/2 and define the functional Φβ(·, c) by

Φβ(w, c) := ‖F (w)− y‖2 − ‖F (w)− F (c)‖2 +
r

β
‖w − c‖2 . (6.6)

Then there exists a unique w ∈ BR that minimizes the restriction to BR of Φβ(w, c).
We denote this minimizer by ĉ which is given by

ĉ = PBR

(
c+

β

r
F ′(ĉ)∗(y − F (c))

)
.

The essential strategy of the proof goes as follows. First, since F is twice Fréchet
differentiable one verifies that Φβ(·, c) is strictly convex in w. Therefore there exists a
unique minimizer ĉ and thus we have for all w ∈ BR and all t ∈ [0, 1]

Φβ(ĉ, c) ≤ Φβ(ĉ+ t(w − ĉ), c) .

With the short hand notation J(·) := Φβ(·, c) it therefore follows that

0 ≤ J(ĉ+ t(w − ĉ))− J(ĉ) = tJ ′(ĉ)(w − ĉ) + ρ(ĉ, t(w − ĉ))

= 2t〈F (c)− y, F ′(ĉ)(w − ĉ)〉+ 2t
r

β
〈ĉ− c, w − ĉ〉

+ 2〈F (c)− y,R(ĉ, t(w − ĉ)〉+ r

β
‖t(w − ĉ)‖2

≤ 2t
{
〈F (c)− y, F ′(ĉ)(w − ĉ)〉+ r

β
〈ĉ− c, w − ĉ〉

}
+ t2

{
2
r

2βL
L

2
‖w − ĉ‖2 +

r

β
‖w − ĉ‖2

}
.
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This implies for all t ∈ [0, 1]

0 ≤
{
β

r
〈F (c)− y, F ′(ĉ)(w − ĉ)〉+ 〈ĉ− c, w − ĉ〉

}
+

3t
4
‖w − ĉ‖2 .

Consequently, we deduce

〈c+
β

r
F ′(ĉ)∗(y − F (c))− ĉ, w − ĉ〉 ≤ 0

which is equivalent to

ĉ = PBR

(
c+

β

r
F ′(ĉ)∗(y − F (c))

)
and the assertion is shown.

The unique minimizer ĉ is only implicitly given. We propose to apply a simple fixed
point iteration to derive ĉ. The next lemma verifies that the corresponding fixed point
map is indeed contractive and can therefore be used.

Lemma 6.7. Assume βL
√

D(x) ≤ r/2. Then the map

Ψ(ĉ) := PBR(c+ β/rF ′(ĉ)∗(y − F (c)))

is contractive and therefore the fixed point iteration ĉl+1 = Ψ(ĉl) converges to a
unique fixed point.

The latter Lemma is a consequence of the Lipschitz continuity of F ′ and the non-
expansiveness of PBR . The last property that is needed to establish convergence is an
immediate consequence of Lemma 6.6.

Lemma 6.8. Assume cn+1 is given by

cn+1 = PBR

(
cn +

βn

r
F ′(cn+1)∗(y − F (cn))

)
,

where r is as in (6.5) and the βn satisfy Condition (B) with respect to (cn)n∈N, then
the sequence D(cn) is monotonically decreasing and limn→∞ ‖cn+1 − cn‖ = 0.

Now we have all ingredients for the convergence analysis together. Since for all
the iterates we have by definition cn ∈ BR, we automatically have ‖cn‖2 ≤ R for all
n ∈ N. Therefore, the sequence (cn)n∈N must have weak accumulation points.

Proposition 6.9. If c? is a weak accumulation point of (cn)n∈N, then it fulfills the
necessary condition for a minimum of D(c) on BR, i.e. for all w ∈ BR,

〈F ′(c?)∗(y − F (c?)), w − c?〉 ≤ 0 . (6.7)
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Since this proposition is essential and combines all the above made statements, we
give the reasoning and arguments to verify (6.7) in greater detail. Since cnj w−→ c?,
we have for fixed c and a

〈F ′(c)cnj , a〉 = 〈cnj , F ′(c)∗a〉 −→ 〈c?, F ′(c)∗a〉 = 〈F ′(c)c?, a〉

and therefore
F ′(c)cnj w−→ F ′(c)c?. (6.8)

Due to Lemma 6.8, we also have cnj+1 w−→ c?. Now we are prepared to show the
necessary condition for the weak accumulation point c?. As the iteration is given by

cn+1 = PBR(cn + βn/rF ′(cn+1)∗(y − F (cn))) ,

we have

〈cn + βn/rF ′(cn+1)∗(y − F (cn))− cn+1, w − cn+1〉 ≤ 0 for all w ∈ BR .

Specializing this inequality to the subsequence (cnj )j∈N yields

〈cnj + βnj/rF ′(cnj+1)∗(y − F (cnj ))− cnj+1, w − cnj+1〉 ≤ 0 for all w ∈ BR .

Therefore we obtain (due to Lemma 6.8)

lim sup
j→∞

βnj/r〈F ′(cnj+1)∗(y − F (cnj )), w − cnj+1〉 ≤ 0 for all w ∈ BR .

To the latter inequality we may add

βnj/r〈(−F ′(cnj+1)∗ + F ′(cnj )∗)(y − F (cnj )), w − cnj+1〉

and
βnj/r〈F ′(cnj )∗(y − F (cnj )),−cnj + cnj+1〉

resulting in

lim sup
j→∞

βnj/r〈F ′(cnj )∗(y − F (cnj )), w − cnj 〉 ≤ 0 for all w ∈ BR , (6.9)

which is possible due to

|〈(−F ′(cnj+1)∗ + F ′(cnj )∗)(y − F (cnj )), w − cnj+1〉|

≤ L‖cnj+1 − cnj‖‖y − F (cnj )‖‖w − cnj+1‖ j→∞−→ 0

and

|〈F ′(cnj )∗(y − F (cnj )),−cnj + cnj+1〉|

≤ sup
x∈BR

‖F ′(c)∗‖‖y − F (cnj )‖‖cnj − cnj+1‖ j→∞−→ 0 .



48 R. Ramlau and G. Teschke

Let us now consider the inner product in (6.9) which we write as

〈F ′(cnj )∗y, w − cnj 〉 − 〈F ′(cnj )∗F (cnj ), w − cnj 〉 .

For the left summand we have by the weak convergence of (cnj )j∈N or likewise

(F ′(c?)cnj )j∈N and the assumption of F , F ′(cnj )∗y
j→∞−→ F ′(c?)∗y,

〈F ′(cnj )∗y, w − cnj 〉 = 〈(F ′(cnj )∗ − F ′(c?)∗ + F ′(c?)∗)y, w − cnj 〉
= 〈F ′(cnj )∗y − F ′(c?)∗y, w − cnj 〉+ 〈F ′(c?)∗y, w − cnj 〉

j→∞−→ 〈F ′(c?)∗y, w − c?〉
= 〈F ′(c?)∗(y − F (c?)), w − c?〉+ 〈F ′(c?)∗F (c?), w − c?〉 .

Therefore (and since 1 ≤ βnj ≤ β̄ and again by the weak convergence of (cnj )j∈N),
inequality (6.9) transforms to

lim sup
j→∞

[
〈F ′(c?)∗(y − F (c?)), w − c?〉

+〈F ′(c?)∗F (c?), w − c? + cnj − cnj 〉 − 〈F ′(cnj )∗F (cnj ), w − cnj 〉
]
≤ 0

⇐⇒

lim sup
j→∞

[
〈F ′(c?)∗(y − F (c?)), w − c?〉

+〈F ′(c?)∗F (c?)− F ′(cnj )∗F (cnj ), w − cnj 〉
]
≤ 0

⇐⇒

〈F ′(c?)∗(y − F (c?)), w − c?〉
+ lim sup

j→∞
〈F ′(c?)∗F (c?)− F ′(cnj )∗F (cnj ), w − cnj 〉 ≤ 0 .

It remains to show that the right summand in (6.10) is for all w ∈ BR zero. We have
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by the assumptions made on F ,

|〈F ′(c?)∗F (c?)− F ′(cnj )∗F (cnj ), w − cnj 〉| =
|〈F ′(c?)∗F (c?)− F ′(c?)∗F (cnj ) + F ′(c?)∗F (cnj )− F ′(cnj )∗F (cnj ), w − cnj 〉|
≤ |〈F ′(c?)∗F (c?)− F ′(c?)∗F (cnj ), w − cnj 〉|

+|〈F ′(c?)∗F (cnj )− F ′(cnj )∗F (cnj ), w − cnj 〉|
≤ sup

x∈BR
‖F ′(c)‖‖F (c?)− F (cnj )‖‖w − cnj‖

+|〈(F ′(c?)∗ − F ′(cnj )∗)(F (c?)− F (c?) + F (cnj )), w − cnj 〉|
≤ sup

x∈BR
‖F ′(c)‖‖F (c?)− F (cnj )‖‖w − cnj‖

+‖(F ′(c?)∗ − F ′(cnj )∗)F (c?)‖‖w − cnj‖
+L‖c? − cnj‖‖F (c?)− F (cnj )‖‖w − cnj‖

j→∞−→ 0 .

Consequently, for all w ∈ BR,

〈F ′(c?)∗(y − F (c?)), w − c?〉 ≤ 0 .

After the verification of the necessary condition for weak accumulation points we show
that the weak convergence of subsequences can be strengthened into convergence in
norm topology. This is important to be achieved as in principle our setup is infinite
dimensional.

Proposition 6.10. With the same assumptions as in Proposition 6.9 and the assump-
tions (5.6)-(5.7) on the nonlinear operator F , there exists a subsequence (cn

′
l)l∈N ⊂

(cn)n∈N such that (cn
′
l)l∈N converges in norm towards the weak accumulation point

c?, i.e.

lim
l→∞
‖cn′l − c?‖ = 0 .

The proof of this proposition is in several parts the same as in [15, Lemma 12].
Here we only mention the difference that is due to the nonlinearity of F . Denote by
(cnj )j∈N the subsequence that was introduced in the proof of Proposition 6.9. Define
now uj := cnj − c?, vj := cnj+1 − c?, and βj := βnj . Due to Lemma 6.8, we have



50 R. Ramlau and G. Teschke

limj→∞ ‖uj − vj‖ = 0. But we also have,

uj − vj = uj + c? − PBR(uj + c? + βjF ′(vj + c?)∗(y − F (uj + c?)))

= uj + PBR(c? + βjF ′(c?)∗(y − F (c?)))

−PBR(uj + c? + βjF ′(vj + c?)∗(y − F (uj + c?)))

= uj + PBR(c? + βjF ′(c?)∗(y − F (c?)))

−PBR(c? + βjF ′(vj + c?)∗(y − F (uj + c?)) + uj) (6.10)

+PBR(c? + βjF ′(c?)∗(y − F (c?)) + uj) (6.11)

−PBR(c? + βjF ′(c?)∗(y − F (c?)) + uj)

+PBR(c? + βjF ′(c?)∗(y − F (uj + c?)) + uj) (6.12)

−PBR(c? + βjF ′(c?)∗(y − F (uj + c?)) + uj) , (6.13)

where we have applied Proposition 6.9 (c? fulfills the necessary condition) and Lemma
6.3, i.e. c? = PBR(c?+βjF ′(c?)∗(y−F (c?))). We consider now the sum of the terms
(6.11)+(6.13), and obtain by the assumptions on F and since the βj are uniformly
bounded,

‖PBR(c? + βjF ′(c?)∗(y − F (c?)) + uj)−
PBR(c? + βjF ′(c?)∗(y − F (uj + c?)) + uj)‖

≤ ‖βjF ′(c?)∗(F (uj + c?)− F (c?))‖

≤ β̄ sup
x∈BR

‖F ′(x)‖‖F (uj + c?)− F (c?)‖ j→∞−→ 0 .

The sum of the terms (6.10)+(6.12) yields

‖PBR(c? + βjF ′(c?)∗(y − F (uj + c?)) + uj)−
PBR(c? + βjF ′(vj + c?)∗(y − F (uj + c?)) + uj)‖

≤ β̄
{
‖(F ′(c?)∗ − F ′(vj + c?)∗)(y − F (c?))‖

+‖(F ′(c?)∗ − F ′(vj + c?)∗)(F (c?)− F (uj + c?))‖
}

≤ β̄
{
‖(F ′(c?)∗ − F ′(vj + c?)∗)(y − F (c?))‖

+ L‖vj‖‖F (c?)− F (uj + c?)‖
} j→∞−→ 0 .

Consequently, combining ‖uj − vj‖ j→∞−→ 0 and the two last statements, we observe
that

lim
j→∞

‖PBR(c?+βjF ′(c?)∗(y−F (c?))+uj)−PBR(c?+βjF ′(c?)∗(y−F (c?)))−uj‖ = 0 .
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The remaining arguments that verify the strong convergence towards zero of a subse-
quence of uj are now the same as in [15, Lemma 12].

As mentioned in [15], one can prove at the cost of more technicalities that the whole
subsequence (cnj )j∈N converges in norm towards c?. We summarize the findings in
the following proposition.

Proposition 6.11. Every weak accumulation point c? of the sequence (cn)n∈N defined
by (6.4) fulfills the necessary condition for a minimizer of D in BR. Moreover, there
exists a subsequence (cnj )j∈N ⊂ (cn)n∈N that converges in norm to c?.

In the next proposition we give a condition under which norm convergence of sub-
sequences carries over to the full sequence (cn)n∈N.

Proposition 6.12. Assume that there exists at least one isolated limit c? of a subse-
quence (cnj )j∈N ⊂ (cn)n∈N. Then cn → c? holds.

A proof of this assertion can be directly taken from [45].

6.3 Some Algorithmic Aspects

In the previous subsection we have shown norm convergence for all βn satisfying Con-
dition (B). This, of course, implies also norm convergence for βn = 1 for all n ∈ N,
which corresponds to the projected classical Landweber iteration. However, to accel-
erate the speed of convergence, we are interested in choosing, adaptively, larger values
for βn. In particular, by the reasoning made after Definition 6.5, we like to choose βn

as large as possible. The problem (even for linear operators A) is that the definition of
cn+1 involves βn and the inequality (B2) to restrict the choice of βn uses cn+1. This
“implicit” quality does not allow for a straightforward determination of βn.

For linear problems, conditions (B1) and (B2) are inspired by classical length-step
in the steepest descent algorithm for the unconstrained functional ‖Ax − y‖2 leading
to an accelerated Landweber iteration xn+1 = xn + γnA∗(y − Axn), for which γn is
picked so that it gives a maximal decrease of ‖Ax− y‖2, i.e.

γn = ‖A∗(y −Axn)‖2‖AA∗(y −Axn)‖−2 .

For nonlinear operators this condition translates into a rather non-practical sugges-
tion for γn. In our situation, in which we have to fulfill Condition (B), we may derive
a much simpler procedure to find a suitable γn (which is in our case βn/r). Due to
Lemma 6.8 we have monotonicity of D with respect to the iterates, i.e.

L
√

D(cn) ≤ L
√

D(cn−1) ≤ . . . ≤ r

2
= max{ sup

c∈BR
‖F ′(c)‖2, L

√
D(c0)} .
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Therefore (B3), which was given by

L
√

D(cn) ≤ βnL
√

D(cn) ≤ r

2
,

is indeed a nontrivial condition for βn ≥ 1. Namely, the smaller the decrease of D,
the larger we may choose βn (when only considering (B3)). Condition (B3) can be
recast as 1 ≤ βn ≤ r/(2L

√
D(cn)) and consequently, by Definition (6.5), an explicit

(but somewhat “greedy”) guess for βn is given by

βn = max

{
sup
x∈BR

‖F ′(x)‖2

L
√

D(cn)
,

√
D(c0)
D(cn)

}
≥ 1 . (6.14)

If this choice fulfills (B2) as well, it is retained; if it does not, it can be gradually de-
creased (by multiplying it with a factor slightly smaller than 1 until (B2) is satisfied.

As a summary of the above reasoning we suggest the following implementation of
the proposed projected steepest descent algorithm.

Projected Steepest Descent Method

for nonlinear inverse problems

Given operator F , its derivative F ′(c), data y, some initial guess c0, and
R (sparsity constraint `1-ball BR)

Initialization r = max{2 supc∈BR ‖F
′(c)‖2, 2L

√
D(c0)},

set q = 0.9 (as an example)

Iteration for n = 0, 1, 2, . . . until a preassigned precision / maximum num-
ber of iterations

1. βn = max
{

supc∈BR
‖F ′(c)‖2

L
√

D(cn)
,
√

D(c0)
D(cn)

}
2. cn+1 = PBR

(
cn + βn

r F
′(cn+1)∗(y − F (cn))

)
;

by fixed point iteration

3. verify (B2): βn‖F (cn+1)− F (cn)‖2 ≤ r
2‖c

n+1 − cn‖2

if (B2) is satisfied increase n and go to 1.
otherwise set βn = q · βn and go to 2.

end
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6.4 Numerical Experiment: A Nonlinear Sensing Problem

The numerical experiment centers around a nonlinear sampling problem that is very
closely related to the sensing problem considered in [54]. The authors of [54] have
studied a sensing setup in which a continuous-time signal is mapped by a memoryless,
invertible and nonlinear transformation, and then sampled in a non-ideal manner. In
this context, memoryless means a static mapping that individually acts at each time in-
stance (pointwise behavior). Such scenarios may appear in acquisition systems where
the sensor introduces static nonlinearities, before the signal is sampled by a usual
analog-to-digital converter. In [54] a theory and an algorithm is developed that allow
a perfect recovery of a signal within a subspace from its nonlinear and non-ideal sam-
ples. In our setup we drop the invertibility requirement of the nonlinear transforma-
tion, which is indeed quite restrictive. Moreover, we focus on a subclass of problems
in which the signal to be recovered is supposed to have sparse expansion.

Let us specify the sensing model. Assume we are given a reconstruction space
A ⊂ X (e.g. L2(R)) which is spanned by the frame {φλ : λ ∈ Λ} with frame bounds
0 < C1 ≤ C2 < ∞. With this frame we associate two mappings, the analysis and
synthesis operator,

F : A 3 f 7→ {〈f, φλ〉}λ∈Λ ∈ `2(Λ) and F∗ : `2(Λ) 3 x 7→
∑
λ∈Λ

xλφλ .

We assume that the function/signal f we wish to recover has a sparse expansion in A.
The sensing model is now determined by the nonlinear transformation M : A → Y
of the continuous-time function f that is point-wise given by the regularized modulus
function (to have some concrete example for the nonlinear transformation)

M : f 7→M(f) = |f |ε :=
√
f2 + ε2 .

This nonlinearly transformed f is then sampled in a possibly non-ideal fashion by
some sampling function s yielding the following sequence of samples,

SM(f) = {〈s(· − nT ),M(f)〉Y }n∈Z,

where we assume that the family {s(· − nTs), n ∈ Z} forms a frame with bounds
0 < S1 ≤ S2 < ∞. The goal is to reconstruct f from its samples y = (S ◦M)(f).
Since f belongs to A, the reconstruction of f is equivalent with finding a sequence
c such that y = (S ◦ M ◦ F∗)(c). As {φλ : λ ∈ Λ} forms a frame there might
be several different sequences leading to the same function f . Among all possible
solutions, we aim (as mentioned above) to find those sequences that have small `1
norm. As y might be not directly accessible (due to the presence of measurement
noise) and due to the nonlinearity of the operator M , it seems more practical not to
solve y = (S ◦M ◦ F∗)(c) directly, but to find an approximation ĉ such that

ĉ = arg min
c∈BR

‖F (c)− y‖2 and ,
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where we have used the shorthand notation F := S ◦M ◦ F∗ and where the `1 ball
BR restricts c to have a certain preassigned sparsity.

In order to apply our proposed accelerated steepest descent iteration,

cn+1 = PBR

(
cn +

βn

r
F ′(cn+1)∗(y − F (cn))

)
,

to derive an approximation to x̂, we have to determine the constants r, see (6.5), and
the Lipschitz constant L. This requires a specification of two underlying frames (the
reconstruction and sampling frame). One technically motivated choice in signal sam-
pling is the cardinal sine function. This function can be defined as the inverse Fourier
transform of the characteristic function of the frequency interval [−π, π], i.e.

√
2πsinc(πt) =

1√
2π

∫
R

χ[−π,π](ω)eitωdω .

Therefore, the resulting function spaces are spaces of bandlimited functions. The
inverse Fourier transform of the L2 normalized characteristic function 1√

2Ω
χ[−Ω,Ω]

yields
1√
2π

∫
R

1√
2Ω

χ[−Ω,Ω](ω)eitωdω =

√
Ω

π
sinc(Ωt)

leading to the following definition of L2 normalized and translated cardinal sine func-
tions,

φn(t) =
1√
Da

sinc
(
π

Da
(t− nTa)

)
, i.e. Ω =

π

Da
and (6.15)

sn(t) =
1√
Ds

sinc
(
π

Ds
(t− nTs)

)
, i.e. Ω =

π

Ds
(6.16)

that determine the two frames. The parameters Da and Ds are fixed and specify here
the frequency cut off, whereas Ta and Ts fix the time step sizes. For all n ∈ Z we have
‖φn‖2 = ‖sn‖2 = 1. Moreover, it can be easily retrieved that

〈φn, φm〉 = sinc
(
π

Da
(n−m)Ta

)
and 〈sn, sm〉 = sinc

(
π

Ds
(n−m)Ts

)
.

(6.17)
As long as Ta/Da, Ts/Ds ∈ Z, the frames form orthonormal systems. The inner
products (6.17) are the entries of the Gramian matricesFF∗ and SS∗, respectively, for
which we have ‖FF∗‖ = ‖F‖2 = ‖F∗‖2 ≤ C2 and ‖SS∗‖ = ‖S‖2 = ‖S∗‖2 ≤ S2.

Let us now determine r and L. To this end we have to estimate supc∈BR ‖F
′(c)‖2.

For given c ∈ BR, it follows that

‖F ′(c)‖ = sup
h∈`2,‖h‖=1

‖F ′(c)h‖ = ‖SM ′(F∗c)F∗h‖

≤ ‖S‖ ‖M ′(F∗c)‖ ‖F∗‖ .
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Figure 7. The left image shows the sparsity to residual plot. The black diamonds cor-
respond to the accelerated iteration. For the non-accelerated iteration we have plotted
every 20th iteration (gray dots). The right image visualizes the sequence of βn (black)
for the accelerated iteration. The gray line corresponds to β = 1.

Figure 8. These images represent the residual evolution with respect to the number of
iterations (left) and the computational time (right). The black dotted curves represent the
residual evolution for the accelerated and the gray dotted curves for the non-accelerated
scheme.

Moreover, due to (6.15),

‖M ′(F∗c)‖2 = sup
h∈Λ2,‖h‖=1

‖M ′(F∗c)h‖2

=
∫
R

|(F∗c)(t)|2|((F∗c)(t))2 + ε2|−1|h(t)|2dt

≤ 1
ε2

∫
R

(
∑
n

|cn||φn(t)|)2|h(t)|2dt ≤
‖c‖2

1
ε2Da

.
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Therefore, we finally obtain

sup
c∈BR

‖F ′(c)‖2 ≤ ‖S‖2 ‖F∗‖2 R2

ε2Da
≤ S2 C2

R2

ε2Da
. (6.18)

The Lipschitz continuity of F ′ is characterized by ‖F ′(c̃) − F ′(c)‖ ≤ L‖c̃ − c‖, for
all c, c̃ ∈ BR. In order to find the Lipschitz constant L, we directly derive

‖F ′(c̃)− F ′(c)‖ = sup
h∈`2,‖h‖=1

‖F ′(c̃)h− F ′(c)h‖

= sup
h∈`2,‖h‖=1

‖SM ′(F∗c̃)F∗h− SM ′(F∗c)F∗h‖

≤ ‖S‖ ‖M ′(F∗c̃)−M ′(F∗c)‖ ‖F∗‖ , (6.19)

and with M ′′(f) = ε2(f2 + ε2)−3/2 it follows

‖M ′(F∗c̃)−M ′(F∗c)‖2

= sup
h∈L2,‖h‖=1

∫
R

|M ′(F∗c̃(t))−M ′(F∗c(t))|2|h(t)|2dt

≤ sup
h∈L2,‖h‖=1

∫
R

1
ε2 |F

∗c̃n(t)−F∗c(t)|2 |h(t)|2dt

≤ sup
h∈L2,‖h‖=1

∫
R

1
ε2

(∑
n∈Z
|(c̃n − cn)| |φn(t)|

)2

|h(t)|2dt

≤ sup
h∈L2,‖h‖=1

∫
R

∑
n∈Z
|φn(t)|2 |h(t)|2dt

1
ε2 ‖c̃− c‖

2 .

To finally bound the last quantity, we have to estimate
∑

n∈Z |φn(t)|2 independently
on t ∈ R. With definition (6.15), we observe that

∑
n∈Z
|φn(t)|2 =

1
Da

∑
n∈Z

sinc2
(
π

Da
t− nπ Ta

Da

)
(6.20)

is a periodic function with period Ta. Therefore it is sufficient to analyze (6.20) for
t ∈ [0, Ta]. The sum in (6.20) is maximal for t = 0 and t = Ta. Consequently, with

∑
n∈Z

sinc2
(
n
π Ta
Da

)
= 1 +

∑
n∈Z\{0}

sinc2
(
n
π Ta
Da

)
≤ 1 +

2D2
a

π2 T 2
a

∑
n∈N\{0}

1
n2

= 1 +
4D2

a

π2 T 2
a
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we obtain by combining (6.19) and (6.20),

‖F ′(c̃)− F ′(c)‖ ≤ L ‖c̃− c‖ , with L :=
1
ε

√
1
Da

+
4Da

π2 T 2
a

√
S2
√
A2 . (6.21)

In our concrete example (visualized in Figure 9) the ansatz space A ⊂ L2(R) is
spanned by functions an with Da = 0.4 and time step size Ta = 0.1. The sampling
map S is determined by Ds = 0.2 and Ts = 0.1. The synthetic signal which we aim
to reconstruct is given by

f(t) = a−2(t)− 0.5a2.5(t) .

For the numerical implementation we have restricted the computations to the finite
interval [−10, 10] which was discretized by the grid tk = −10 + 0.05 k with k =
0, 1, 2, . . . . The bounds A2 and S2 are estimated by the eigenvalues of adequately
corresponding finite dimensional approximations of the Gramian matrices 〈an, am〉
and 〈sn, sm〉. For the radius of the `1 ball (determined the sparsity constraint) we have
picked R = 2. This choice of course includes some a-priori knowledge of the solution
to be reconstructed. Usually there is no a-priori information on R available. Even
if not proven so far, R plays the role of an regularization parameter (so far just with
numerical evidence). Therefore, we can observe in case of misspecifiedR a similar be-
havior as for inversion methods where the regularization parameter was not optimally
chosen. If R is chosen too large it may easily happen that the `1 constraint has almost
no impact and the solution can be arbitrarily far off the true solution. Therefore, it was
suggested in [15] to choose a slowly increasing radius, i.e.

Rn = (n+ 1)R/N ,

where n is the iteration index and N stands for a prescribed number of iterations. This
proceeding yields in all considered experiments better results. However, convergence
of a scheme with varying Rn is theoretically not verified yet.

In Figure 7 (right image) one finds that βn varies significantly from one to another
iteration. This verifies the usefulness of Condition (B). From the first iteration on, the
values for βn are obviously larger than one and grow in the first phase of the itera-
tion process (for the accelerated method only the first 60 iterations are shown). But
the main impact manifests itself more in the second half of the iteration (n > 20)
where the non-accelerated variant has a much less decay of

√
D(xn), see Figure 8.

There the values of βn vary around 103 and allow that impressive fast and rapid de-
cay of

√
D(xn) of the accelerated descent method. For the non-accelerated method

we had to compute 104 iterations to achieve reasonable small residuals
√

D(xn) (but
even then being far off the nice results achieved by the accelerated scheme). The
right plot in Figure 8 sketches the residual decay with respect to the overall com-
putational time that was practically necessary. Both curves (the black and the gray)
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Figure 9. This overview plot shows the used atoms a0 and s0 (1st row), the simulated
signal (2nd row), the nonlinearly and non-ideally sampled values (3rd row), and the final
approximation A∗x60 ∈ A that was computed with accelerated iteration scheme.

were of course obtained on the same machine under same conditions. The achieved
time reduction is remarkable as the accelerated iteration method has required many
additional loops of the individual fixed point iterations in order to find the optimal
βn. In particular, the final residual value after n = 10.000 iterations for the non-
accelerated method was

√
D(x10000) = 0.0172. This value was reached by the ac-

celerated method after n = 28 iteration steps (the final value after n = 60 iterations
was

√
D(x60) = 0.0065). The overall computational time consumption of the non-

accelerated method to arrive at
√

D(x10000) = 0.0172 was 45min and 2s, whereas
the time consumption for the accelerated method for the same residual discrepancy
was only 11.8s, i.e. 229 times faster. The finally resulting reconstruction including a
diagram showing the nonlinearly sampled data is given in Figure 9.
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Summarizing this numerical experiment, we can conclude that all the theoretical
statements of the previous sections can be verified. For this particular nonlinear sens-
ing problem we can achieve an impressive factor of acceleration. But this, however,
holds for this concrete setting. There is no proved guaranty that the same can be
achieved for other applications.
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1 The Total Variation

1.1 Why Is the Total Variation Useful for Images?

The total variation has been introduced for image denoising and reconstruction in a Note 1
Please check
whether your
classification
numbers are
according to
MSC 2010
(rather than
MSC 2000).

celebrated paper of 1992 by Rudin, Osher and Fatemi [69]. Let us discuss how such
a model, as well as other variational approaches for image analysis problems, arise in
the context of Bayesian inference.

1.1.1 The Bayesian Approach to Image Reconstruction

Let us first consider the discrete setting, where images g D .gi;j /1�i;j�N are dis- Note 2
We numbered
also the
subsubsections.
Please confirm
and check
references in
the text.

crete, bounded (gi;j 2 Œ0; 1� or ¹0; : : : ; 255º) 2D-signals. The general idea for solving
(linear) inverse problems is to consider

The first author is supported by the CNRS and the ANR, grant ANR-08-BLAN-0082.
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� A model: g D Au C n, u 2 RN�N is the initial “perfect” signal, A is someNote 3
We replaced —
by comma.
Correct?
Note 4
Please provide
figures in a
resolution of at
least 600dpi.

transformation (blurring, sampling, or more generally some linear operator, like
a Radon transform for tomography). n D .ni;j / is the noise: in the simplest
situations, we consider a Gaussian norm with average 0 and standard deviation � .

� An a priori probability density for “perfect” original signals, P.u/ � e�p.u/du.
It represents the idea we have of perfect data (in other words, the model for the
data).

Then, the a posteriori probability for u knowing g is computed from Bayes’ rule,
which is written as follows:

P.ujg/P.g/ D P.gju/P.u/: .BR/

Since the density for the probability of g knowing u is the density for n D g � Au, it
is

e
� 1

2�2

P
i;j jgi;j�.Au/i;j j

2

and we deduce from (BR) that the density for P.ujg/, the probability of u knowing
the observation g is

1

Z.g/
e�p.u/e

� 1

2�2

P
i;j jgi;j�.Au/i;j j

2

with Z.g/ a renormalization factor which is simply

Z.g/ D

Z
u

e
�

�
p.u/C 1

2�2

P
i;j jgi;j�.Au/i;j j

2
�
du

(the integral is on all possible images u, that is, RN�N , or Œ0; 1�N�N : : :).
The idea of “maximum a posteriori” (MAP) image reconstruction is to find the

“best” image as the one which maximizes this probability, or equivalently, which
solves the minimum problem

min
u
p.u/C

1

2�2

X
i;j

jgi;j � .Au/i;j j
2: .MAP/

Let us observe that this is not necessarily a good idea, indeed, even if our model
is perfectly well built, the image with highest probability given by the resolution of
(MAP) might be very rare. Consider for instance figure 1 where we have plotted a (of
course quite strange) density on Œ0; 1�, whose maximum is reached at x D 1=20, while,
in fact, the probability that x 2 Œ0; 1=10� is 1=10, while the probability x 2 Œ1=10; 1�
is 9=10. In particular the expectation of x is 1=2. This shows that it might make more
sense to try to compute the expectation of u (given g)

E.ujg/ D
1

Z.g/

Z
u

u e
�

�
p.u/C 1

2�2

P
i;j jgi;j�.Au/i;j j

2
�
du:
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Figure 1. A strange probability density.

However, such a computation is hardly tractable in practice, and requires subtle algo-
rithms based on complex stochastic techniques (Monte Carlo methods with Markov
Chains, or MCMC). These approaches seem yet not efficient enough for complex re-
construction problems. See for instance [50, 67] for experiments in this direction.

1.1.2 Variational Models in the Continuous Setting

Now, let us forget the Bayesian, discrete model and just retain to simplify the idea
of minimizing an energy such as in (MAP) . We will now write our images in the
continuous setting: as grey-level valued functions g; u W � 7! R or Œ0; 1�, where
� � R2 will in practice be (most of the times) the square Œ0; 1�2, but in general any
(bounded) open set of R2, or more generally RN , N � 1.

The operator A will be a bounded, linear operator (for instance from L2.�/ to
itself), but from now on, to simplify, we will simply consider A D Id (the identity
operator Au D u), and return to more general (and useful) cases in the Section 3 on
numerical algorithms.

In this case, the minimization problem (MAP) can be written

min
u2L2.�/

�F.u/C
1

2

Z
�

ju.x/ � g.x/j2 dx .MAPc/

where F is a functional corresponding to the a priori probability density p.u/, and
which synthesizes the idea we have of the type of signal we want to recover, and
� > 0 a weight balancing the respective importance of the two terms in the problem.
We consider u in the space L2.�/ of functions which are square-integrable, since the
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energy will be infinite if u is not, this might not always be the right choice (with for
instance general operators A).

Now, what is the good choice for F ? Standard Tychonov regularization approaches
will usually consider quadratic F ’s, such as F.u/ D 1

2

R
� u

2 dx or 1
2

R
� jruj

2 dx. In
this last expression,

ru.x/ D

0BB@
@u
@x1
.x/
:::

@u
@xN

.x/

1CCA
is the gradient of u at x. The advantage of these choices is that the corresponding
problem to solve is linear, indeed, the Euler–Lagrange equation for the minimization
problem is, in the first case,

�uC u � g D 0;

and in the second,

���uC u � g D 0;

where �u D
P
i @
2u=@x2i is the Laplacian of u. Now look at Figure 2:

Figure 2. A white square on a dark background, then with noise, then restored with
F D 1

2

R
juj2, then with F D 1

2

R
jruj2.

in the first case, no regularization has occurred. This is simply because F.u/ D 1
2

R
u2

enforces no spatial regularization of any kind. Of course, this is a wrong choice, since
all “natural” images show a lot of spatial regularity. On the other hand, in the second
case, there is too much spatial regularization. Indeed, the image u must belong to the
space H 1.�/ of functions whose derivative is square-integrable. However, it is well-
known that such functions cannot present discontinuities across hypersurfaces, that is,
in 2 dimension, across lines (such as the edges or boundaries of objects in an image).

A quick argument to justify this is as follows. Assume first u W Œ0; 1� ! R is a
1-dimensional function which belongs to H 1.0; 1/. Then for each 0 < s < t < 1,

u.t/ � u.s/ D

Z t

s

u0.r/ dr �
p
t � s

sZ t

s

ju0.r/j2 dr �
p
t � skuk2

H1

so that u must be 1=2-Hölder continuous (and in fact a bit better). (This computation
is a bit formal, it needs to be performed on smooth functions and is then justified by
density for any function of H 1.0; 1/.)
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Now if u 2 H 1..0; 1/ � .0; 1//, one can check that for a.e. y 2 .0; 1/, x 7!
u.x; y/ 2 H 1.0; 1/, which essentially comes from the fact thatZ 1

0

�Z 1

0

ˇ̌̌̌
@u

@x
.x; y/

ˇ̌̌̌2
dx

�
dy � kuk2

H1 < C1:

It means that for a.e. y, x 7! u.x; y/ will be 1=2-Hölder continuous in x, so that
it certainly cannot jump across the vertical boundaries of the square in Figure 2. In
fact, a similar kind of regularity can be shown for any u 2 W 1;p.�/, 1 � p � C1
(although for p D 1 it is a bit weaker, but still “large” discontinuities are forbidden),
so that replacing

R
� jruj

2 dx with
R
� jruj

p dx for some other choice of p should not
produce any better result. We will soon check that the reality is a bit more complicated.

So what is a good “F.u/” for images? There have been essentially two types
of answers, during the 80’s and early 90’s, to this question. As we have checked,
a good F should simultaneously ensure some spatial regularity, but also preserve
the edges. The first idea in this direction is due to D. Geman and S. Geman [38],
where it is described in the Bayesian context. They consider an additional variable
` D .`iC1=2;j ; `i;jC1=2/i;j which can take only values 0 and 1: `iC1=2;j D 1 means
that there is an edge between the locations .i; j / and .i C 1; j /, while 0 means that
there is no edge. Then, p.u/ in the a priori probability density of u needs to be replaced
with p.u; `/, which typically will be of the form

p.u; `/ D �
X
i;j

..1 � `iC 1
2
;j /.uiC1;j � ui;j /

2
C .1 � `i;jC 1

2
/.ui;jC1 � ui;j /

2/

C �
X
i;j

.`iC 1
2
;j C `i;jC 1

2
/;

with �;� positive parameters. Hence, the problem (MAP) will now look like (taking
as before A D Id ):

min
u;`

p.u; `/C
1

2�2

X
i;j

jgi;j � ui;j j
2:

In the continuous setting, it has been observed by D. Mumford and J. Shah [57] that
the set ¹` D 1º could be considered as a 1-dimensional curve K � �, while the way
it was penalized in the energy was essentially proportional to its length. So that they
proposed to consider the minimal problem

min
u;K

�

Z
�nK

jruj2 dx C � length.K/C
Z
�

ju � gj2 dx

among all 1-dimensional closed subsets K of � and all u 2 H 1.� n K/. This is the
famous “Mumford–Shah” functional whose study has generated a lot of interesting
mathematical tools and problems in the past 20 years, see in particular [55, 7, 30, 52].
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However, besides being particularly difficult to analyse mathematically, this ap-
proach is also very complicated numerically since it requires to solve a non-convex
problem, and there is (except in a few particular situations) no way, in general, to
know whether a candidate is really a minimizer. The most efficient methods rely either
on stochastic algorithms [56], or on variational approximations by “�-convergence”,
see [8, 9] solved by alternate minimizations. The exception is the one-dimensional
setting where a dynamical programming principle is available and an exact solution
can be computed in polynomial time.

1.1.3 A Convex, Yet Edge-preserving Approach

In the context of image reconstruction, it was proposed first by Rudin, Osher and
Fatemi in [69] to consider the “Total Variation” as a regularizer F.u/ for (MAPc). The
precise definition will be introduced in the next section. It can be seen as an extension
of the energy

F.u/ D

Z
�

jru.x/j dx

well defined for C 1 functions, and more generally for functions u in the Sobolev space
W 1;1. The big advantage of considering such a F is that it is now convex in the vari-
able u, so that the problem (MAPc) will now be convex and many tools from convex
optimization can be used to tackle it, with a great chance of success (see Definition 3.2
and Section 3). However, as we have mentioned before, a function in W 1;1 cannot
present a discontinuity across a line (in 2D) or a hypersurface (in general). Exactly as
for H 1 functions, the idea is that if u 2 W 1;1.0; 1/ and 0 < s < t < 1,

u.t/ � u.s/ D

Z t

s

u0.r/ dr �

Z t

s

ju0.r/j dr

and if u0 2 L1.0; 1/, the last integral must vanish as jt � sj ! 0 (and, even, in fact,
uniformly in s; t). We deduce that u is (uniformly) continuous on Œ0; 1�, and, as before,
if now u 2 W 1;1..0; 1/�.0; 1// is an image in 2D, we will have that for a.e. y 2 .0; 1/,
u. �; y/ is a 1D W 1;1 function hence continuous in the variable x.

But what happens when one tries to resolve

min
u
�

Z 1

0

ju0.t/j dt C

Z 1

0

ju.t/ � g.t/j2 dt ‹ (1.1)

Consider the simple case where g D �.1=2;1/ (that is 0 for t < 1=2, 1 for t >
1=2). First, there is a “maximum principle”: if u is a candidate (which we assume
in W 1;1.0; 1/, or to simplify continuous and piecewise C 1) for the minimization, then
also v D min¹u; 1º is. Moreover, v0 D u0 whenever u < 1 and v0 D 0 a.e. on ¹v D 1º,
that is, where u � 1. So that clearly,

R 1
0 jv
0j �

R 1
0 ju

0j (and the inequality is strict if
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v ¤ u). Moreover, since g � 1, also
R 1
0 jv � gj

2 �
R 1
0 ju � gj

2. Hence,

E.v/ WD �

Z 1

0

jv0.t/j dt C

Z 1

0

jv.t/ � g.t/j2 dt � E.u/

(with a strict inequality if v ¤ u). This tells us that a minimizer, if it exists, must be
� 1 a.e. (1 here is the maximum value of g). In the same way, one checks that it must
be � 0 a.e. (the minimum value of g). Hence we can restrict ourselves to functions
between 0 and 1.

Then, by symmetry, t 7! 1 � u.1 � t / has the same energy as u, and by convexity,

E

�
1 � u.1 � � /C u

2

�
�
1

2
E.1 � u.1 � � //C

1

2
E.u/ D E.u/

so that v W t 7! .1 � u.1 � t / C u.t//=2 has also lower energy (and again, one can
show that the energy is “strictly” convex so that this is strict if v ¤ u): but v D u iff
u.1 � t / D 1 � u.t/, so that any solution must have this symmetry.

Let now m D minu D u.a/, and M D 1 � m D maxu D u.b/: it must be that
(assuming for instance that a < b)Z 1

0

ju0.t/j dt �

Z b

a

ju0.t/j dt �

Z b

a

u0.t/ dt DM �m D 1 � 2m

(and again all this is strict except when u is nondecreasing, or nonincreasing).
To sum up, a minimizer u of E should be between two values 0 � m � M D

1 � m � 1 (hence m 2 Œ0; 1=2�), and have the symmetry u.1 � t / D 1 � u.t/. In
particular, we should have

E.u/ � �.M �m/C

Z 1
2

0

m2 C

Z 1

1
2

.1 �M/2 D �.1 � 2m/Cm2

which is minimal for m D � > 0 provided � � 1=2, and m D 1=2 if � � 1=2

(remember m 2 Œ0; 1=2�). In particular, in the latter case � � 1=2, we deduce that the
only possible minimizer is the function u.t/ � 1=2.

Assume then that � < 1=2, so that for any u,

E.u/ � �.1 � �/

and consider for n � 2, un.t/ D � if t 2 Œ0; 1=2 � 1=n�, un.t/ D 1=2 C n.t �

1=2/.1=2 � �/ if jt � 1=2j � 1=n, and 1 � � if t � 1=2 C 1=n. Then, since un is
nondecreasing,

R 1
0 ju

0j D
R 1
0 u
0 D 1 � 2� so that

E.un/ � �.1 � 2�/C

�
1 �

2

n

�
�2 C

2

n
! �.1 � �/
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as n ! 1. Hence: infu E.u/ D �.1 � �/. Now, for a function u to be a minimizer,
we see that: it must be nondecreasing and grow from � to 1 � � (otherwise the termR 1
0 ju

0j will be too large), and it must satisfy as wellZ 1

0

ju.t/ � g.t/j2 dt D �2;

while from the first condition we deduce that ju � gj � � a.e.: hence we must have
ju � gj D �, that is, u D � on Œ0; 1=2/ and 1 � � on .1=2; 1�. But this u, which
is actually the limit of our un’s, is not classically derivable: this shows that one must
extend in an appropriate way the notion of derivative to give a solution to problem (1.1)
of minimizing E: otherwise it cannot have a solution. In particular, we have seen that
for all the functions un,

R 1
0 ju

0
nj D 1 � 2�, so that for our discontinuous limit u it is

reasonable to assume that
R
ju0jmakes sense. This is what we will soon define properly

as the “total variation” of u, and we will see that it makes sense for a whole category of
non necessarily continuous functions, namely, the “functions with bounded variation”
(or BV functions). Observe that we could define, in our case, for any u 2 L1.0; 1/,

F.u/ D inf

²
lim
n!1

Z 1

0

ju0n.t/j dt W un ! u in L1.0; 1/ and lim
n

Z 1

0

ju0nj exists.

³
:

In this case, we could check easily that our discontinuous solution is the (unique)
minimizer of

�F.u/C

Z 1

0

ju.t/ � g.t/j2 dt:

It turns out that this definition is consistent with the more classical definition of the
total variation which we will introduce hereafter, in Definition 1.1 (see inequality (1.2)
and Theorem 1.3).

What have we learned from this example? If we introduce, in Tychonov’s reg-
ularization, the function F.u/ D

R
� jru.x/j dx as a regularizer, then in general the

problem (MAPc) will have no solution inW 1;1.�/ (where F makes sense). But, there
should be a way to appropriately extend F to more general functions which can have
(large) discontinuities and not be in W 1;1, so that (MAPc) has a solution, and this
solution can have edges! This was the motivation of Rudin, Osher and Fatemi [69]
to introduce the Total Variation as a regularizer F.u/ for inverse problems of type
(MAPc). We will now introduce more precisely, from a mathematical point of view,
this functional, and give its main properties.

1.2 Some Theoretical Facts: Definitions, Properties

The material in this part is mostly extracted from the textbooks [41, 75, 35, 7], which
we invite the reader to consult for further details.
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1.2.1 Definition

Definition 1.1. The total variation of an image is defined by duality: for u 2 L1loc.�/

it is given by

J.u/ D sup

²
�

Z
�

udiv� dx W � 2 C1c .�IR
N /; j�.x/j � 1 8x 2 �

³
: .TV/

A function is said to have Bounded Variation whenever J.u/ < C1. Typical
examples include:
� A smooth function u 2 C 1.�/ (or in fact a function u 2 W 1;1.�/): in this case,

�

Z
�

udiv� dx D
Z
�

� � rudx

and the sup over all � with j�j � 1 is J.u/ D
R
� jruj dx.

� The characteristic function of a set with smooth (or C 1;1) boundary: u D �E , in
this case

�

Z
�

udiv� dx D �
Z
@E

� � �E d�

and one can reach the sup (which corresponds to � D ��E , the outer normal to
@E, on @E \�, while � D 0 on @E \ @�) by smoothing, in a neighborhood of
the boundary, the gradient of the signed distance function to the boundary. We
obtain that J.u/ D HN�1.@E \�/, the perimeter of E in �.

Here, HN�1. � / is the .N�1/-dimensional Hausdorff measure, see for instance [36,
55, 7] for details.

1.2.2 An Equivalent Definition (*)

It is well known (see for instance [70]) that any u 2 L1loc.�/ defines a distribution

Tu W D.�/ ! R

� 7!

Z
�

�.x/u.x/ dx

where here D.�/ is the space of smooth functions with compact support (C1c .�/)
endowed with a particular topology, and Tu is a continuous linear form on D.�/,
that is, Tu 2 D 0.�/. We denote by hT; �iD 0;D 2 R the duality product between a
linear form T 2 D 0 and a vector � 2 D . The derivative of Tu is then defined as
(i D 1; : : : ; N )�

@Tu

@xi
; �

�
D 0;D

WD �

�
Tu;

@�

@xi

�
D 0;D

D �

Z
�

u.x/
@�

@xi
.x/ dx

(which clearly extends the integration by parts: if u is smooth, then @Tu=@xi D
T@u=@xi ). We denote by Du the (vectorial) distribution .@Tu=@xi /NiD1.
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Then, if J.u/ < C1, it means that for all vector field � 2 C1c .�IR
N /

hDu; �iD 0;D � J.u/ sup
x2�

j�.x/j:

This means thatDu defines a linear form on the space of continuous vector fields, and
by Riesz’ representation theorem it follows that it defines a Radon measure (precisely,
a vector-valued (or signed) Borel measure on�which is finite on compact sets), which
is globally bounded, and its norm (or variation jDuj.�/ D

R
� jDuj) is precisely the

total variation J.u/. See for instance [75, 35, 7] for details.

1.2.3 Main Properties of the Total Variation

Lower Semi-continuity The definition 1.1 has a few advantages. It can be intro-
duced for any locally integrable function (without requiring any regularity or deriv-
ability). But also, J.u/ is written as a sup of linear forms

L� W u 7! �

Z
�

u.x/div�.x/ dx

which are continuous with respect to very weak topologies (in fact, with respect to
the “distributional convergence” related to the space D 0 introduced in the previous
section).

For instance, if un * u in Lp.�/ for any p 2 Œ1;C1/ (or weakly-� for p D 1),
or even in Lp.�0/ for any �0 �� �, then L�un ! L�u. But it follows that

L�u D lim
n
L�un � lim inf

n
J.un/

and taking then the sup over all smooth fields � with j�.x/j � 1 everywhere, we
deduce that

J.u/ � lim inf
n!1

J.un/; (1.2)

that is, J is (sequentially) lower semi-continuous (l.s.c.) with respect to all the above
mentioned topologies. [The idea is that a sup of continuous functions is l.s.c.]

In particular, it becomes obvious to show that with F D J , problem (MAPc) has a
solution. Indeed, consider a minimizing sequence for

min
u

E.u/ WD J.u/C ku � gk2
L2.�/

;

which is a sequence .un/n�1 such that E.un/! infu E.u/.
As E.un/ � E.0/ < C1 for n large enough (we assume g 2 L2.�/), and J � 0),

we see that .un/ is bounded in L2.�/ and it follows that up to a subsequence (still
denoted .un/, it converges weakly to some u, that is, for any v 2 L2.�/,Z

�

un.x/v.x/ dx !

Z
�

u.x/v.x/ dx:
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But then it is known that

ku � gkL2 � lim inf
n
kun � gkL2 ;

and since we also have (1.2), we deduce that

E.u/ � lim inf
n

E.un/ D inf E

so that u is a minimizer.

Convexity Now, is u unique? The second fundamental property of J which we
deduce from Definition 1.1 is its convexity: for any u1; u2 and t 2 Œ0; 1�,

J.tu1 C .1 � t /u2/ � tJ.u1/C .1 � t /J.u2/: (1.3)

It follows, again, because J is the supremum of the linear (hence convex) functions
L� : indeed, one clearly has

L�.tu1 C .1 � t /u2/ D tL�.u1/C .1 � t /L�.u2/ � tJ.u1/C .1 � t /J.u2/

and taking the sup in the left-hand side yields (1.3).
Hence in particular, if u and u0 are two solutions of (MAPc), then

E

�
uC u0

2

�
�
�

2
.J.u/C J.u0//C

Z
�

ˇ̌̌̌
uC u0

2
� g

ˇ̌̌̌2
dx

D
1

2
.E.u/C E.u0// �

1

4

Z
�

.u � u0/2 dx

which would be strictly less than the inf of E , unless u D u0: hence the minimizer
of (MAPc) exists, and is unique.

Homogeneity It is obvious for the definition that for each u and t > 0,

J.tu/ D tJ.u/; (1.4)

that is, J is positively one-homogeneous.

1.2.4 Functions with Bounded Variation

We introduce the following definition:

Definition 1.2. The space BV.�/ of functions with bounded variation is the set of
functions u 2 L1.�/ such that J.u/ < C1, endowed with the norm kukBV.�/ D
kukL1.�/ C J.u/.

This space is easily shown to be a Banach space. It is a natural (weak) “closure” of
W 1;1.�/. Let us state a few essential properties of this space.



12 A. Chambolle, V. Caselles, D. Cremers, M. Novaga and T. Pock

Meyers–Serrin’s Approximation Theorem We first state a theorem which shows
that BV function may be “well” approximated with smooth functions. This is a re-
finement of a classical theorem of Meyers and Serrin [54] for Sobolev spaces.

Theorem 1.3. Let � � RN be an open set and let u 2 BV.�/: then there exists a
sequence .un/n�1 of functions in C1.�/ \W 1;1.�/ such that

(i.) un ! u in L1.�/,

(ii.) J.un/ D
R
� jrun.x/j dx ! J.u/ D

R
� jDuj as n!1.

Before sketching the proof, let us recall that in Sobolev’s spacesW 1;p.�/, p <1,
the thesis of this classical theorem is stronger, since one proves that krun�rukLp !
0, while here one cannot expect J.un�u/ D

R
� jDun�Duj ! 0 as n!1. This is

easily illustrated by the following example: let � D .�1; 1/, and u.t/ D �1 if t < 0,
u.t/ D 1 if t � 0. Then, the sequence un.t/ D tanh.n � t / clearly converges to u,
with Z 1

�1

u0n.t/ dt D 2 tanh.n/ ! 2 D J.u/

as n ! 1, but clearly J.un � u/ � 4 for large n. In fact, it is clear that if v is
any smooth approximation of u such as shown on Figure 3, then clearly the variation
J.u � v/ of w D u � v is given by

jw.0�/ � w.�1/j C jw.0C/ � w.0�/j C jw.1/ � w.0C/j D

jv.0/ � v.�1/j C 2 C jv.1/ � v.0/j � 4

and cannot be made arbitrarily small.

Proof. Let us now explain how Theorem 1.3 is proven. The idea is to smooth u
with a “mollifier” (or a “smoothing kernel”): as usual one considers a function � 2
C1c .B.0; 1// with � � 0 and

R
B.0;1/ �.x/ dx D 1. For each " > 0, one considers

�".x/ WD .1="/
N�.x="/: then, �" has support in the ball B.0; "/, and

R
RN �" dx D 1.

If u 2 L1.RN /, it is then classical that the functions

u".x/ D u � �".x/ WD

Z
RN

u.y/�".x � y/ dy D

Z
B.0;"/

u.x � y/�".y/ dy

are smooth (because the first expression of the convolution product can be differenti-
ated infinitely many times under the integral), and converge to u, inL1.RN /, as "! 0

(the convergence is easily shown for continuous function with compact support, and
can be shown by density for L1 functions).
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Figure 3. Smooth approximation of a step function.

Then, if u 2 BV.RN /, one also have that for any � 2 C1c .R
N IRN / with j�j � 1

a.e., (to simplify we assume � is even)

�

Z
RN

�.x/ � ru".x/ dx D

Z
RN

u".x/div�.x/ dx

D

Z
RN

Z
RN

�".x � y/u.y/div�.x/ dy dx

D

Z
RN

u.y/div .�"/.y/ dy

where we have used Fubini’s theorem, and the fact that .div�/" D div .�"/. By Defi-
nition 1.1, this is less than J.u/. Taking then the sup on all admissible �’s, we end up
with

J.u"/ D

Z
RN
jru"j dx � J.u/

for all " > 0. Combined with (1.2), it follows that

lim
"!0

J.u"/ D J.u/:

This shows the theorem, when � D RN .
When � ¤ RN , this theorem is shown by a subtle variant of the classical proof of

Meyers–Serrin’s theorem [54], see for instance [41] or [7, Theorem 3.9] for details.
Let us insist that the result is not straightforward, and, in particular, that in general the
function un can not be supposed to be smooth up to the boundary.



14 A. Chambolle, V. Caselles, D. Cremers, M. Novaga and T. Pock

Rellich’s Compactness Theorem The second important property of BV functions
is the following compactness theorem:

Theorem 1.4. Let � � RN be a bounded domain with Lipschitz boundary, and let
.un/n�1 be a sequence of functions in BV.�/ such that supn kunkBV < C1. Then
there exists u 2 BV.�/ and a subsequence .unk /k�1 such that unk ! u (strongly)
in L1.�/ as k !1.

Proof. If we assume that the theorem is known for functions in W 1;1.�/, then the
extension to BV functions simply follows from Theorem 1.3. Indeed, for each n, we
can find u0n 2 C

1.�/ \ W 1;1.�/ with kun � u0nkL1 � 1=n and ku0nkBV.�/ �
kunkBV.�/C 1=n. Then, we apply Rellich’s compactness theorem in W 1;1.�/ to the
sequence u0n: it follows that there exists u 2 L1.�/ and a subsequence .u0nk /k with
u0nk ! u as k !1. Clearly, we have kunk � ukL1 � 1=nk C ku

0
nk
� ukL1 ! 0 as

k !1. Moreover, u 2 BV.�/, since its variation is bounded as follows from (1.2).
A complete proof (including the proof of Rellich’s theorem) is found in [7], proof

of Theorem 3.23. The regularity of the domain� is crucial here, since the proof relies
on an extension argument outside of �: it needs the existence of a linear “extension”
operator T W BV.�/ ! BV.�0/ for any �0 �� �, such that for each u 2 BV.�/,
T u has compact support in �0, T u.x/ D u.x/ for a.e. x 2 �, and kT ukBV.�0/ �
CkukBV.�/. Then, the proof follows by mollifying the sequence T un, introducing
the smooth functions �" � T un, applying Ascoli–Arzelà’s theorem to the mollified
functions, and a diagonal argument.

Sobolev’s Inequalities We observe here that the classical inequalities of Sobolev:

kuk
L

N
N�1 .RN /

� C

Z
RN
jDuj (1.5)

if u 2 L1.RN /, and Poincaré–Sobolev:

ku �mk
L

N
N�1 .�/

� C

Z
RN
jDuj (1.6)

where � is bounded with Lipschitz boundary, and m is the average of u on �, valid
for W 1;1 functions, clearly also hold for BV function as can be deduced from Theo-
rem 1.3.

1.3 The Perimeter. Sets with Finite Perimeter

1.3.1 Definition, and an Inequality

Definition 1.5. A measurable set E � � is a set of finite perimeter in � (or Cacciop-
poli set) if and only if �E 2 BV.�/. The total variation J.�E / is the perimeter of E
in �, denoted by Per.EI�/. If � D RN , we simply denote Per.E/.
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We observe that a “set” here is understood as a measurable set in RN , and that this
definition of the perimeter makes it depend onE only up to sets of zero Lebesgue mea-
sure. In general, in what follows, the sets we will consider will be rather equivalence
classes of sets which are equal up to Lebesgue negligible sets.

The following inequality is an essential property of the perimeter: for anyA;B � �
sets of finite perimeter, we have

Per.A [ BI�/C Per.A \ BI�/ � Per.AI�/C Per.BI�/: (1.7)

Proof. The proof is as follows: we can consider, invoking Theorem 1.3, two sequences
un; vn of smooth functions, such that un ! �A, vn ! �B , andZ

�

jrun.x/j dx ! Per.AI�/ and
Z
�

jrvn.x/j dx ! Per.BI�/ (1.8)

as n ! 1. Then, it is easy to check that un _ vn WD max¹un; vnº ! �A[B as
n!1, while un ^ vn WD min¹un; vnº ! �A\B as n!1. We deduce, using (1.2),
that

Per.A[BI�/CPer.A\BI�/ � lim inf
n!1

Z
�

jr.un_vn/jC jr.un^vn/j dx: (1.9)

But for almost all x 2 �, jr.un_vn/.x/jCjr.un^vn/.x/j D jrun.x/jCjrvn.x/j,
so that (1.7) follows from (1.9) and (1.8).

1.3.2 The Reduced Boundary, and a Generalization of Green’s Formula

It is shown that if E is a set of finite perimeter in �, then the derivative D�E can be
expressed as

D�E D �E .x/H
N�1 @�E (1.10)

where �E .x/ and @�E can be defined as follows: @�E is the set of points x where the
“blow-up” sets

E" D ¹y 2 B.0; 1/ W x C "y 2 Eº

(see Figure 4) converge as " to 0 to a semi-space P�E.x/ D ¹y W y � �E .x/ � 0º \
B.0; 1/ in L1.B.0; 1//, in the sense that their characteristic functions converge, or in
other words

jE" n P�E.x/j C jP�E.x/ nE"j ! 0

as "! 0. Here jEj denotes the Lebesgue measure of the set E. This definition of the
boundary simultaneously defines the (inner) normal vector �E .x/.

The set @�E is called the “reduced” boundary of E (the “true” definition of the
reduced boundary is a bit more precise and the precise set slightly smaller than ours,
but still (1.10) is true with our definition, see [7, Chapter 3]).
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Figure 4. The blow-up of E near the point x.

Equation (1.10) means that for any C 1 vector field �, one hasZ
E

div�.x/ dx D �
Z
@�E

� � �E .x/ dHN�1.x/ (1.11)

which is a sort of generalization of Green’s formula to sets of finite perimeter.
This generalization is useful as shows the following example: let xn2.0; 1/2, n�1,

be the sequence of rational points (in Q2 \ .0; 1/2), and let E D
S
n�1B.xn; "2

�n/,
for some " > 0 fixed.

Then, one sees that E is an open, dense set in .0; 1/2. In particular its “classical”
(topological) boundary @E is very big, it is Œ0; 1�2nE and has Lebesgue measure equal
to 1 � jEj � 1 � �"2=3. In particular its length is infinite.

However, one can show that E is a finite perimeter set, with perimeter less thanP
n 2�"2

�n D �". Its “reduced boundary” is, up to the intersections (which are
negligible), the set

@�E �
[
n�1

@B.xn; "2
�n/:

One shows that this “reduced boundary” is always, as in this simple example, a rec-
tifiable set, that is, a set which can be almost entirely covered with a countable union of
C 1 hypersurfaces, up to a set of Hausdorff HN�1 measure zero: there exist .�i /i�1,
hypersurfaces of regularity C 1, such that

@�E � N [

� 1[
iD1

�i

�
; HN�1.N / D 0: (1.12)

In particular, HN�1 a.e., the normal �E .x/ is a normal to the surface(s) �i such that
x 2 �i .
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1.3.3 The Isoperimetric Inequality

For u D �E , equation (1.5) becomes the celebrated isoperimetric inequality:

jEj
N�1
N � CPer.E/ (1.13)

for all finite-perimeter set E of bounded volume, with the best constant C reached by
balls:

C�1 D N.!N /
1=N

where !N D jB.0; 1/j is the volume of the unit ball in RN .

1.4 The Co-area Formula

We now can state a fundamental property of BV functions, which will be the key of
our analysis in the next sections dealing with applications. This is the famous “co-
area” formula of Federer and Fleming:

Theorem 1.6. Let u 2 BV.�/: then for a.e. s 2 R, the set ¹u > sº is a finite-perimeter
set in �, and one has

J.u/ D

Z
�

jDuj D

Z C1
�1

Per.¹u > sºI�/ds: .CA/

It means that the total variation of a function is also the accumulated surfaces of
all its level sets. (Of course, is these levels are smooth enough, it corresponds to their
actual classical surface, or length in two dimension.) The proof of this result is quite
complicated (we refer to [37, 35, 75, 7]) but let us observe that:

� It is relatively simple if u D p � x is an affine function, defined for instance on
a simplex T (or in fact any open set). Indeed, in this case, J.u/ D jT j jpj, and
@¹u > sº are hypersurfaces ¹p � x D sº, and it is not too difficult to compute the
integral

R
s HN�1.¹p � x D sº/.

� For a general u 2 BV.�/, we can approximate u with piecewise affine functions
un with

R
� jrunj dx ! J.u/. Indeed, one can first approximate u with the

smooth functions provided by Theorem 1.3, and then these smooth functions by
piecewise affine functions using the standard finite elements theory. Then, we
will obtain using (1.2) and Fatou’s lemma that

R
R Per.¹u > sºI�/ds � J.u/.

� The reverse inequality J.u/ �
R

R Per.¹u > sºI�/ds D
R

R J.�¹u>sº/ ds,
can easily be deduced by noticing that if � 2 C1c .�/ with k�k � 1, one has
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R
� div� dx D 0, so that (using Fubini’s theorem)Z
�

udiv� dx

D

Z
¹u>0º

Z u.x/

0

ds div�.x/ dx�
Z
¹u<0º

Z 0

u.x/

ds div�.x/ dx

D

Z 1
0

Z
�

�¹u>sº.x/div�.x/ dx ds�
Z 0

�1

Z
�

.1��¹u>sº.x//div�.x/ dx ds

D

Z 1
�1

Z
¹u>sº

div� dx ds �
Z 1
�1

Per.¹u > sºI�/ds

and taking then the sup over all admissible �’s in the leftmost term.

Remark. Observe that (1.7) also follows easily from (CA), indeed, let u D �A C �B ,
then J.u/ � J.�A/C J.�B/ D Per.AI�/C Per.BI�/, while from (CA) we get that

J.u/ D

Z 2

0

Per.¹�A C �B > sºI�/ds D Per.A [ BI�/C Per.A \ BI�/:

1.5 The Derivative of a BV Function (*)

To end up this theoretical section on BV functions, we mention an essential result on
the measure Du, defined for any u 2 BV.�/ byZ

�.x/ �Du.x/ D �

Z
u.x/div�.x/ dx

for any smooth enough vector field � with compact support. As mentioned in Sec-
tion 1.2.2, it is a bounded Radon measure. A derivation theorem due to Radon and
Nikodym (and a refined version due to Besicovitch) shows that such a measure can be
decomposed with respect to any positive radon measure � into

Du D f .x/ d�C � (1.14)

where � a.e.,

f .x/ D lim
�!0

Du.B.x; �//

�.B.x; �/

(and in particular the theorem states that the limit exists a.e.), f 2 L1�.�/, that is,R
� jf j d� < C1, and � ? �, which means that there exists a Borel set E � � such

that j�j.� nE/ D 0, �.E/ D 0.
If the function u 2 W 1;1.�/, thenDu D ru.x/ dx, withru the “weak gradient” a

vector-valued function in L1.�IRN /. Hence, the decomposition (1.14) with � D dx
(the Lebesgue measure), holds with f D ru and � D 0, and one says that Du is
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“absolutely continuous” with respect to Lebesgue’s measure. This is not true anymore
for a generic function u 2 BV.�/. One has

Du D ru.x/ dx CDsu

where the “singular part” Dsu vanishes if and only if u2W 1;1, and ru2L1.�IRN /
is the “approximate gradient” of u.

The singular part can be further decomposed. Let us call Ju the “jump set” of u,
defined as follows:

Definition 1.7. Given u 2 BV.�/, we say that x 2 Ju if and only if there exist
u�.x/; uC.x/ 2 R with u�.x/ ¤ uC.x/, and �u.x/ 2 RN a unit vector such that the
functions, defined for y 2 B.0; 1/ for " > 0 small enough

y 7! u.x C "y/

converge as "! 0, in L1.B.0; 1//, to the function

y 7! u�.x/C .uC.x/ � u�.x//�¹y��u.x/�0º

which takes value uC.x/ in the half-space ¹y � �u.x/ � 0º, and u�.x/ in the other
half-space ¹y � �u.x/ < 0º.

In particular, this is consistent with our definition of @�E in Section 1.3: @�E D
J�E , with .�E /C.x/ D 1, .�E /�.x/ D 0, and ��E .x/ D �E . The triple .u�; uC; �u/
is almost unique: it is unique up to the permutation .uC; u�;��u/. For a scalar func-
tion u, the canonical choice is to take uC > u�, whereas for vectorial BV functions,
one must fix some arbitrary rule.

One can show that Ju is a rectifiable set (see Section 1.3, eq. (1.12)), in fact, it is a
countable union of rectifiable sets since one can always write

Ju �
[
n¤m

@�¹u > snº \ @
�
¹u > smº;

for some countable, dense sequence .sn/n�1: the jump set is where two different level
sets meet.

One then has the following fundamental result (see for instance [7]):

Theorem 1.8 (Federer–Volpert). Let u 2 BV.�/: then one has

Du D ru.x/ dx C CuC .uC.x/ � u�.x//�u.x/ dHN�1 Ju

where Cu is the “Cantor part” of Du, which is singular with respect to the Lebesgue
measure, and vanishes on any set E with HN�1.E/ < C1. In other words, for any
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� 2 C 1c .�IR
N /,

�

Z
�

u.x/div�.x/ dx D
Z
�

ru.x/ � �.x/ dx

C

Z
�

�.x/ � Cu.x/C

Z
Ju

.uC.x/ � u�.x//�.x/ � �u.x/ dx: (1.15)

Observe that (1.15) is a generalized version of (1.11).
As we have seen, an example of a function with absolutely continuous derivative is

given by any function u 2 W 1;1.�/ (or more obviously u 2 C 1.�/).

Figure 5. The “devil’s staircase” or Cantor–Vitali function.

An example of a function whose derivative is a pure jump is given by u D �E , E
a Caccioppoli set (see Section 1.3). A famous example of a function with derivative
purely Cantorian is the Cantor–Vitali function, obtained as follows: � D .0; 1/ and
we let u0.t/ D t , and for any n � 0,

unC1.t/ D

8̂<̂
:
1
2
un.3t/ 0 � t � 1

3
1
2

1
3
� t � 2

3
1
2
.un.3t � 2/C 1/

2
3
� t � 1:

Then, one checks that

sup
.0;1/

junC1 � unj D
1

2
sup
.0;1/

jun � un�1j D
1

2n
�
1

6

so that .un/n�1 is a Cauchy sequence and converges uniformly to some function u.
This function (see Figure 5) is constant on each interval of the complement of the



An Introduction to Total Variation for Image Analysis 21

triadic Cantor set, which has zero measure in .0; 1/. Hence, almost everywhere, its
classical derivative exists and is zero. One can deduce that the derivativeDu is singular
with respect to Lebesgue’s measure. On the other hand, it is continuous as a uniform
limit of continuous functions, hence Du has no jump part. In fact, Du D Cu, which,
in this case, is the measure H ln2= ln3 C=H ln2= ln3.C /.

2 Some Functionals where the Total Variation Appears

2.1 Perimeter Minimization

In quite a few applications it is important to be able to solve the following problem:

min
E��

�Per.EI�/ �
Z
E

g.x/ dx: (2.1)

The intuitive idea is as follows: if � D 0, then this will simply chooseE D ¹g � 0º:
that is, we find the set E by thresholding the values of g at 0. Now, imagine that this
is precisely what we would like to do, but that g has some noise, so that a brutal
thresholding of its value will produce a very irregular set. Then, choosing � > 0

in (2.1) will start regularizing the set ¹g > 0º, and the high values of � will produce a
very smooth, but possibly quite approximate, version of that set.

We now state a proposition which is straighforward for people familiar with linear
programming and “LP”-relaxation:

Proposition 2.1. Problem (2.1) is convex. In fact, it can be relaxed as follows:

min
u2BV.�IŒ0;1�/

�J.u/ �

Z
�

u.x/g.x/ dx (2.2)

and given any solution u of the convex problem (2.2), and any value s 2 Œ0; 1/ , the set
¹u > sº (or ¹u � sº for s 2 .0; 1�) is a solution of (2.1).

Proof. This is a consequence of the co-area formula. Denote by m� the minimum
value of Problem (2.1). One hasZ

�

u.x/g.x/ dx D

Z
�

�Z u.x/

0

ds

�
g.x/ dx

D

Z
�

Z 1

0

�¹u>sº.x/g.x/ ds dx D

Z 1

0

Z
¹u>sº

g.x/ dx ds (2.3)

so that, if we denote E.E/ D �Per.EI�/�
R
E g.x/ dx, it follows from (2.3) and (CA)

that for any u 2 BV.�/ with 0 � u � 1 a.e.,

�J.u/ �

Z
�

u.x/g.x/ dx D

Z 1

0

E.¹u > sº/ ds � m�: (2.4)
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Hence the minimum value of (2.2) is larger than m�, on the other hand, it is also less
since (2.1) is just (2.2) restricted to characteristic functions. Hence both problems
have the same values, and it follows from (2.4) that if �J.u/ �

R
� ug dx D m�, that

is, if u is a minimizer for (2.2), then for a.e. s 2 .0; 1/, ¹u > sº is a solution to (2.1).
Denote by S the set of such values of s. Now let s 2 Œ0; 1/, and let .sn/n�1 be a
decreasing sequence of values such that sn 2 S and sn ! s as n ! 1. Then,
¹u > sº D

S
n�1¹u > snº, and, in fact, limn!1¹u > snº D ¹u > sº (the limit is in

the L1 sense, that is,
R
� j�¹u>snº��¹u>sºjdx ! 0 as n!1. Using (1.2), it follows

m� � E.¹u > sº/ � lim inf
n!1

E.¹u > snº/ D m
�

so that s 2 S : it follows that S D Œ0; 1/.

The meaning of this result is that it is always possible to solve a problem such
as (2.1) despite it apparently looks non-convex, and despite the fact the solution might
be nonunique (although we will soon see that it is quite “often” unique). This has
been observed several times in the past [27], and probably the first time for numerical
purposes in [14]. In Section 3 we will address the issues of algorithms to tackle this
kind of problems.

2.2 The Rudin–Osher–Fatemi Problem

We now concentrate on problem (MAPc) with F.u/ D �J.u/ as a regularizer, that is,
on the celebrated “Rudin–Osher–Fatemi” problem (in the “pure denoising case”: we
will not consider any operator A as in (MAP)):

min
u
�J.u/C

1

2

Z
�

ju.x/ � g.x/j2 dx: .ROF/

As mentioned in Section 1.2.3, this problem has a unique solution (it is strictly convex).
Let us now show that as in the previous section, the level sets Es D ¹u > sº solve

a particular variational problem (of the form (2.1), but with g.x/ replaced with some
s-dependent function). This will be of particular interest for our further analysis.

2.2.1 The Euler–Lagrange Equation

Formally:

��div
Du

jDuj
C u � g D 0 (2.5)

but this is hard to interpret. In particular because one can show there is always “stair-
casing”, as soon as g 2 L1.�/, so that there always are large areas where “Du D 0”.

On can interpret the equation in the viscosity sense. Or try to derive the “correct”
Euler–Lagrange equation in the sense of convex analysis. This requires to define prop-
erly the “subgradient” of J .
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Definition 2.2. For X a Hilbert space, the subgradient of a convex function F W X !
.�1;C1� is the operator @F which maps x 2 X to the (possibly empty set)

@F.x/ D ¹p 2 X W F.y/ � F.x/C hv; y � xi 8y 2 Xº:

We introduce the set

K D ¹�div� W � 2 C1c .�IR
N / W j�.x/j � 1 8x 2 �º

and the closure K if K in L2.�/, which is shown to be

K D ¹�div z W z 2 L1.�IRN / W �div .z��/ 2 L
2.RN /º

where the last condition means that

(i.) �div z 2 L2.�/, i.e., there exists 
 2 L2.�/ such that
R
� 
u dx D

R
� z �rudx

for all smooth u with compact support;

(ii.) the above also holds for u 2 H 1.�/ (not compactly supported), in other words
z � �� D 0 on @� in the weak sense.

Definition 1.1 defines J as

J.u/ D sup
p2K

Z
�

u.x/p.x/ dx;

so that if u 2 L2.�/ it is obvious that, also,

J.u/ D sup
p2K

Z
�

u.x/p.x/ dx: (2.6)

In fact, one shows that K is the largest set in L2.�/ such that (2.6) holds for any
u 2 L2.�/, in other words

K D

²
p 2 L2.�/ W

Z
�

p.x/u.x/ dx � J.u/ 8u 2 L2.�/

³
: (2.7)

Then, if we consider J as a functional over the Hilbert spaceX D L2.�/, we have:

Proposition 2.3. For u 2 L2.�/,

@J.u/ D

²
p 2 K W

Z
�

p.x/u.x/ dx D J.u/

³
: (2.8)
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Proof. It is not hard to check that if p 2 K and
R
� pudx D J.u/, then p 2 @J.u/,

indeed, for any v 2 L2.�/, using (2.6),

J.v/ �

Z
�

p.x/v.x/ dx D J.u/C

Z
�

.v.x/ � u.x//p.x/ dx:

The converse inclusion can be proved as follows: if p 2 @J.u/, then for any t > 0 and
v 2 RN , as J is one-homogeneous (1.4),

tJ.v/ D J.tv/ � J.u/C

Z
�

p.x/.tv.x/ � u.x// dx;

dividing by t and sending t ! 1, we get J.v/ �
R
� pv dx, hence p 2 K, by (2.7).

On the other hand, sending t to 0 shows that J.u/ �
R
� pudx which shows our

claim.

Remark. We see that K D @J.0/.

The Euler–Lagrange Equation for (ROF) We can now derive the equation satisfied
by u which minimizes (ROF): for any v in L2.�/, we have

�J.v/ � �J.u/C
1

2

Z
�

.u � g/2 � .v � g/2dx

D �J.u/C

Z
�

.u � v/

�
uC v

2
� g

�
dx

D �J.u/C

Z
�

.v � u/.g � u/ dx �
1

2

Z
�

.u � v/2dx: (2.9)

In particular, for any t 2 R,

�.J.uC t .v � u// � J.u// � t

Z
�

.v � u/.g � u/ dx � �
t

2

2
Z
�

.v � u/2 dx:

The left-hand side of the last expression is a convex function of t 2 R, one can show
quite easily that a convex function which is larger than a concave parabola and touches
at the maximum point (t D 0) must be everywhere larger than the maximum of the
parabola (here zero).

We deduce that

�.J.uC t .v � u// � J.u// � t

Z
�

.v � u/.g � u/ dx � 0

for any t , in particular for t D 1, which shows that g�u
�
2 @J.u/. Conversely, if this

is true, then obviously (2.9) holds so that u is the minimizer of J . It follows that the
Euler–Lagrange equation for (ROF) is

�@J.u/C u � g 3 0 (2.10)
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which, in view of (2.8) and the characterization of K, is equivalent to the existence of
z 2 L1.�IRN / with:8̂̂̂̂

<̂
ˆ̂̂:
��div z.x/C u.x/ D g.x/ a.e. x 2 �

jz.x/j � 1 a.e. x 2 �

z � � D 0 on @� (weakly)

z �Du D jDuj;

(2.11)

the last equation being another way to write that
R
.�div z/u dx D J.u/.

If u is smooth and ru ¤ 0, the last condition ensures that z D ru=jruj and we
recover (2.5).

In all cases, we see that z must be orthogonal to the level sets of u (from jzj � 1
and z �Du D jDuj), so that �div z is still the curvature of the level sets.

In 1D, z is a scalar and the last condition is z � u0 D ju0j, so that z 2 ¹�1;C1º
whenever u is not constant, while div z D z0: we see that the equation becomes
u D g or u D constant (and in particular the “staircasing” always occurs if g is
not monotonous).

2.2.2 The Problem Solved by the Level Sets

We introduce the following problems, parameterized by s 2 R:

min
E
�Per.EI�/C

Z
E

s � g.x/ dx: .ROFs/

Given s 2 R, let us denote by Es a solution of (ROFs) (whose existence follows in a
straightforward way from Rellich’s Theorem 1.4 and (1.2)).

Then the following holds

Lemma 2.4. Let s0 > s: then Es0 � Es .

This lemma is found for instance in [4, Lemma 4]. Its proof is very easy.

Proof. We have (to simplify we let � D 1):

Per.Es/C
Z
Es

s � g.x/ dx � Per.Es [Es0/C
Z
Es[Es0

s � g.x/ dx;

Per.Es0/C
Z
Es0

s0 � g.x/ dx � Per.Es \Es0/C
Z
Es\Es0

s0 � g.x/ dx

and summing both inequalities we get:

Per.Es/C Per.Es0/C
Z
Es

s � g.x/ dx C

Z
Es0

s0 � g.x/ dx

� Per.Es [Es0/C P.Es \Es0/C
Z
Es[Es0

s � g.x/ dx C

Z
Es\Es0

s0 � g.x/ dx:
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Using (1.7), it follows thatZ
Es0

s0 � g.x/ dx �

Z
Es\Es0

s0 � g.x/ dx �

Z
Es[Es0

s � g.x/ dx �

Z
Es

s � g.x/ dx;

that is, Z
Es0nEs

s0 � g.x/ dx �

Z
Es0nEs

s � g.x/ dx

hence
.s0 � s/jEs0 nEsj � 0 W

it shows that E 0s � Es , up to a negligible set, as soon as s0 > s.Note 5
Pleas check “:”
at the end of
the equation.

In particular, it follows that Es is unique, except for at most countably many values
of s. Indeed, we can introduce the sets ECs D

T
s0<s Es0 and E�s D

S
s0>s Es0 ,

then one checks that ECs and E�s are respectively the largest and smallest solutions
of (ROFs)1. There is uniqueness when the measure jECs n E

�
s j D 0. But the sets

.ECs n E
�
s /, s 2 R, are all disjoint, so that their measure must be zero except for at

most countably many values.
Let us introduce the function:

u.x/ D sup¹s 2 R W x 2 Esº:

We have that u.x/ > s if there exists t > s with x 2 Et , so that in particular, x 2 E�s ;
conversely, if x 2 E�s , x 2 Es0 for some s0 > s, so that u.x/ > s: ¹u > sº D E�s . (In
the same way, we check ECs D ¹u � sº.)

Lemma 2.5. The function u is the minimizer of (ROF).

Proof. First of all, we check that u 2 L2.�/. This is because

�Per.EsI�/C
Z
Es

s � g.x/ dx � 0

(the energy of the empty set), hence

sjEsj �

Z
Es

g.x/ dx:

It follows that Z M

0

sjEsj ds �

Z M

0

Z
Es

g.x/ dx ds;

1 Observe that since the set Es are normally defined up to negligible sets, the intersections ECs DT
s0<s Es0 might not be well-defined (as well as the unions E�s ). A rigorous definition requires,

actually, either to consider only countable intersections/unions, or to first choose a precise represen-
tative of each Es , for instance the set ¹x 2 Es W lim�!0 jEs \ B.x; �/j=jB.x; �/j D 1º of points
of Lebesgue density 1, which can be shown, for Es minimizing (ROFs), to be an open set.
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but
RM
0 sjEsj ds D

R
E0

R u.x/^M
0 s ds dx D

R
E0
.u.x/ ^M/2=2 dx (using Fubini’s

theorem), while in the same way
RM
0

R
Es
g.x/ dx ds D

R
E0
.u.x/ ^M/g.x/ dx. We

recall that here u.x/ ^M D min¹u.x/;M º.
Hence

1

2

Z
E0

.u ^M/2 dx �

Z
E0

.u ^M/g dx �

�Z
E0

.u ^M/2 dx

Z
E0

g2 dx

� 1
2

so that Z
E0

.u.x/ ^M/2 dx � 4

Z
E0

g.x/2 dx

and sending M !1 it follows thatZ
¹u>0º

u.x/2 dx � 4

Z
¹u>0º

g.x/2 dx: (2.12)

In the same way, we can show thatZ
¹u<0º

u.x/2 dx � 4

Z
¹u<0º

g.x/2 dx: (2.13)

This requires the observation that the set ¹�u > �sº D ¹u < sº D � n ECs is a
minimizer of the problem

min
E

Per.EI�/C
Z
E

g.x/ � s dx

which easily follows from the fact that Per.EI�/ D Per.�nEI�/ for any set of finite
perimeter E � �: it follows that if we replace g with �g in (ROFs), then the function
u is replaced with �u. We deduce from (2.12) and (2.13) that u 2 L2.�/.

Let now v 2 BV.�/ \ L2.�/: we have for any M > 0,

Z M

�M

�
�Per.E�s I�/C

Z
E�s

s � g.x/ dx

�
ds

�

Z M

�M

�
�Per.¹v > sºI�/C

Z
¹v>sº

s � g.x/ dx

�
ds (2.14)

since E�s is a minimizer for (ROFs). Notice that (using Fubini’s theorem again)

Z M

�M

Z
¹v>sº

s � g.x/ dx ds D

Z
�

Z M

�M

�¹v>sº.x/.s � g.x// ds dx

D
1

2

Z
�

..v.x/ ^M/ � g.x//2 � ..v.x/ ^ .�M// � g.x//2 dx;
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henceZ M

�M

�Z
¹v>sº

s � g.x/ dx

�
ds C

Z
�

.M C g.x//2 dx

D
1

2

Z
�

.v.x/ � g.x//2 dx CR.v;M/ (2.15)

where

R.v;M/ D
1

2

�Z
�

..v.x/ ^M/ � g.x//2 � .v.x/ � g.x//2 dx

C

Z
�

.�M � g.x//2 � ..v.x/ ^ .�M// � g.x//2 dx

�
:

It suffices now to check that for any v 2 L2.�/,

lim
M!1

R.v;M/ D 0:

We leave it to the reader. From (2.14) and (2.15), we get that

�

Z M

�M

Per.¹u > sºI�/ds C
1

2

Z
�

.u � g/2 dx CR.u;M/

� �

Z M

�M

Per.¹v > sºI�/ds C
1

2

Z
�

.v � g/2 dx CR.v;M/;

sendingM !1 (and using the fact that both u and v are in L2, so that R. �;M/ goes
to 0) we deduce

�J.u/C
1

2

Z
�

.u � g/2 dx � �J.v/C
1

2

Z
�

.v � g/2 dx;

that is, the minimality of u for (ROF).

We have proved the following result:

Proposition 2.6. A function u solves (ROF) if and only if for any s 2 R, the set ¹u > sº
solves (ROFs).

Normally, we should write “for almost any s”, but as before by approximation it is
easy to show that if it is true for almost all s, then it is true for all s.

This is interesting for several applications. It provides another way to solve prob-
lems such as (2.1) (through an unconstrained relaxation – but in fact both problems are
relatively easy to solve). But most of all, it gives a lot of information on the level sets
of u, as problems such as (2.1) have been studied thoroughly in the past 50 years.
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The link between minimal surfaces and functions minimizing the total variation was
first identified by De Giorgi and Bombieri, as a tool for the study of minimal surfaces.

Proposition 2.6 can be generalized easily to the following case: we should have
that u is a minimizer of

min
u
J.u/C

Z
�

G.x; u.x// dx

for someG measurable in x, and convex, C 1 in u, if and only if for any s 2 R, ¹u > sº
minimizes

min
E

Per.EI�/C
Z
E

g.x; s/ dx

where g.x; s/ D @sG.x; s/. The case of nonsmooth G is also interesting and has been
studied by Chan and Esedoglu [26].

2.2.3 A Few Explicit Solutions

The results in this section are simplifications of results which are found in [5, 4] (see
also [3] for more results of the same kind).

Let us show how Proposition 2.6 can help build explicit solutions of (ROF), in a few
very simple cases. We consider the two following cases: � D R2, and

(i.) g D �B.0;R/ the characteristic of a ball;

(ii.) g D �Œ0;1�2 the characteristic of the unit square.

In both cases, gD�C for some convex setC . First observe that obviously, 0�u�1.
As in the introduction, indeed, one easily checks that u^1 D min¹u; 1º has less energy
than u. Another way is to observe that Es D ¹u > sº solves

min
E
�Per.E/C

Z
E

s � �C .x/ dx;

but if s > 1, s��C is always positive so that E D ; is clearly optimal, while if s < 0,
s � �C is always negative so that E D R2 is optimal (and in this case the value is
�1).

Now, if s 2 .0; 1/, Es solves

min
E
�Per.E/ � .1 � s/jE \ C j C sjE n C j: (2.16)

Let P be a half-plane containing C : observe that Per.E \ P / � Per.E/, since we
replace the part of a boundary outside of P with a straight line on @P , while j.E \
P / nC j � jE nC j: hence, the set E \P has less energy than E, see Figure 6. Hence
Es � P . As C , which is convex, is the intersection of all half-planes containing it, we
deduce that Es � C . (In fact, this is true in any dimension for any convex set C .)

We see that the problem for the level sets Es (2.16) becomes:

min
E�C

�Per.E/ � .1 � s/jEj: (2.17)
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Figure 6. E \ P has less energy than E.

The Characteristic of a Ball If g D �B.0;R/, the ball of radius R (in R2), we see
that thanks to the isoperimetric inequality (1.13),

�Per.E/ � .1 � s/jEj � �2
p
�
p
jEj � .1 � s/jEj;

and for jEj 2 Œ0; jB.0;R/j�, the right-hand side is minimal only if jEj D 0 or jEj D
jB.0;R/j, with value 0 in the first case, 2��R � .1 � s/�R2 in the second. Since
for these two choices, the isoperimetric inequality is an equality, we deduce that the
min in (2.17) is actually attained by E D ; if s � 1 � 2�=R, and E D B.0;R/ if
s � 1 � 2�=R. Hence the solution is

u D

�
1 �

2�

R

�C
�B.0;R/

for any � > 0 (here xC D max¹x; 0º is the positive part of the real number x). In
fact, this result holds in all dimension (with 2 replaced with N in the expression). See
also [53].

The Characteristic of a Square The case of the characteristic of a square is a bit
different. The level sets Es need to solve (2.17). From the Euler–Lagrange equation
(see also (2.11)) it follows that the curvature of @Es \ C is .1 � s/=�. An accurate
study (see also [5, 4, 43]) shows that, if we define (for C D Œ0; 1�2)

CR D
[

xWB.x;R/�C

B.x;R/
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Figure 7. Solution u for g D �Œ0;1�2 .

and let R� be the value of R for which Per.CR/=jCRj D 1=R, then for any s 2 Œ0; 1�,

Es D

´
; if s � 1 � �

R�

C�=.1�s/ if s � 1 � �
R�

while letting v.x/ D 1=R� if x 2 CR� , and 1=R if x 2 @CR, we find

u D .1 � �v.x//C;

see Figure 7.

2.2.4 The Discontinuity Set

We now show that the jump set of u� is always contained in the jump set of g. More
precisely, we will describe shortly the proof of the following result, which was first
proved in [20]:

Theorem 2.7 (Caselles–C–Novaga). Let g 2 BV.�/ \ L1.�/ and u solve (ROF). Note 6
Do you want to
replace
“Caselles–C–
Novaga” by
“Caselles–
Chambolle–
Novaga”?
(three times)

Then Ju � Jg (up to a set of zero HN�1-measure).

Hence, if g is already a BV function, the Rudin–Osher–Fatemi denoising will never
produce new discontinuities.

First, we use the following important regularity result, from the theory of minimal
surfaces [41, 6]:

Proposition 2.8. Let g 2 L1.�/, s 2 R, and Es be a minimizer of (ROFs). Then
† D @Es n @

�Es is a closed set of Hausdorff dimension at most N � 8, while near
each x 2 @�Es , @�Es is locally the graph of a function of class W 2;q for all q < C1
(and, in dimension N D 2, W 2;1 D C 1;1).
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It means that outside of a very small set (which is empty if N � 7), then the
boundary of Es is C 1, and the normal is still differentiable but in a weaker sense. We
now can show Theorem 2.7.

Proof. The jump set Ju is where several level sets intersect: if we choose .sn/n�1 a
dense sequence in RN of levels such that En D Esn D ¹u > snº are finite perimeter
sets each solving .ROFsn/, we have

Ju D
[
n¤m

.@�En \ @
�Em/:

Hence it is enough to show that for any n;m with n ¤ m,

HN�1..@�En \ @
�Em/ n Jg/ D 0

which precisely means that @�En \ @�Em � Jg up to a negligible set. Consider thus a
point x0 2 @�En \ @�Em such that (without loss of generality we let x0 D 0):

(i.) Up to a change of coordinates, in a small neighborhood ¹x D .x1; : : : ; xN / D

.x0; xN / W jx
0j < R; jxN j < Rº of x0 D 0, the sets En and Em coincide

respectively to ¹xN < vn.x
0/º and ¹xN < vm.x

0/º, with vn and vm inW 2;q.B 0/

for all q < C1, where B 0 D ¹jx0j < Rº.

(ii.) The measure of the contact set ¹x0 2 B 0 W vn.x0/ D vm.x0/º is positive.

We assume without loss of generality that sn < sm, so that Em � En, hence
vn � vm in B 0.

From (ROFs), we see that the function vl , l 2 ¹n;mº, must satisfy

Z
B 0

�q
1C jrvl.x

0/j2 C

Z vl .x
0/

0

.sl � g.x
0; xN // dxN

�
dx0

�

Z
B 0

�q
1C jrvl.x

0/C t�.x0/j2 C

Z vl .x
0/Ct�.x0/

0

.sl � g.x
0; xN // dxN

�
dx0

for any smooth � 2 C1c .B
0/ and any t 2 R small enough, so that the perturbation

remains in the neighborhood of x0 where Esn and Esm are subgraphs. Here, the first
integral corresponds to the perimeter of the set ¹xN < vl.x

0/C t�.x0/º and the second
to the volume integral in (ROFs).

We consider � � 0, and compute

lim
t!0;
t>0

1

t

�Z
B 0

�q
1C jrvl.x

0/C t�.x0/j2C

Z vl .x
0/Ct�.x0/

0

.sl � g.x
0; xN // dxN

�
dx0

�

Z
B 0

�q
1C jrvl.x

0/j2 C

Z vl .x
0/

0

.sl � g.x
0; xN // dxN

�
dx0

�
� 0;
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we find that vl must satisfyZ
B 0

rvl.x
0/ � r�.x0/p

1C jrvl.x
0/j2
C .sl � g.x

0; vl.x
0/C 0//�.x0/ dx0 � 0:

Integrating by parts, we find Note 7
A bracket is
missing or to
much in (2.18)
and (2.19).
Please check.

�div
rvlp

1C jrvl j
2
C sl � g.x

0; vl.x
0/C 0// � 0; (2.18)

and in the same way, taking this time the limit for t < 0, we find that

�div
rvlp

1C jrvl j
2
C sl � g.x

0; vl.x
0/ � 0// � 0: (2.19)

Both (2.18) and (2.19) must hold almost everywhere in B 0. At the contact points x0

where vn.x0/ D vm.x
0/, since vn � vm, we have rvn.x0/ D rvm.x0/, while

D2vn.x
0/ � D2vm.x

0/ at least at a.e. contact point x0. In particular, it follows

�div
rvnp

1C jrvnj2
.x0/ � �div

rvmp
1C jrvmj2

.x0/: (2.20)

If the contact set ¹vn D vmº has positive (.N � 1/-dimensional) measure, we can
find a contact point x0 such that (2.20) holds, as well as both (2.18) and (2.19), for both
l D n and l D m. It follows

g.x0; vn.x
0/C 0/ � sn � g.x

0; vm.x
0/ � 0/ � sm

and denoting xN the common value vn.x0/ D vm.x0/, we get

0 < sm � sn � g.x
0; xN � 0/ � g.x

0; xN C 0/:

It follows that x D .x0; xN / must be a jump point of g (with the values below xN
larger than the values above xN , so that the jump occurs in the same direction for g
and u). This concludes the proof: the possible jump points outside of Jg are negligible
for the .N � 1/-dimensional measure. The precise meaning of g.x0; xN ˙ 0/ and the
relationship to the jump of g is rigorous for a.e. x0, see the “slicing properties of BV
functions” in [7].

Remark. We have also proved that for almost all points in Ju, we have �u D �g , that
is, the orientation of the jumps of u and g are the same, which is intuitively obvious.
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2.2.5 Regularity

The same idea, based on the control on the curvature of the level sets which is provided
by (ROFs), yields further continuity results for the solutions of (ROF). The following
theorems are proved in [21]:

Theorem 2.9 (Caselles–C–Novaga). Assume N � 7 and let u be a minimizer. Let
A � � be an open set and assume that g 2 C 0;ˇ .A/ for some ˇ 2 Œ0; 1�. Then, also
u 2 C 0;ˇ .A0/ for any A0 �� A.

Here, A0 �� A means that A0 � A. The proof of this result is quite complicated
and we refer to [21]. The reason for restriction on the dimension is clear from Propo-
sition 2.8, since we need here in the proof that @Es is globally regular for all s. The
next result is proved more easily:

Theorem 2.10 (Caselles–C–Novaga). Assume N � 7 and � is convex. Let u solve
(ROF), and suppose g is uniformly continuous with modulus of continuity ! (that is,
jg.x/ � g.y/j � !.jx � yj/ for all x; y, with ! continuous, nondecreasing, and
!.0/ D 0). Then u has the same modulus of continuity.

For instance, if g is globally Lipschitz, then also u is with same constant.

���
���
���
���
���
���
���

���
���
���
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���
���
���

closest points
"

Ee

W"

ı
Et D ¹u > tº

Es
t

s

t > s

Figure 8. The set W" is obtained by moving Et towards Es .

Proof. We only sketch the proof: by approximation we can assume that � is smooth
and uniformly convex, and, as well, that g is smooth up to the boundary.

We consider two levels s and t > s and the corresponding level sets Es and Et . Let
ı D dist.� \ @Es; � \ @Et / be the distance between the level sets s and t of u. The
strict convexity of� and the fact that @Es are smooth, and orthogonal to the boundary
(because z �� D 0 on @� in (2.11)), imply that this minimal distance cannot be reached
by points on the boundary @�, but that there exists xs 2 @Es \� and xt 2 @Et \�,
with jxs � xt j D ı. We can also exclude the case ı D 0, by arguments similar to the
previous proof.

Let e D .xs � xt /=ı. This must be the outer normal to both @Et and @Es , respec-
tively at xt and xs .
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The idea is to “slide” one of the sets until it touches the other, in the direction e
(see Figure 8). We consider, for " > 0 small, .Et C .ı C "/e/ n Es , and a connected
component W" which contains xs on its boundary. We then use .ROFt /, comparing
Et with Et n .W" � .ı C "/e/ and Es with Es [W":

Per.Et I�/C
Z
Et

.t � g.x// dx

� Per.Et n .W" � .ı C "/e/I�/C
Z
Etn.W"�.ıC"/e/

.t � g.x// dx

Per.EsI�/C
Z
Es

.s � g.x// dx

� Per.Es [W"I�/C
Z
Es[W"

.s � g.x// dx: (2.21)

Now, if we let Lt D HN�1.@W" n @Es/ and Ls D HN�1.@W" \ @Es/, we have that

Per.Et n .W" � .ı C "/e/;�/ D Per.Et ; �/ � Lt C Ls

and
Per.Es [W"; �/ D Per.Es; �/C Lt � Ls;

so that, summing both equations in (2.21), we deduceZ
W"�.ıC"/e

.t � g.x// dx �

Z
W"

.s � g.x// dx:

Hence,

.t � s/jW"j �

Z
W"

.g.x C .ı C "/e/ � g.x// dx � jW"j!.ı C "/:

Dividing both sides by jW"j > 0 and sending then " to zero, we deduce

t � s � !.ı/:

The regularity of u follows. Indeed, if x; y 2 �, with u.x/ D t > u.y/ D s, we find
ju.x/ � u.y/j � !.ı/ � !.jx � yj/ since ı � jx � yj, ı being the minimal distance
between the level surface of u through x and the level surface of u through y.

3 Algorithmic Issues

3.1 Discrete Problem

To simplify, we let now � D .0; 1/2 and we will consider here a quite straightforward
discretization of the total variation in 2D, as

T Vh.u/ D h
2
X
i;j

p
juiC1;j � ui;j j2 C jui;jC1 � ui;j j2

h
: (3.1)
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Here in the sum, the differences are replaced by 0 when one of the points is not on the
grid. The matrix .ui;j / is our discrete image, defined for instance for i; j D 1; : : : ; N ,
and h D 1=N is the discretization step: T Vh is therefore an approximation of the 2D
total variation of a function u 2 L1..0; 1/2/ at scale h > 0.

It can be shown in many ways that (3.1) is a “correct” approximation of the Total
Variation J introduced previously and we will skip this point. The most simple result
is as follows:

Proposition 3.1. Let � D .0; 1/2, p 2 Œ1;C1/, and G W Lp.�/ ! R a continuous
functional such that limc!1G.c C u/ D C1 for any u 2 Lp.�/ (this coerciveness
assumption is just to ensure the existence of a solution to the problem, and other situ-
ations could be considered). Let h D 1=N > 0 and uh D .ui;j /1�i;j�N , identified
with uh.x/ D

P
i;j ui;j�..i�1/h;ih/�..j�1/h;jh/.x/, be the solution of

min
uh
T Vh.u

h/CG.uh/:

Then, there exists u 2 Lp.�/ such that some subsequence uhk ! u as k ! 1 in
L1.�/, and u is a minimizer in Lp.�/ of

J.u/CG.u/:

But more precise results can be shown, including with error bounds, see for instance
recent works [51, 46].

In what follows, we will choose h D 1 (introducing h yields in general to straight-
forward changes in the other parameters). Given u D .ui;j / a discrete image (1 �
i; j;� N ), we introduce the discrete gradient

.ru/i;j D

 
.DCx u/i;j

.DCy u/i;j

!
D

 
uiC1;j � ui;j

ui;jC1 � ui;j

!

except at the boundaries: if i D N , .DCx u/N;j D 0, and if j D N , .DCy u/i;N D 0.
Let X D RN�N be the vector space where u lives, then r is a linear map from X

to Y D X � X , and (if we endow both spaces with the standard Euclidean scalar
product), its adjoint r�, denoted by �div , is defined by

hru; piY D hu;r
�piX D �hu; divpiX

for any u 2 X and p D .pxi;j ; p
y
i;j / 2 Y , is given by the following formulas

.divp/i;j D p
x
i;j � p

x
i�1;j C p

y
i;j � p

y
i;j�1

for 2 � i; j � N � 1, and the difference pxi;j � p
x
i�1;j is replaced with pxi;j if i D 1,

and with �pxi�1;j if i D N , while pyi;j � p
y
i;j�1 is replaced with pyi;j if j D 1 and

with �pyi;j�1 if j D N .
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We will focus on algorithms for solving the discrete problem

min
u2X

�kruk2;1 C
1

2
ku � gk2; (3.2)

where kvk2 D
P
i;j v

2
i;j and kpk2;1 D

P
i;j

q
.pxi;j /

2 C .p
y
i;j /

2. In this section and

all what follows, J. � / will now denote the discrete total variation J.u/ D kruk2;1
(and we will not speak anymore of the continuous variation introduced in the previous
section). The problem (3.2) can also be written in the more general form

min
u2X

F.Au/CG.u/ (3.3)

where F W Y ! RC and G W X ! R are convex functions and A W X ! Y is
a linear operator (in the discretization of (ROF), A D r, F.p/ D kpk2;1, G.u/ D
ku � gk2=.2�/).

It is essential here that F;G are convex, since we will focus on techniques of con-
vex optimization which can produce quite efficient algorithms for problems of the
form (3.3), provided F and G have a simple structure.

3.2 Basic Convex Analysis – Duality

Before detailing a few numerical methods to solve (3.2) let us recall the basics of
convex analysis in finite-dimensional spaces (all the results we state now are true in a
more general setting, and the proofs in the Hilbertian framework are the same). We
refer of course to [68, 32] for more complete information.

3.2.1 Convex Functions – Legendre–Fenchel Conjugate

Let X be a finite-dimensional, Euclidean space (or a Hilbert space). Recall that a
subset C � X of X is said to be convex if and only if for any x; x0 2 C , the segment
Œx; x0� � C , that is, for any t 2 Œ0; 1�,

tx C .1 � t /x0 2 C:

Let us now introduce a similar definition for functions:

Definition 3.2. We say that the function F W X ! Œ�1;C1� is
� convex if and only if for any x; x0 2 X , t 2 Œ0; 1�,

F.tx C .1 � t /x0/ � tF .x/C .1 � t /F .x0/; (3.4)

� proper if and only if F is not identically �1 orC12

2 Notice that if F is convex, F � �1 if and only if there exists x 2 X s.t. F.x/ D �1, so that a
proper convex function has values in R [ ¹C1º.
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� lower-semicontinuous (l.s.c.) if and only for any x 2 X and .xn/n a sequence
converging to x,

F.x/ � lim inf
n!1

F.xn/: (3.5)

We let �0.X/ be the set of all convex, proper, l.s.c. functions on X .

It is well known, and easy to show, that if F is twice differentiable at any x 2 X ,
then it is convex if and only if D2F.x/ � 0 at any x 2 X , in the sense that for any
x; y,

P
i;j @

2
i;jF.x/yiyj � 0. If F is of class C 1, one has that F is convex if and

only if
hrF.x/ � rF.y/; x � yi � 0 (3.6)

for any x; y 2 X .
For any function F W X ! Œ�1;C1�, we define the domain

domF D ¹x 2 X W F.x/ < C1º

(which is always a convex set if F is) and the epigraph

epiF D ¹.x; t/ 2 X �R W t � F.x/º;

which is convex if and only if F is.
Then, it is well known that F is l.s.c. if and only if for any � 2 R, ¹F � �º is closed,

if and only if epiF is closed in X � R. [Indeed, if F is l.s.c. and .xn/ 2 ¹F � �º

converges to x, then F.x/ � lim infn F.xn/ � �, so that ¹F � �º is closed; if this set
is closed and .xn; tn/n is a sequence of epiF converging to .x; t/, then for any � > t ,
.x; t/ 2 ¹F � �º, that is F.x/ � �, so that F.x/ � t and .x; t/ 2 epiF ; and if epiF
is closed and .xn/n ! x, for any t > lim infn F.xn/ there exists a subsequence .xnk /
such that .xnk ; t / 2 epiF for each k, so that .x; t/ 2 epiF hence F.x/ � t . We
deduce (3.5).]

Hence, we have F 2 �0 if and only if epiF is closed, convex, nonempty and differs
from X �R.

Another standard fact is that in finite dimension, any convex F is locally Lipschitz
in the interior of its domain.

Definition 3.3 (Legendre–Fenchel conjugate). We define the Legendre–Fenchel con-
jugate F � of F for any p 2 X by

F �.p/ D sup
x2X

¹hp; xi � F.x/º:

It is obvious that F � is convex, l.s.c. (as a supremum of linear, continuous func-
tions). We will soon see that it is also proper as soon as F is convex and proper:
hence it maps �0 into itself (and in fact, onto). The following is the most classical and
fundamental result of convex duality:
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Theorem 3.4. Let F 2 �0: then F �� D F .

Before proving the theorem, let us state an important separation result on which it
relies:

Theorem 3.5. Let X be an Euclidean space, C � X be a closed convex set, and
x 62 C . Then there exists a closed hyperplane separating strictly x and C , that is:
there exists p 2 X and ˛ 2 R such that

hp; xi > ˛ � hp; zi

for any z 2 C .

This result is in its most general form a consequence of the Hahn–Banach theorem,
however, in the finite dimensional, or Hilbert setting, its proof is much easier than in
the general setting:

Proof. Let Nx 2 C be the projection of x onto C :

Nx D arg min¹kx � x0k2 W x0 2 C º:

The proof that it exists is standard and relies on the “parallelogram identity” ka C
bk2 C ka � bk2 D 2.kak2 C kbk2/, and the fact that X is complete.

Let p D x � Nx. We know that for any z 2 C ,

hx � Nx; z � Nxi � 0

as is deduced from a straightforward first variation argument. Hence

hp; zi � ˛ D hp; Nxi:

On the other hand,
hp; xi D hp; Nxi C kpk2 > ˛:

Now we can prove Theorem (3.4):

Proof. First, for any x and p, F �.p/ � hp; xi�F.x/, so that hp; xi�F �.p/ � F.x/,
and taking the sup over p we get that F ��.x/ � F.x/. Hence we need to show the
opposite inequality.

To simplify, we prove it only in case domF D X . If domF ¤ X , then it is easy to
approximate F as a sup of functions .Fı/ı>0 in �0 with domFı D X (for instance,
the Moreau–Yosida regularizations Fı.x/ D miny F.y/C kx � yk2=.2ı/ � F.x/),
and recover the result.

Let now .x; t/ 62 epiF , which is closed and convex. That is, t < F.x/. By the
separation theorem, there exists p; s; ˛ such that

hp; xi C st > ˛ � hp; zi C su
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for any .z; u/ 2 epiF . Sending u!C1 we see that s � 0. On the other hand, since
we have assumed domF D X , we have that x 2 domF and t < F.x/, so that

hp; xi C st > ˛ � hp; xi C sF.x/;

and it follows s < 0.
Now for any z, �

p

s
; x

�
C t <

˛

s
�

�
p

s
; z

�
C F.z/

we deduce that hp
s
; xi C t < �F �.�p=s/, so that t < F ��.x/. It follows that

F.x/ � F ��.x/.

3.2.2 Subgradient

The definition is already given in Definition 2.2. Now F is a convex function defined
on a finite dimensional space X .

Definition 3.6. For x 2 X ,

@F.x/ D ¹p 2 X W F.y/ � F.x/C hp; y � xi 8y 2 domF º

and dom @F D ¹x W @F.x/ ¤ ;º � domF .

If F is differentiable at x, then @F.x/ D ¹rF.x/º.
Now, for any p; x, hp; xi � F.x/C F �.p/. But p 2 @F.x/ implies that

hp; xi � F.x/ � hp; yi � F.y/

for all y, hence
hp; xi � F.x/ � F �.p/:

Hence, one deduces the Legendre–Fenchel identity:

Proposition 3.7. For any F convex, p 2 @F.x/ if and only if

hp; xi D F.x/C F �.p/:

Moreover if F 2 �0, so that F �� D F , then this is equivalent to x 2 @F �.p/.

We have the following obvious proposition:

Proposition 3.8. Let F be convex, then x 2 arg minX F if and only if 0 2 @F.x/.

Proof. Indeed, this is equivalent to F.y/ � F.x/C h0; y � xi for all y.
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The following is trickier to show, but we skip the proof:

Proposition 3.9. Let F;G be convex and assume int.domG/ \ domF ¤ ;: then
@.F CG/ D @F C @G.

The inclusion @.F CG/ � @F C@G always holds. For a proof, see [32]. The condi-
tion that int.domG/\domF ¤ ; (which is always true, for instance, if domG D X ),
is way too strong in finite dimension, where one may just assume that the relative in-
teriors of the domains of G and F have a nonempty intersection [68]. If not, the result
might not be true, as shows the example where F.x/ D C1 if x < 0, �

p
x if x � 0,

and G.x/ D F.�x/.

Monotonicity The subgradient of a convex function F is an example of “monotone”
operator (in the sense of Minty): clearly from the definition we have for any x; y and
any p 2 @F.x/, q 2 @F.y/,

hp � q; x � yi � 0: (3.7)

(Just sum the two inequalities F.y/ � F.x/ C hp; y � xi and F.x/ � F.y/ C

hq; x�yi.) Compare with (3.6). This is an essential property, as numerous algorithms
have been designed (mostly in the 70’s) to find the zeroes of monotone operators and
their numerous variants. Also, a quite complete theory is available for defining and
describing the flow of such operators [71, 19].

3.2.3 The Dual of (ROF)

We now can easily derive the “dual” problem of (3.2) (and, in fact, also of (ROF) since
everything we will write here also holds in the Hilbertian setting).

Recall that J denotes now the discrete total variation introduced in (3.2). Let u be
a minimizer: from Propositions 3.8 and 3.9, we have

0 2 @

�
�J C

1

2
k � �gk2

�
.u/ D �@J.u/C u � g:

(We recover in the discrete setting the same Euler–Lagrange equation as in the contin-
uous setting, see (2.10).)

Hence: .g�u/=� 2 @J.u/, hence from Proposition 3.7, u 2 @J �..g�u/=�/, hence
v D .g � u/=� solves

0 2 v �
g

�
C
1

�
@J �.v/

which is exactly the equation which characterizes the minimality for

min
v

1

2





v � g�




2 C 1

�
J �.v/: (3.8)



42 A. Chambolle, V. Caselles, D. Cremers, M. Novaga and T. Pock

Now, what is J �? This is quite simple: J can (as in the continuous setting) be
defined by duality, indeed,

J.u/ D kruk2;1 D sup¹h�;ruiY W j�i;j j � 1 8i; j º

D sup¹�hdiv �; uiX W j�i;j j � 1 8i; j º

D sup
p
hp; xiX �H.p/

where, letting
K D ¹p D �div � 2 X W k�i;j k � 1 8i; j º; (3.9)

we have H.p/ D 0 for p 2 K and H.p/ D C1 if p 62 K (H is called the “char-
acteristic function of K”). Hence J is the Legendre–Fenchel conjugate H� of this
function H .

Since K is closed and convex, H 2 �0, so that J � D H�� D H . Hence the dual
problem (3.8) is also

min
v2K

1

2





v � g�




2 D min

j�ji;j�1

1

2





div � C
g

�





2 (3.10)

and we recover u by letting u D g � �v D g C �div �.
We will see that this problem has a structure which makes it nicer (easier) to solve

than the primal problem (3.2).

3.2.4 “Proximal” Operator

We end this section by introducing more generally the “proximal” operator associated
to a function F 2 �0. For any F 2 �0 it is not hard to show that for any ı > 0,
problem

min
y
ıF.y/C

1

2
ky � xk2

always have a solution, which is unique. The equation for this solution y is

ı@F.y/C y � x 3 0

hence
y D .I C ı@F /�1.x/ (3.11)

is well-defined and uniquely defined. The mapping .I C ı@F /�1 is called the “prox-
imal map” of ıF and sometimes denoted proxıF . The following identity, which is
exactly our derivation of the dual problem in the previous section, is due to Moreau:

x D .I C ı@F /�1.x/C ı

�
I C

1

ı
@F �

��1�x
ı

�
; (3.12)

and for ı D 1 it reduces to:

x D .I C @F /�1.x/C .I C @F �/�1.x/:
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Examples. If F.x/ D ˛x2=2 for some ˛ > 0, we check that

.I C ı@F /�1.x/ D
x

1C ı˛
:

The reader may check that this is coherent with (3.12) and the fact that F �.p/ D
p2=.2˛/.

If F.x/ is the characteristic function of a closed, convex set C �X , that is F.x/D0
if x 2 C andC1 else, then

.I C ı@F /�1.x/ D …C .x/;

the Euclidean projection onC of x, which actually minimizes kx�yk2 over all y 2 C .
On the other hand, it follows from (3.12) that

Ny D

�
I C

1

ı
@F �

��1
.y/ D y �

1

ı
…C .ıy/

which is some kind of “shrinkage” or “soft-thresholding” of y from which one removes
the projection on .1=ı/C . The point Ny is the minimizer of

min
z

kz � yk

2

2

C
1

ı
hC .z/

where F � D hC is the support function of C , defined by hC .z/ D supx2C hz; xi.

In the sequel we introduce a few possible algorithms to solve (3.2) or (3.10).

3.3 Gradient Descent

Consider first an elementary problem which is to minimize overX a function F 2 �0,
which is differentiable and such that rF is Lipschitz with some constant L (one says
that F is C 1;1).

It is not the case for (3.2), but it is the case for the approximation

F".u/ D
X
i;j

q
"2 C j.ru/i;j j2 C

1

2
ku � gk2

for any " > 0 (and it is clear that as " ! 0, this problem will approximate the other
one). In this case, rF" is Lipschitz with a constant of order 1=".

Then, the most straigthforward approach is the “gradient descent”: choose h > 0

a step, any x0 2 X and let for any n � 0

unC1 D un � hrF.un/:

(Of course the step h needs not, and should not, be constant, but for simplicity we stick
to this case).

This method is not very efficient (and should not be used!). A complexity bound
can be derived:
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Theorem 3.10 (Nesterov [60]). Assume h 2 .0; 2=L/: then F.uk/ ! minF D
F.x�/ as k ! 1. The best rate of convergence is obtained for h D 1=L, and
is

F.uk/ � F.x�/ �
2Lku0 � u�k2

k C 4
:

Observe that the estimate depends on the quality of the initial guess. For a proof,
see [60], Theorem 2.1.14 and Corollary 2.1.2.

For solving the approximation F", one sees that the step h should be taken of order ".
This approach cannot be used to solve the dual problem (3.10): indeed, although the
objective function is quite smooth in this case (and the gradient, r.divp C g=�/, is
Lipschitz with constant L � 8), it has to be minimized on a convex set (hence with a
constraint). For this reason, we need to introduce constrained variants of the Gradient
Descent algorithm.

3.3.1 Splitting, and Projected Gradient Descent

We follow in this presentation the paper of Beck and Teboulle [13]. Assume we want
to solve

min
x2X

F.x/CG.x/

where: F is C 1;1 (rF is L-Lipschitz), and G is “simple”, meaning that the “prox”
.I C h@G/�1 is easy to compute. This is for instance the case for the dual prob-
lem (3.10): in this case

F.p/ D
1

2
kdivp C gk2 and G.p/ D

´
0 if kpi;j k � 1 8i; j

C1 else.

We see that (see Section 3.2.4)

.I C h@G/�1.p/ D arg min
q

1

2
kq � pk2 C hG.q/ D …C .p/

where …C denotes the orthogonal projection onto ¹p W kpi;j k � 1 8i; j º and is
straightforward to compute.

A good idea to solve the problem is to do descent steps alternatively in F and G, as
we will now describe. This is an example of “splitting” (introduced first by Douglas
and Rachford, see for instance [49] for a general form): in practice, we solve succes-
sively one step of the gradient descent of F (in an explicit way), and one step of the
gradient descent of G (in an implicit way), in order to obtain a “full” gradient descent
of F CG. Hence the term “forward-backwards” splitting, see [28].

In case G is, like here, a characteristic function and .I C h@G/�1 is a projection),
then it reduces to a “projected gradient algorithm”: we do one explicit step of descent
in F , and then reproject the point on the constraint.
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The resulting algorithm is hence as follows: we choose x0 2 X , and let

xnC1 D .I C h@G/�1.xn � hrF.xn// (3.13)

for a given, fixed step h > 0. One can also write the iteration xnC1 2 xn�h.rF.xn/C
@G.xnC1// which makes apparent the forward-backwards splitting.

Again, this algorithm is quite slow, but it is interesting to understand the intuitive
idea behind it. In fact, if rF is L-Lipschitz, we can write for any x; y 2 X

F.y/ D F.x/C

� Z 1

0

rF.x C t .y � x// dt; y � x

�
� F.x/C hrF.x/; y � xi C

L

2
ky � xk2 (3.14)

so that the parabola y 7! QL.y; x/ D F.x/ C hrF.x/; y � xi C L
2
ky � xk2 ap-

proximates from above the function F . Now, assume x D xn and we replace the
minimization of F , at step n, with the minimization of QL.y; xn/ w.r. y. Then, we
find y D xn � .1=L/rF.xn/, that is, a step of the gradient descent algorithms with
step 1=L. This is a way to interpret that algorithm, and provides a natural way to
extend it to the minimization of F CG: indeed, we can now let

QL.y; x/ D F.x/C hrF.x/; y � xi C
L

2
ky � xk2 CG.y/

and we see, as before, that F.y/CG.y/ � QL.y; x/ for any x; y.
Now, consider the problem minyQL.y; xn/. The equation is

rF.xn/C L.y � xn/C @G.y/ 3 0

and we find that the solution is nothing else than the iterate xnC1 given by (3.13),
provided h D 1=L.

The following is Lemma 2.3 in [13]:

Lemma 3.11. Let x 2 X , and h > 0, and let y D arg minQ1=h. �; x/ be such that
F.y/C G.y/ � Q1=h.y; x/ (which is true as soon as h < 1=L, by (3.14)). Then for
any z 2 X

.F.z/CG.z// � .F.y/CG.y// �
1

2h
kx � yk2 C

1

h
hx � z; y � xi

D
1

2h
.ky � zk2 � kx � zk2/: (3.15)

Proof. By assumption,

.F.z/CG.z// � .F.y/CG.y// � F.z/CG.z/ �Q1=h.y; x/: (3.16)
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Also, F.z/ � F.x/ C hrF.x/; z � xi, while G.z/ � G.y/ C hp; z � yi where
p D .x � hrF.x/ � y/=h 2 @G.y/. Hence

F.z/CG.z/ � F.x/CG.y/C hrF.x/; z � xi C hp; z � yi:

We deduce from (3.16) that

.F.z/CG.z// � .F.y/CG.y//

� F.x/CG.y/C hrF.x/; z � xi C hp; z � yi

� F.x/ � hrF.x/; y � xi �
1

2h
ky � xk2 �G.y/

D hrF.x/C p; z � yi �
1

2h
ky � xk2

D
1

h
hx � y; z � yi �

1

2h
ky � xk2 D

1

2h
ky � xk2 C

1

h
hx � y; z � xi:

This allows to prove the following result (see Beck and Teboulle [13], Theorem 3.1):

Theorem 3.12. Let .xn/n satisfy (3.13), and h D 1=L. Then

.F.xk/CG.xk// � .F.x�/CG.x�// �
Lkx0 � x�k2

2k
(3.17)

for any k � 1, and for any solution x� of the problem.

Hence the rate of convergence is essentially the same as for the standard gradient
descent, when G � 0.

Proof. We follow the very elegant proof of Beck and Teboulle [13]. First use (3.15)
with z D x�, y D xnC1, x D xn, h D 1=L:

2

L
..F.x�/CG.x�// � .F.xnC1/CG.xnC1/// � kxnC1 � x�k2 � kxn � x�k2;

which we sum from n D 0 to k � 1:

2

L

�
k.F.x�/CG.x�//�

kX
nD1

.F.xn/CG.xn//

�
� kxk�x�k2�kx0�x�k2: (3.18)

We use (3.15) again with z D x D xn, h D 1=L:

2

L
..F.xn/CG.xn// � .F.xnC1/CG.xnC1/// � kxnC1 � xnk2;
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which we multiply by n before summing from 0 to k � 1:

2

L

� k�1X
nD0

n.F.xn/CG.xn// �

kX
nD1

.n � 1/.F.xn/CG.xn//

�

D
2

L

� k�1X
nD1

.F.xn/CG.xn// � .k � 1/.F.xk/CG.xk//

�

�

k�1X
nD0

nkxnC1 � xnk2:

We add this last equation to (3.18) and find:

2

L
.k.F.x�/CG.x�// � k.F.xk/CG.xk///

� kxk � x�k2 � kx0 � x�k2 C

k�1X
nD0

nkxnC1 � xnk2 � �kx0 � x�k2

from which (3.17) follows.

Hence: this provides a convergent (but slow) way to minimize the dual problem
(and many variants).

3.3.2 Improvements: Optimal First-order Methods

The rate of convergence of theses methods are slow. It is shown by Nesterov [60]
that first order method can theoretically not achieve a better rate of convergence than
C=k2 (after k iterations). A few variants of the previous methods achieve such a rate
of convergence and are recommended in the implementations.

Nesterov/Beck and Teboulle’s Acceleration In [13] the following iteration is pro-
posed, as a variant of an acceleration for the gradient descent proposed by Nesterov
in [59]: let x0 2 X D RN , y1 D x0, t1 D 1, and:

xk D

�
I C

1

L
@G

��1�
yk �

1

L
rF.yk/

�
;

tkC1 D
1C

q
1C 4t2

k

2
; ykC1 D xk C

tk � 1

tkC1
.xk � xk�1/:

Then:
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Theorem 3.13 (Beck and Teboulle [13, Theorem 4.1]). For any minimizer x�,

F.xk/CG.xk/ � .F.x�/CG.x�// �
2Lkx0 � x�k2

.k C 1/2
:

Yu. Nesterov himself also proposed an improvement of his earlier algorithm for non-
smooth problems in [61], which is similar in spirit but a bit more complex to describe.
See also [15] for similar accelerations for a smaller class of problems.

3.4 Augmented Lagrangian Approaches

Another class of methods for solving (3.2) are the “augmented Lagrangian” methods,
also known as “split Bregman” iterations, or “Alternating directions method of multi-
pliers”

The basic idea is as follows: instead of solving (3.2), we solve the constrained
problem

min
pDru

�kpk2;1 C
1

2
ku � gk2:

Then, to enforce the constraint, we use an augmented Lagrangian approach, which
consists in introducing

L˛.p; u; �/ D �kpk2;1 C
1

2
ku � gk2 C h�; p � rui C

˛

2
kp � ruk2

where here, � 2 Y is a Lagrange multiplier for the constraint p D ru. The method
consists then in minimizing alternatingly L˛ w.r. p, u, and updating the Lagrange
multiplier �:

ukC1 D arg min
u
L˛.p

k; u; �k/

pkC1 D arg min
p
L˛.p; u

kC1; �k/

�kC1 D �k C ˛.pkC1 � rukC1/

and this method is shown to converge. It seems it was first studied by Gabay and
Mercier, 1976, Glowinski and Marrocco, 1975. Then, it was analyzed in a more gen-
eral framework in [31]. See also [33] and the references therein for a recent study on
these approaches.

3.5 Primal-dual Approaches

The last interesting family of algorithms to solve (3.2) are maybe the primal-dual ap-
proaches, or “Arrow–Hurwicz” type methods. The idea goes back to [11], but seems
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to be first found in this framework in a paper of Appleton and Talbot [10]. Consider
the formulation (3.3), using Legendre–Fenchel’s duality, it can also be written as:

min
x2X

max
y2Y
hy;Axi � F �.y/CG.x/ (3.19)

and the idea is to alternate gradient descent in x and ascent in y. Take care that in
some cases, it provides iterations which are almost identical to the iterations provided
by the previous splitting approaches. An important observation is that standard convex
analysis shows that under very weak assumptions, the min and max may be swapped
in (3.19). This is another approach to the dual problem of (3.3), which can be found
by writing

min
x2X

F.Ax/CG.x/ D min
x2X

max
y2Y
hy;Axi � F �.y/CG.x/

D max
y2Y

min
x2X
hA�y; xi CG.x/ � F �.y/

D max
y2Y
�.G�.�A�y/C F �.y//:

Moreover, one deduces immediately that the quantity

G .x; y/ D F.Ax/CG.x/CG�.�A�y/C F �.y/;

known as the primal-dual gap, is always nonnegative, and vanishes only if . Ox; Oy/ is a
saddle-point of (3.19), hence satisfying

hy;A Oxi � F �.y/CG. Ox/ � h Oy;A Oxi � F �. Oy/CG. Ox/ � h Oy;Axi � F �. Oy/CG.x/

(3.20)
for all .x; y/ 2 X � Y .

This suggests the following approach, which consists in performing simultaneously
an approximate gradient descent in x and gradient ascent in y: choose x0; y0, �; � > 0
two time-steps, and let

ynC1 D .I C �@F �/�1.yn C �Axn/

xnC1 D .I C �@G/�1.xn � �A�ynC1/:

The scheme, as is, is proposed in a paper of Zhu and Chan [74], with an interesting
(and very efficient) acceleration which is obtained by varying the time-steps, but un-
fortunately no proof of convergence exists. A global study of such schemes is found
in a recent preprint [34].

We have provided recently in [64] the following variant, inspired by a paper of
L. Popov [66], where the convergence of a variant of the “extragradient” method of
G. Korpelevich [45] is studied. The algorithm is as follows: we choose x0 D Nx0, y0,
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and let for each n � 0:

ynC1 D .I C �@F �/�1.yn C �A Nxn/

xnC1 D .I C �@G/�1.xn � �A�ynC1/

NxnC1 D 2xnC1 � xn:

(3.21)

(Observe that the algorithm could also be written with a variable Ny instead of Nx, and
iterating first in x, then in y.) Our approach can also be seen as a slight variant of the
extragradient algorithm [45], or its generalization in [58], but it seems original.

This algorithm, first mentioned in [64], has been recently presented as a particular
case of a more general algorithm in [34], and a proof of convergence is also given
there. A detailed study is found in [25], with accelerations in case some of the convex
functions are smoother. It reduces trivially to the standard Douglas–Rachford splitting
in case A D Id (and probably if A is invertible), just perform the change of variable
vn D yn � xn=� and check against the formula proposed in [49, eq. (10)]. We give
here an alternate proof of convergence, which is inspired from [66] and [58]. Actually,
we can show convergence of the iterates to a solution in finite dimension, while in the
general case, mimicking the proof of [58] where A. Nemirovski computes rates of con-
vergence for a general version of the extragradient algorithm, we find a convergence
of a primal-dual gap to zero, in O.1=n/. For practical use, we introduce the partial
primal-dual gap

GB1�B2.x; y/ D max
y02B2

hy0; Axi �F �.y0/CG.x/� min
x02B1

hy;Ax0i �F �.y/CG.x0/;

(G D GX�Y ). Then, as soon as B1 � B2 contains a saddle-point . Ox; Oy/, defined
by (3.20), we have

GB1�B2.x; y/ � h Oy;Axi � F
�. Oy/CG.x/ � hy;A Oxi � F �.y/CG. Ox/ � 0

and it vanishes only if .x; y/ is itself a saddle-point.

Theorem 3.14. Let L D kAk and assume problem (3.19) has a saddle-point . Ox; Oy/.
Then, if ��L2 < 1 and .xn; Nxn; yn/ are defined by (3.21):

(a) For any n,

kyn � Oyk

2�

2

C
kxn � Oxk

2�

2

� C

�
ky0 � Oyk

2�

2

C
kx0 � Oxk

2�

2�
(3.22)

where the constant C � .1 � ��L2/�1.

(b) If we let xN D .
PN
D1 x

n/=N and yN D .
PN
nD1 y

n/=N , for any bounded B1 �
B2 � X � Y the restricted gap has the following bound:

GB1�B2.xN ; yN / �
C.B1; B2/

n
: (3.23)

Moreover, the weak cluster points of .xN ; yN / are saddle-points of (3.19).
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(c) If the dimension of the spaces X and Y is finite, then there exists a saddle-point
.x�; y�/ such that xn ! x� and yn ! y� (of course, then, also .xn; yn/ !
.x�; y�/).

The proof of Theorem 3.14 is found in Appendix A.
The estimate (3.23) is relatively weak but seems to show that the method is in some

sense optimal (but slow). However, we’ll see in the next Section 3.7 that the conver-
gence can be apparently improved by varying the time-steps and relaxation parame-
ters, as suggested in [74], although we do not have a clear explanation for this (and
it is possible that this acceleration is problem-dependent, as opposed to the result of
Theorem 3.13).

Observe that if F �.y/=jyj ! 1 as jyj ! 1, then for any R > 0, F �.y/ � Rjyj
for y large enough which yields that domF � B.0;R/. Hence F has full domain. It
is classical that in this case, F is locally Lipschitz in Y .

One checks, then, that

max
y2Y
hy;Axni � F

�.y/CG.xn/ D F.Axn/CG.xn/

is reached at some y 2 @F.Axn/, which is globally bounded thanks to (3.22). It
follows from (3.23) that F.Axn/ C G.xn/ � .F.A Nx/ C G. Nx// � C=n for some
constant depending on the starting point .x0; y0/, F and L. In the same way, if
limjxj!1G.x/=jxj ! 1, we haveF �.yn/CG�.�A�yn/�.F �. Oy/CG�.�A� Oy// �
C=n. If both F �.y/=jyj and G.x/=jxj diverge as jyj and jxj go to infinity, then the
global gap G .xn; yn/ � C=n.

It is easy to check that this approach is useful for many variants of (3.2) or similar
discretizations of (2.1). We leave this as an exercise to the reader, see also the examples
in Section 3.7.

3.6 Graph-cut Techniques

A last approach to solve (3.2) (or, in fact, a slight variant) is to use “graph-cuts”
or “maximal flow” algorithms [1]. It has been noticed long ago [63] that maxi-
mal flow/minimum cut techniques could be used to solve discrete problems of the
form (2.1), that is, to compute finite sets minimizing a discrete variant of the perimeter
and an additional external field term.

This approach has gained in popularity in the past ten years, mostly because of
incredibly fast algorithms, specially coined for image processing applications, see in
particular [16].

Combined with the discrete counterpart of Proposition 2.6, it leads to efficient tech-
niques for solving (only) the denoising problem (ROF) in the discrete setting. In fact,
although this approach is strictly limited to problems of the form

min
u2RN�N

J.u/C
X
i;j

‰i;j .ui;j /
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with each function ‰i;j convex, and J involving pairwise interactions,3 such as

J.u/ D
X
i;j

juiC1;j � ui;j j C jui;jC1 � ui;j j;

an algorithm described in a paper by D. Hochbaum [42] provides a way to solve exactly
(up to machine precision) this minimization for simple terms‰i;j .ui;j / such as .ui;j�
gi;j /

2.
We will not describe this approach in these notes, and refer to [23], and the refer-

ences therein, for details.

3.7 Comparisons of the Numerical Algorithms

It is of course naive to believe that one single algorithm will fulfill the needs of
all inverse problems which can be regularized by the total variation. However, the
method (3.21) has the advantage of being easy to adapt to many different situations,
and provide good results in most cases. Clearly, research should then focus on im-
proving the numerical methods specifically for each particular applications, once it
has been checked that the approach was efficient. In the following, we will present
a comparison of the algorithms discussed in the previous sections for computing the
minimizer of the discrete (ROF) problem (3.2). Besides this, we will also compare
different discrete approximations of the total variation including anisotropic approxi-
mations and upwind schemes.

In order to evaluate the performance of each algorithm, we used the following pro-
cedure. First, we ran the proposed modified extragradient method (3.21) for a large
number of iterations (10000) to generate the ground truth solution (the primal dual gap
was always less then 10�6). Then, we ran the different algorithms until the root mean
squared error (RMSE) of the current iterate to the ground truth solution was less than
tol D 10�3.

P-GD Primal, gradient descend, " D 0:001

D-PGD Dual, projected gradient descend

D-BT Dual, fast iterative shrinkage thresholding algorithm [13]

PD-AL Primal-dual, augmented Lagrangian approach [33], ˛ D 20

PD-ME Primal-dual, modified extragradient, � D 0:01

PD-MEG Primal-dual, modified extragradient, GPU version, � D 0:01

PD-ZC Primal-dual, Arrow–Hurwitz method, varying steps [74]

GC-8(16) Graph-cut, 8(16)-connected graph, 8-bit accuracy [23]

Table 1. Explanation of the algorithms of the performance evaluation.

3 In fact, slightly more complex situations can be considered, see for instance [44].
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Table 1 gives an overview of the algorithms and parameter settings we used in our
performance evaluation. All algorithms were implemented in pure Matlab, except for
the graph-cut algorithm, whose main routine was implemented in optimized C/C++
(see [23] for more details). In addition, we implemented an parallel version of the
modified extragradient algorithm on the (graphics processing unit) GPU using the
CUDA framework. Executed on a Nvidia Tesla C1060 GPU, this results in a dramatic
speedup of approximately 200 compared to the pure Matlab implementation. Note that
on the other hand, an efficient parallel implementation of graph-cut algorithms is still
an open problem. It can therefore be expected that algorithms that can be executed
in parallel will play an important role in future. Finally, we note that since graph-cut
algorithms compute the exact solution with respect to a discretized (8 Bit) solution
space, their results are not directly comparable to those of the continuous optimization
algorithms.

Figure 9 shows the input image and results of our evaluation. The first row shows
the clean and noisy input images and the second row shows results for different values
of the regularization parameter �. In the last row we provide a comparison between
the graph-cut algorithms and the continuous minimization algorithms for � D 1. The
graph cut algorithm was executed using a 8- and a 16-connected graph. The modified
extragradient method was executed using the simple forward differences approxima-
tion (see (3.1)) and a more sophisticated upwind scheme proposed in [24]. One can see
that for a 8-connected graph, the so-called metrication errors of graph-cut algorithms
are clearly visible. For a 16-connected graph, the results are very close to those of
the continuous algorithms. Comparing the results of the continuous algorithms, one
can observe that the upwind scheme delivers sharp edges almost independent of the
edge orientation, whereas the simple forward differences approximation exhibits some
blurring at certain edge orientations.

� 1/16 1/8 1/4 1/2 1

P-GD 800/20.6 –/– –/– –/– –/–

D-PGD 110/2.57 350/8.93 1120/27.93 3340/86.78 –/–

D-BT 40/1.28 80/2.54 140/4.72 270/8.31 460/15.41

PD-AL 50/1.40 90/2.65 150/4.55 250/7.55 420/12.5

PD-ME 40/1.09 70/2.06 120/3.64 220/6.04 410/10.99

PD-MEG 40/0.005 70/0.009 120/0.016 220/0.029 410/0.053

PD-ZC 20/0.56 50/1.30 90/2.43 150/3.84 300/8.02

GC-8 –/0.59 –/0.67 –/0.79 –/0.95 –/1.31

GC-16 –/1.10 –/1.27 –/1.58 –/2.06 –/2.96

Table 2. Performance evaluation of various minimization algorithms. The entries in the
table refer to [iterations/time (sec)].
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(a) Clean image (b) Noisy image (� D 0:05/

(c) � D 1=16 (d) � D 1=4 (e) � D 1

(f) GC-8 (g) GC-16 (h) PD-ME, simple (i) PD-ME, upwind

Figure 9. Results and comparisons of the proposed minimization algorithms. (a) and
(b) show the clean input image of size (256 � 256) and a degraded version generated by
adding white Gaussian noise of standard deviation � D 0:05. (c)–(e) show some results
of the minimization algorithms for different values of the regularization parameter �.
(f)–(i) show a comparison of different discrete approximations of the total variation.
(f) and (g) are anisotropic polygonal approximations of different order used by the graph
cut techniques. (h) and (i) are more isotropic approximations used by the primal-dual
minimization algorithm.

Table 2 shows the results of our performance evaluation. The table entries refer
to the number of iterations the algorithm needed until the RMSE was less than tol.
The second numbers refer to the respective execution time in seconds. If no entry
is present, the algorithm did not meet the convergence criterion within 10000 itera-
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tions. At first, one can observe that for larger values of � the problem gets harder for
all algorithms. Actually, simple gradient based methods even fail to converge within
10000 iterations for larger values of �. The PD-ZC algorithm is the fastest iterative
method. It is slightly better than the proposed PD-ME algorithm. However, while the
PD-ME method is proven to converge with a certain rate, a proof of convergence for
the PD-ZC method (if there is one) is still an open problem. Furthermore, while the
PD-ZC method is tailored for minimizing the (ROF) model, we will see in the next
sections that the PD-ME method is applicable for a much larger class of problems. In-
terestingly, the PD-AL algorithm, which is often considered to be the most competing
algorithm for minimizing the (ROF) model, is clearly outperformed by PD-ZC and
PD-ME. The graph-cut algorithms are fast and deliver exact discrete solutions but an
efficient parallelization is still an open problem. In contrast, the continuous PD-ME
algorithm is easy to parallelize and its GPU-based variant yields the overall fastest
method.

4 Applications

4.1 Total Variation Based Image Deblurring and Zooming

(a) Original image (b) Degraded image (c) Wiener filter (d) TV-deblurring

Figure 10. Motion deblurring using total variation regularization. (a) and (b) show the
clean image and a degraded version containing motion blur of approximately 30 pixels
and Gaussian noise of standard deviation � D 0:02. (c) is the result of standard Wiener
filtering. (d) is the result of the total variation based deblurring method. Note that the
TV-based method yields visually much more appealing results.

The standard (ROF) model can be easily extended for image deblurring and digital
zooming.

min
u

²Z
�

jDuj C
�

2

Z
�

.Au � f /2dx

³
(4.1)

where � � R2 is the domain of the image and A is a linear operator. In the case of
image deblurring, A is the blurring kernel. In the case of image zooming, A describes
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the downsampling procedure, which is often assumed to be a blurring kernel followed
by a subsampling operator. This problem can be easily rewritten in terms of a saddle-
point problem (3.19).

min
u

max
p;q
hp;Dui C hq;Au � f i � Ikpk1�1 �

1

2�
kqk2; (4.2)

which can then be solved by the iterates (3.21). Here, IS denotes the indicator function
of the set S .

Figure 10 shows the application of the energy (4.1) to motion deblurring. While the
classical Wiener filter is not able to restore the image the total variation based approach
yields a far better result. Figure 11 shows the application of (4.1) to zooming. On can
observe that total variation based zooming leads to a superresolved image with sharp
boundaries whereas standard bicubic interpolation does not preserve sharp boundaries.

(a) Original images (b) Bicubic interpolation (c) TV-zooming

Figure 11. Image zooming using total variation regularization. (a) shows the original
image and a by a factor of 4 downsampled version. (b) is the result of zooming by
a factor of 4 using bicubic interpolation. (c) is the result of the total variation based
zooming model. One can see that total variation based zooming yields much sharper
image edges.

4.2 Total Variation with L1 Data Fidelity Term

Similar to the (ROF) model, the T V � L1 model [62, 26, 12] is defined as the varia-
tional problem

min
u

²Z
�

jDuj C �

Z
�

ju � f jdx

³
: (4.3)

The difference compared to the (ROF) model is that the squared L2 data fidelity term
has been replaced by the L1 norm. Although the change is small, the T V � L1

model offers some desirable properties. First, it turns out that the T V � L1 model
is more effective than the (ROF) model in removing impulse noise (e.g. salt and pep-
per noise) [62]. Second, the T V � L1 model is contrast invariant. This means that,
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if u is a solution of (4.3) for a certain input image f , then cu is also a solution for cf
for c 2 RC. Therefore the T V � L1 model has a strong geometrical meaning which
makes it useful for scale-driven feature selection and denoising of shapes.

Being not strictly convex, computing a minimizer of the T V � L1 model is a hard
task. Several methods have been proposed to compute an approximate minimizer using
fixed point iterations based on smoothing [72] or quadratic splitting techniques [12].
Recently, an augmented Lagrangian method has been proposed to compute the exact
minimizer of the T V � L1 model [33]. In order to apply the proposed modified ex-
tragradient method to solve the T V � L1 model, we again rewrite it in terms of a
saddle-point problem (3.19)

min
u

max
p;q
hp;Dui C hq; u � f i � I¹kpk1�1º � I¹jqj1��º; (4.4)

which can then be solved using the iterates (3.21).
Figure 12 shows the restoration of an image containing impulse noise (e.g. salt and

pepper noise). As expected the (ROF) model can not restore the image without loosing
fine scale details. On the other hand, the T V �L1 model does not give too much weight
to the outliers and hence leads to much better results. This shows that it is important
to use a data term which matches the expected noise model.

4.3 Variational Models with Possibly Nonconvex Data Terms

The approach in this section is described with more details in the paper [65]. Let us
consider the problem of finding the minimizer of an energy functional F W L1.�/ !
Œ0;1� of the form

min
u

²
F.u/ D

Z
�

f .x; u.x/;ru.x// dx

³
; (4.5)

where � is a d -dimensional bounded open subset of RN and u W � ! R is an
unknown scalar function. For d D 2, � is usually assumed to be a rectangular image
domain. The Lagrangian f .x; t; p/ is the “core” of the energy functional and is used to
model the characteristics of the energy functional. We will assume here that f .x; t; p/
is continuous in .x; t/, and convex in p, but not necessarily in t .

4.3.1 Convex Representation

We can introduce a general theoretical framework which is quite classical in the cal-
culus of variations, although not so well-known. The basic concept is the idea of
cartesian currents [39, 40], which consists in taking the whole graph .x; u.x// of a
function as the “object” to optimize upon, rather than the function u itself. It is related
to the so-called theory of calibration, which was recently brought back to light by Al-
berti et al. in [2], as an approach to characterize the minimizers of the Mumford–Shah
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(a) Original image (b) Noisy image

(c) (ROF) (d) T V � L1

Figure 12. Image denoising in the case of impulse noise. (a) shows the clean image and
(b) is a noisy version which has been corrupted by 25% salt and pepper noise. (c) is the
result of the (ROF) model. (d) is the result of the T V �L1 model. Note that the T V �L1

model is able to remove the noise while still preserving some small details.

functional [57] by an implicit (and new) convex representation: it allows to actually
characterize (some) minimizers of the Mumford–Shah functional by means of diver-
gence free vector in higher dimensions.

Let us start by considering the subgraph of the function u.x/, which is the collection
of all points lying below the function value u.x/. Figure 13 shows an example for a
one-dimensional function u.x/ where the subgraph is represented as the gray area.
We also introduce the function 1u.x; t/ W � � R ! ¹0; 1º which is the characteristic
function of the subgraph of u.x/:

1u.x; t/ D

´
1 if u.x/ > t

0 otherwise:
(4.6)

Furthermore let us denote by �u the boundary of 1u.x; t/. For the sake of simplicity,
we assume first that u is smooth.
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Figure 13. A one-dimensional function u.x/, its two-dimensional subgraph 1u and the
vector field �.x; t/. The function 1u is supposed to be equal to 1 in the gray area and 0
outside.

The key idea is now to consider the flux of a vector field � D .�x; �t / W � � R!
RN �R through the boundary �u

ˆ D

Z
�u

� � ��udHN ; (4.7)

where HN denotes the N -dimensional Hausdorff measure. ��u denotes the inner unit
normal to �u which is given by

��u D
1p

1C jru.x/j2

 
ru.x/

�1

!
: (4.8)

Alternatively, since we have D1u D ��u �H
N on �u, the flux can be written as

ˆ D

Z
�u

� � ��udHN
D

Z
��R

� �D1u; (4.9)

where the expression D1u denotes the distributional derivative of 1u, which is, in an
integral sense, also well defined for characteristic functions. In the following, it will
turn out that by choosing an appropriate vector field �, F.u/ can be expressed as the
maximal flux of � through �u.

Theorem 4.1. For any function u 2 W 1;1.�IR/ the functional

F.u/ D

Z
�

f .x; u.x/;ru.x// dx; (4.10)

with f .x; t; p/ being continuous and positive in t and convex in p, can be written as
the higher dimensional convex functional

F .1u/ WD sup
�2K

Z
��R

� �D1u; (4.11)
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where the convex set K is given by

K D ¹� D .�x; �t / 2 C0.� �RIRN �R/ W

�t .x; t/ � f �.x; t; �x.x; t// ; 8x; t 2 � �Rº: (4.12)

Here, f �.x; t; p�/ denotes the Legendre–Fenchel conjugate (or convex conjugate)
of f .x; t; p/ with respect to the last variable p, see Definition 3.3. Now, f .x; t; p/ be-
ing convex and lower semi-continuous in p, Theorem 3.4 yields the equality
f �� D f .

Theorem 4.1 essentially states, that the potentially (but not necessarily) non convex
functional (4.5) of a scalar function in dimension N can be rewritten as a convex
functional in dimensionNC1. Moreover, it is seen from the definition that this convex
functional is “a sort of” total variation, and essentially has the same structure. To
sum up, we have recast problem (4.5) as the minimization of a modified (nonuniform,
anisotropic) perimeter, and the new problem is similar to (2.1). It is remarkable that
this works for functions f .x; u.x/;ru.x// with a quite arbitrary behavior in u.x/
(although continuous, in that variable). On the other hand, this comes along with an
increased computational complexity, since we added a dimension to the problem.4

Proof. Let us sketch the proof of Theorem 4.1. We first check that for any � 2K , we
have

F.u/ �

Z
��R

� �D1u: (4.13)

Indeed, using (4.9) and the definition of the inner unit normal (4.8), the flux can be
rewritten as Z

��R
� �D1u D

Z
�u

�.x; t/ �

 
ru.x/

�1

!
dHN .x; t/p
1C jru.x/j2

D

Z
�

�x.x; u.x// � ru.x/ � �t .x; u.x// dx; (4.14)

as
p
1C jru.x/j2 is nothing else as the Jacobian of the change of variable �u 3

.x; t/ 7! x 2 �. Since � 2K , it followsZ
��R

� �D1u �
Z
�

�x.x; u.x// � ru.x/ � f �.x; t; �x.x; u.x/// dx;

which is less than F.u/ by definition of the convex conjugate f �. This shows (4.13).
The proof that the supremum is actually F.u/, that is, of (4.11), is more technical.

Essentially, one would need to choose �x.x; u.x// D rpf .x; u.x/;ru.x// at the
point .x; u.x// (since p� D rpf .x; t; p/ reaches the maximum in maxphq; pi �

4 And, in fact, it is not completely surprising if one thinks first of the case N D 0 : : : .
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f .x; t; p/, at least when f is differentiable at p, see Proposition 3.7), and �t .x; u.x//
D f �.x; t; �x.x; u.x///. If f; u are smooth enough (essentially, C 1), then such a
choice can be performed. In other cases, it is shown that one can build a continuous
field � 2K such that the flux (4.9) is arbitrarily close to F.u/.

Remark 4.2. In fact, the theorem still holds for u 2 BV.�/ a bounded variation func-
tion, and a Lagrangian f .x; t; p/ with linear growth (in p) at1, with a similar proof.
It can also be extended to Lagrangians which take the valueC1, such as illustrated in
Figure 14(c), with some additional regularity assumptions in x; t . See [65] for details.

We have now transformed the problem of computing the minimizer of (4.5) into
computing the minimizer of

min
1u

²
F .1u/ D sup

�2K

Z
��R

� �D1u

³
: (4.15)

Minimization in (4.15) is carried out over binary functions, which comprise a non
convex set. Therefore we replace the function 1u in (4.15) by a more general function
v 2 C , where the convex set C is given by

C D
°
v 2 BV.� �RI Œ0; 1�/ W lim

t!�1
v.x; t/ D 1 ; lim

t!C1
v.x; t/ D 0

±
: (4.16)

Hence we consider the relaxed problem

min
v2C

²
F .v/ WD sup

�2K

Z
��R

� �Dv

³
: (4.17)

Using this relaxation we essentially minimize the convex envelope F .v/ of F .1u/.

4.3.2 Convex Relaxation

Our intention is still to solve the binary problem. Hence, the question remains in
which sense the minimizers of (4.17) and (4.15) are related? Indeed, one can show
that a simple thresholding produces a solution of (4.15) from one of (4.17). This is
summarized by the following result, which generalizes Proposition 2.1.

Proposition 4.3. Let v� by a global minimizer of (4.17). Then for any s 2 Œ0; 1/ the
characteristic function 1¹v�>sº is also a global minimizer of (4.15).

Proof. The proof is the same as the proof of Proposition 2.1, as soon as one has ob-
served that F satisfies the generalized co-area formula:

F .v/ D

Z C1
�1

F .1¹v>sº/ ds: (4.18)
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This follows from the fact that F can be represented as

F .v/ D

Z
��R

h.x; t;Dv/ D

Z
��R

h

�
x; t;

Dv

jDvj

�
jDvj (4.19)

where h is the convex, l.s.c. and one-homogeneous function of Dv D .Dxv;Dtv/

defined as the support function of the convex set ¹� D .�x; �t / W �t � f �.x; t; �x/º,
for any .x; t/:

h.x; t;Dv/ WD sup
�t�f �.x;t;�x/

� �Dv: (4.20)

This function is shown to be nothing else as:

h.x; t;Dv/ D

8̂<̂
:
jDtvjf .x; t;Dxv=jDtvj/ if Dtv < 0;

f1.x; t;Dxv/ if Dtv D 0;

C1 if Dtv > 0;

(4.21)

where f1.x; t; px/ WD lim�!C1 f .x; t; �px/=� is the recession function of f , see
for instance [29, 40].

Hence, for any v, if we let �v D Dv=jDvj (the Besicovitch derivative of the mea-
sure Dv with respect to its variation jDvj), we have, using the standard co-area for-
mula for BV functions (in a form which is more general than (CA) [37, 35, 75, 7]):

F .v/ D

Z
��R

h.x; t; �v.x; t//jDvj

D

Z C1
�1

Z
��R

h.x; t; �v.x; t//jD1¹v>sºj ds

D

Z C1
�1

Z
��R

h.x; t;D1¹v>sº=jD1¹v>sºj/jD1¹v>sºj ds

D

Z C1
�1

F .1¹v>sº/ ds;

where we have used the fact that HN�1 a.e. on the boundary of ¹v > sº, �v D
�¹v>sº D D1¹v>sº=jD1¹v>sºj, that is, the gradient of v is normal to its level lines.

4.3.3 Numerical Resolution

After a suitable discretization (as described in Section 3.1), problem (4.17), which is
of the form (3.19), can be solved for instance by algorithm (3.21).

The most complicated step requires to project onto the (discretized version of the)
set K defined in (4.12). Let us describe now a few examples. We will assume that
f .x; t; p/ has the form g.x; t/C h.p/. Then, K is reduced to

¹� W �t .x; t/ � h�.�x.x; t// � g.x; t/º

and we essentially need to know how to project onto the convex set ¹q D .qx; qt / W

qt � h�.qx/º.
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g

φt

φx

(a) h.p/ D jpj2=2

g

φt

φx

(b) h.p/ D jpj

g

φt

φx

1

β

(c) h.p/ D 0 if jpj � ˇ andC1 else

Figure 14. The sets ¹qt � h�.qx/º for various h: (a) Quadratic, (b) Total Variation, (c)
Lipschitz regularization.

Quadratic Regularization If h.p/ D jpj2=2, then h�.q/ D jqj2=2 as well, and we
need to know how to project some q0 D .qx0 ; q

t
0/ onto K D ¹q D .qx; qt / W qt �

jqxj2=2º, see Figure 14(a).
If q0 does not satisfy the constraint, that is, qt0 < jq

x
0 j
2=2, we need to project q0

onto the paraboloid qt D jqxj2=2. Hence we must solve the following unconstrained
optimization problem

min
q

²
jq � q0j

2

2
� �

�
qt �

jqxj2

2

�³
; (4.22)

where � is a Lagrange multiplier for the equality constraint qt � jqxj2=2 D 0. The
optimal conditions of (4.22) are given by

qx � qx0 C �q
x
D 0

qt � qt0 � � D 0

qt �
jqxj2

2
D 0: (4.23)
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After eliminating qt and qx , we arrive at the following cubic equation for �:

�3 C �2.qt0 C 2/C �.2q
t
0 C 1/C q

t
0 �
jqx0 j

2

2
D 0: (4.24)

Instead of using a direct cubic solver for (4.24) we utilize Newton’s method. We
choose a starting point �0 D max¹0;�.2qt0 C 1/=3/º C 1 and let for each n � 0

�nC1 D �n �
.�n/3 C .�n/2.qt0 C 2/C .�

n/.2qt0 C 1/C q
t
0 �

jqx0 j
2

2

3.�n/2 C 2.�n/.qt0 C 2/C 2q
t
0 C 1

: (4.25)

We found this scheme to have a quite fast convergence. We never experienced more
than 10–20 iterations to achieve a reasonable accuracy. Then, after computing the
solution of (4.24), the solution of the projection is given by

q D

�
qx0
1C �

; qt0 C �

�
: (4.26)

(a) Left input image (b) Right input image (c) “True” disparity

Figure 15. Rectified stereo image pair and the ground truth disparity, where black pixels
correspond to unknown disparity values.

Total Variation Regularization In case h.p/ D jpj, then h�.q/ D 0 for jqj � 1,
and C1 else, and the projection of q0 onto the convex ¹q D .qx; qt / W qt � 0;

jqxj � 1º, see Figure 14(b), is simply given by:

q D

�
qx0

max¹1; jqx0 jº
;max¹0; qt0º

�
: (4.27)

Lipschitz Constraint One advantage of this approach is that a Lipschitz constraint
is quite easy to enforce. We consider h.p/ D 0 if jpj � L,C1 else. Then, the convex
conjugate of h is simply h�.q/ D Ljqj, and we just need to know how to project q0
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onto the convex cone ¹qt � Ljqxjº, see Figure 14(c). This projection is of course
straightforward: is given by

q D

�
�
qx0
jqx0 j

; �L

�
; (4.28)

where � is given by

� D
max¹0; jqx0 j C Lq

t
0º

1C L2
: (4.29)

Example. Figure 16 shows three examples of stereo reconstruction (Figure 15 shows
the input images and the true disparities) using the three different regularizers de-
scribed above. Of course, only the total variation performs well in this context. As
expected, the Lipschitz constraint limits the slope of the solution, while the quadratic
contstraint also oversmooths. The best compromise would be to take h a Huber func-
tion, quadratic near zero and linear for large values, see [65] for this example.

(a) (b) (c)

(d) (e) (f)

Figure 16. Application of different convex regularity terms to disparity estimation. First
column: Quadratic regularization, second column: Total Variation regularization, third
column: Lipschitz regularization.

4.4 The Minimal Partition Problem

Consider now the problem of finding a segmentation into k sets of a domain� � RN ,
which minimizes the total interface between the sets, as in the piecewise constant
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Mumford–Shah problem:

min
.Ri /

k
iD1

;.ci /
k
iD1

�

2

kX
iD1

Per.Ri I�/C
1

2

kX
iD1

Z
Ri

jg.x/ � ci j
2 dx (4.30)

where ci 2R and where the regions .Ri /kiD1 form a partition of�, that is, Ri \Rj D;

if i ¤ j and
Sk
iD1Ri D �. It corresponds to the best least square approximation

of g with a piecewise constant function u D
P
i ci�Ri , with the total perimeter of the

partition as the cost of a particular approximation (the total number of set k should in
theory be free, however it is always possible to bound it from above if g is bounded,
so that there is no loss of generality in keeping it fixed). Of course, given the partition
.Ri /

k
iD1, the optimal constant ci D .1=jRi j/

R
Ri
g ds is the average value of g on Ri

for each i D 1; : : : ; k. On the other hand, finding the minimum of (4.30) with respect
to the partition .Ri /kiD1 is a hard task, even for fixed values .ci /kiD1. It is known that
its discrete counterpart (the Pott’s model) is NP-hard, so that it is unlikely that (4.30)
has a simple convex representation, at least without increasing drastically the number
of variables.

We will show that one can consider simple convex approximations of the interface
term in (4.30) which can be actually minimized, and in many cases provide a solution
of the original problem (although nothing of this kind is know in general).

Let us introduce vi D �Ri 2 BV.�/: the functions vi satisfy vi .x/ 2 ¹0; 1º andPk
iD1 vi .x/ D 1 a.e. in �. Moreover, letting v D .v1; : : : ; vk/ 2 BV.�IRk/, we see

that

Jv D

k[
iD1

Jvi D

k[
iD1

� \ @�Ri

and the total surface of the interface is

HN�1.Jv/ D
1

2

kX
iD1

Per.Ri I�/ (4.31)

since in the right-hand side, the common boundary of Ri and Rj is counted twice for
all i ¤ j .

We can therefore define the partition functional as

J.v/ D

´
HN�1.Jv/ if v 2 BV.�I ¹0; 1ºk/ with

Pk
iD1 vi D 1 a.e.,

C1 else.

Then, the best convex approximation of J should be its convex l.s.c. envelope J�� (in
L2.�IRk/), as defined in Definition 3.3:

J��.v/ D sup
w2L2.�IRk/

hw; vi � J�.w/
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where
J�.w/ D sup

v2L2.�IRk/
hw; vi � J.v/:

However, this provides an abstract definition of J�� but does not say how to actually
compute it or minimize it. It is possible, though, to show that the domain of J�� is

dom J�� D

²
v 2 BV.�I Œ0; 1�k/;

kX
iD1

vi D 1 a.e. in �

³
;

see [22] where a different representation is used but this can be deduced by a simple
change of variable.

To be able to numerically solve the problem, one should find a convex, l.s.c. func-
tional J � J5 with a particular form, which can be handled and provide a problem
that can be actually solved. A typical form is J.v/ D

R
� F.x;Dv/ for F.x; p/ some

function, convex in p and measurable in x. Moreover, one should at least require that
J D J on its domain (that is, on binary functions v 2 ¹0; 1ºk with

P
i vi D 1). Even-

tually, one should try to find the largest possible J in this class, so that it becomes
more likely that a solution of

min
v
�J.v/C

1

2

Z
�

kX
iD1

vi .x/jg.x/ � ci j
2 dx (4.32)

is itself binary (in the domain of J), and therefore provides a minimizer of (4.30) for
fixed .ci /kiD1.

Several choices have been proposed in the literature. In [73], it is proposed to use
simple LP-relaxation exactly as for the multiway cut problem in the discrete litera-
ture [1]. Hence one just lets

J.v/ D
1

2

kX
iD1

Z
�

jDvi j if v 2 BV.�I Œ0; 1�k/; (4.33)

and C1 else, which naturally extends (4.31) to the domain of J��. However, it can
be shown that this relaxation is too small, see [22, Proposition A.1.] and Figure 17(b).

On the other hand, [48] propose to use the vectorial total variation (appropriately
rescaled), which is defined exactly like in (TV), that is,

J.v/ D
1
p
2

Z
�

jDvj

D
1
p
2

sup

²
�

Z
v � div� W � 2 C1c .�IR

N�k/;
X
i;j

�2i;j � 1

³
: (4.34)

5 Hence J � J��, since it is the largest convex, l.s.c. functional below J.
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(a) Input image (b) Relaxation (4.33) (c) Relaxation (4.34) (d) Relaxation (4.35)

Figure 17. Triple junction experiment with k D 3. (a) shows the input image with given
boundary datum. (b) shows the result using the relaxation of [73], and (c) the relaxation
of [48]. (d) shows the result of the proposed relaxation.

Examples show that this does not perform much better than the previous choice for
recovering triple junctions, see Figure 17(c).

The “best” possible choice, if of the form
R
� F.x;Dv/ for a convex, even function

F.x; p/ (w.r. p), can be shown to be

J.v/ D
Z
�

‰.Dv/ (4.35)

for ‰ W RN�k ! Œ0;C1� the convex, 1-homogeneous function given by

‰.p/ D sup

² kX
iD1

hpi ; qi i W jqi � qj j � 1 81 � i < j � k

³
:

(Note in particular that ‰.p/ D C1 if
Pk
iD1 pi ¤ 0, which is not an issue since

if v 2 dom J��,
P
vi D 1 hence

P
i Dvi D 0.) In our notation, for p a vector in

RN�k , pj D .pi;j /NiD1 is a N -dimensional vector for each j D 1; : : : ; k. Letting

K D ¹�div� W � 2 C1c .�IR
N�k/; j�i .x/ � �j .x/j � 1 8x 2 �; 1 � i < j � kº;

we can also define J as the support function of K:

J.v/ D sup
w2K

hw; vi;

which is a variant of (TV): it is again a sort of total variation and we can hope to
minimize it with the techniques described in Section 3. This construction is related
to the theory of “paired calibration” introduced in the 1990’s by Lawlor–Morgan and
Brakke [47, 18].
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(a) Input image (b) Segmentation, k D 8

Figure 18. Piecewise constant Mumford–Shah segmentation of a natural image. (a)
shows the input image and (b) is the minimizer of energy (4.30). The mean color values
ci of the partitions have been initialized using k-means clustering.

In order to minimize (4.32) using the techniques described in these notes, one first
chooses to minimize alternatingly with respect to the partition .Ri /kiD1, described by
the function v, and with respect to the constants .ci /kiD1 (which, in general, should
lead to a local minimizer, or even a mere critical point of the problem). Minimizing
with respect to the ci ’s is straightforward (the solution is simply the average of the
data in the region Ri ). The minimization with respect to v is performed, for instance,
using Algorithm (3.21). A crucial step is the projection onto K D ¹p 2 RN�k W
jpi � pj j � 1 8i; j º, whose ‰ is the support function. This is performed by alternate
projections, following Dykstra’s algorithm for projecting onto intersection of convex
sets [17].

Figure 17 shows the minimization of J with a boundary datum which enforces the
completion of three regions: we find a triple point with 120ı angles, as the theory
expects. Observe that lower relaxations provide wrong results (with a relaxed energy
strictly below the interfacial energy of the original problem). The next Figure 18 shows
an example of a minimization of (4.32) done following this approach. (The numerical
computations have been performed on a GPU.)

A A Proof of Convergence

We prove in this section Theorem 3.14, that is, a convergence estimate for the modified
Douglas–Rachford (or extragradient) algorithm (3.21). The assumption that x0 D Nx0

can also be written x�1 D x0 and Nx0 D 2x0 � x�1, which is consistent with the
definition of NxnC1 for n � 0. The proof which follows is heavily inspired by [58] (for
the estimate) and [66] (for the convergence proof). See also [25] for extensions and
accelerations in smoother cases.
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Proof. We have

@F �.ynC1/ 3
yn � ynC1

�
C A Nxn

@G.xnC1/ 3
xn � xnC1

�
� A�ynC1

so that for any .x; y/ 2 X � Y ,

F �.y/ � F �.ynC1/C

�
yn � ynC1

�
; y � ynC1

�
C hA Nxn; y � ynC1i

G.x/ � G.xnC1/C

�
xn � xnC1

�
; x � xnC1

�
� hynC1; A.x � xnC1/i:

Summing both inequalities, it follows:

F �.y/CG.x/C
ky � ynk

2�

2

C
kx � xnk

2�

2

� F �.ynC1/CG.xnC1/C hA.xnC1 � Nxn/; ynC1 � yi

C hAxnC1; yi � hynC1; Axi

C
ky � ynC1k

2�

2

C
kx � xnC1k

2�

2

C
kyn � ynC1k

2�

2

C
kxn � xnC1k

2�

2

: (A.1)

Now:

hA.xnC1 � Nxn/; ynC1 � yi

D hA..xnC1 � xn/ � .xn � xn�1//; ynC1 � yi

D hA.xnC1 � xn/; ynC1 � yi � hA.xn � xn�1/; yn � yi

� hA.xn � xn�1/; ynC1 � yni

� hA.xnC1 � xn/; ynC1 � yi � hA.xn � xn�1/; yn � yi

� Lkxn � xn�1kkynC1 � ynk: (A.2)

For any ı > 0, we have that (using 2ab � ıa2 C b2=ı for any a; b)

Lkxn � xn�1kkynC1 � ynk �
Lı�

2�
kxn � xn�1k2 C

L�

2ı�
kynC1 � ynk2

and we choose ı D
p
�=� , so that Lı� D L�=ı D

p
��L < 1.
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Summing the last inequality together with (A.1) and (A.2), we get that for any x2X
and y2Y ,

ky � ynk

2�

2

C
kx � xnk

2�

2

� ŒhAxnC1; yi � F �.y/CG.xnC1/� � ŒhAx; ynC1i � F �.ynC1/CG.x/�

C
ky � ynC1k

2�

2

C
kx � xnC1k

2�

2

C .1 �
p
��L/

kyn � ynC1k

2�

2

C
kxn � xnC1k

2�

2

�
p
��L
kxn�1 � xnk

2�

2

C hA.xnC1 � xn/; ynC1 � yi � hA.xn � xn�1/; yn � yi: (A.3)

Let us now sum (A.3) from n D 0 to N � 1: it follows that for any x and y,

NX
nD1

ŒhAxn; yi � F �.y/CG.xn/� � ŒhAx; yni � F �.yn/CG.x/�

C
ky � yN k

2�

2

C
kx � xN k

2�

2

C .1 �
p
��L/

NX
nD1

kyn � yn�1k

2�

2

C .1 �
p
��L/

N�1X
nD1

kxn � xn�1k

2�

2

C
kxN � xN�1k

2�

2

�
ky � y0k

2�

2

C
kx � x0k

2�

2

C hA.xN � xN�1/; yN � yi

where we have used x�1 D x0. Now, as before,

hA.xN � xN�1/; yN � yi � kxN � xN�1k2=.2�/C .��L2/ky � yN k2=.2�/;

and it follows

NX
nD1

ŒhAxn; yi � F �.y/CG.xn/� � ŒhAx; yni � F �.yn/CG.x/�

C .1 � ��L2/
ky�yN k

2�

2

C
kx�xN k

2�

2

C .1 �
p
��L/

NX
nD1

kyn�yn�1k

2�

2

C .1 �
p
��L/

N�1X
nD1

kxn � xn�1k

2�

2

�
ky � y0k

2�

2

C
kx � x0k

2�

2

: (A.4)
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First we choose .x; y/ D . Ox; Oy/ a saddle-point in (A.4). Then, it follows from (3.20)
that the first summation in (A.4) is non-negative, and point (a) in Theorem 3.14 fol-
lows. We then deduce from (A.4) and the convexity of G and F � that, letting xN D
.
PN
nD1 x

n/=N and yN D .
PN
nD1 y

n/=N ,

ŒhAxN ; yi � F
�.y/CG.xN /� � ŒhAx; yN i � F

�.yN /CG.x/�

�
1

N

�
ky � y0k

2�

2

C
kx � x0k

2�

2�
(A.5)

for any .x; y/ 2 X � Y , which yields (3.23). Consider now a weak cluster point
.x�; y�/ of .xN ; yN / (which is a bounded sequence, hence weakly compact). SinceG
and F � are convex and l.s.c. they also are weakly l.s.c., and it follows from (A.5) that

ŒhAx�; yi � F �.y/CG.x�/� � ŒhAx; y�i � F �.y�/CG.x/� � 0

for any .x; y/ 2 X � Y : this shows that .x�; y�/ satisfies (3.20) and therefore is a
saddle-point. We have shown point (b) in Theorem 3.14.

It remains to prove the convergence to a saddle point if the spaces X and Y are
finite-dimensional. Point (a) establishes that .xn; yn/ is a bounded sequence, so that
some subsequence .xnk ; ynk / converges to some limit .x�; y�/, strongly since we are
in finite dimension. Observe that (A.4) implies that limn.xn � xn�1/ D limn.yn �
yn�1/ D 0, in particular also xnk�1 and ynk�1 converge respectively to x� and y�. It
follows that the limit .x�; y�/ is a fixed point of the algorithm (3.21), hence a saddle
point of our problem.

We can then take .x; y/ D .x�; y�/ in (A.3), which we sum from n D nk to N � 1,
N > nk . We obtain

ky� � yN k

2�

2

C
kx� � xN k

2�

2

C .1 �
p
��L/

NX
nDnkC1

kyn � yn�1k

2�

2

�
kxnk � xnk�1k

2�

2

C .1 �
p
��L/

N�1X
nDnk

kxn � xn�1k

2�

2

C
kxN � xN�1k

2�

2

C hA.xN � xN�1/; yN � y�i � hA.xnk � xnk�1/; ynk � y�i

�
ky� � ynkk

2�

2

C
kx� � xnkk

2�

2

from which we easily deduce that xN ! x� and yN ! y� as N !1.
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